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Abstract
We study oscillating solutions of the complex Ginzburg–Landau equation in a semi-infinite domain asymptotic to a saturated
traveling wave at +∞ and subject to a homogeneous upstream boundary condition at x = 0. This inlet condition breaks the
Galilean invariance, giving the advection velocity the role of a control parameter. We give a criterion for the existence of a
nontrivial solution called a nonlinear global mode or a self sustained resonance, and we obtain the selected frequency. The
threshold and the frequency are shown to be determined by the linear absolute instability transition. We undertake a singular
perturbation analysis which first proves the validity of the criterion and secondly yields scaling laws for the frequency, the
growth length and the slope at the origin of the nonlinear global modes as functions of the criticality parameter. Comparisons
with direct numerical simulation of the Ginzburg–Landau model validate these predictions. Furthermore, the results are in
excellent agreement with numerical simulation of the Taylor–Couette problem with throughflow by Büchel et al. [P. Büchel,
M. Lücke, D. Roth, R. Schmitz, Pattern selection in the absolutely unstable regime as a nonlinear eigenvalue problem: Taylor
vortices in axial flow, Phys. Rev. E 53 (1996) 4764–4777] and of Rayleigh–Bénard flow with an added Poiseuille flow by Müller
et al. [H.W. Müller, M. Lücke, M. Kamps, Convective patterns in horizontal flow, Europhys. Lett. 10 (1989) 451–456; H.W.
Müller, M. Lücke, M. Kamps, Transversal convection patterns in horizontal shear flow, Phys. Rev. A 45 (1992) 3714–3726].
The numerical simulations indicate that the nonlinear global modes are stable if the saturated traveling wave to which the
nonlinear global mode is asymptotic (i.e. the asymptotic downstream part of the global modes) is not absolutely unstable to
perturbations. A complete analysis of the dispersion relation of the secondary instability of saturated traveling waves is given.
©1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
It is often put forward that a first step toward understanding complex dynamics in spatially extended nonequilibrium systems is to find solutions describing a basic pattern which plays a crucial role in the long time behaviour
(such as pulses, fronts, holes [1]). The goal of the present paper is to describe a class of such solutions, called
∗
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nonlinear global (NG) modes [2–5], which are believed to account for the dynamics of open flows. In open flows,
fluid continuously enters and leaves the domain of study and, as a result, instability waves are in general advected
by the mean flow. An NG mode may be viewed as a solution able to withstand the advection. It oscillates at a
characteristic frequency in the whole domain and constitutes a good candidate to describe self sustained oscillators
that are observed in wakes [6–10], Taylor–Couette flow with throughflow [5,11] or Rayleigh–Bénard convection
with an added Poiseuille flow [12,13]. In astrophysics, a dynamo model of magnetic field generation in the sun,
leading to NG mode solutions has recently been proposed [14].
In closed extended systems, particular solutions describing a basic pattern are the ‘coherent structures’ [1]
which are localized states or consist of domains with regular patterns separated by interfaces. For example in
one-dimensional systems, these interfaces may be fronts, pulses, or holes [1,15]. Experimentally, fronts have been
observed in various systems as binary fluid mixtures [16], Taylor–Couette flow between rotating cylinders [17] and
chemical reactions [18]. Pulses are used in nonlinear optics to propagate light wave in fibers [19,20] and holes,
or localized defects, have been shown to play an important role in spatio-temporal intermittency [21–24]. More
precisely, each propagating coherent structure (pulse, front, hole) observed in an infinite geometry moves at a
specific velocity with a specific frequency. In this case, the problem to be solved is the selection of a single structure
among a continuous family, as the long time asymptotic solution of the system. In Taylor–Couette flow between
rotating cylinders [17], when the control parameter (the Taylor number) measuring the rotation velocity of the inner
cylinder is abruptly increased above a critical threshold, a vortex front establishes itself and propagates away from
the boundary, leaving toroidal rolls in the bulk of the domain, with a wavelength which is selected by this very
front structure, and is independent of initial conditions or parameter history. The same phenomenon occurs in the
Rayleigh–Bénard [25] system when the temperature difference across the cell (the Rayleigh number) is abruptly
increased above threshold, a convective vortex front moves into the unstable conductive state. To describe these
structures, Ginzburg–Landau type models are extensively used as they constitute the simplest models one could
construct that combine instability, diffusion, advection of perturbations downstream, and nonlinearity. In addition,
these models are able to exhibit an incredibly large spectrum of dynamical behaviour varying a few parameters.
Ginzburg–Landau equations with real coefficients were first derived by Newell and Whitehead [26] and by Segel
[27] as long wave amplitude equations for convection rolls in the Rayleigh–Bénard experiment, close to their
instability threshold. Complex Ginzburg–Landau equations were derived by Stewartson and Stuart [28] who have
studied plane Poiseuille flow.
When studying open flows, since a reference frame is usually singled out by the inlet and outlet conditions,
upstream conditions and advection velocity must be considered explicitly. When the primary instability is twodimensional (Squire’s theorem for shear flows), the leading spatio-temporal dynamics of open flows varying along
the streamwise direction has been analyzed in a one-dimensional semi-infinite domain [2]. At the inlet, the amplitude
of the perturbation vanishes since the basic flow is enforced there by the boundary condition A(0) = 0, which
represents the ideal case of a medium with zero level noise at the entrance. This breaks Galilean invariance and
introduces a new parameter in the system, the advection velocity, which turns out to severely limit the multiplicity
of solutions observable in a semi-infinite domain. Although in the previously mentioned closed flow case, the
translation velocity of a particular coherent structure is selected by some principle, the situation is different in
the open flow case. This is because the mean advection velocity is a fixed parameter and only coherent structures
that propagate at a velocity sufficient to withstand the advection, and that are able to accommodate the boundary
condition can describe the pattern observed in a real experimental setup. (This should be easier if the amplitude
of the coherent structure vanishes at some location in the infinite domain.) The problem of pattern selection in a
semi-infinite domain with advection U0 then possesses discrete solutions, since in a family of coherent structures
valid in an infinite domain, only the structure propagating at a velocity exactly opposite to the advection will be a
plausible steady or time-periodic state of the system, particularly if it also possesses a point of zero amplitude.
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In the present study, we will illustrate these ideas by describing NG modes for the Ginzburg–Landau equation;
the term ‘NG’ mode refers throughout this paper to a time-periodic solution of a one-dimensional system which
links a state imposed by the upstream condition (A(0) = 0) and a finite amplitude state at infinity represented by a
traveling wave. Intuitively, these NG modes may be viewed as fronts which have propagated upstream and stopped
at the inlet boundary. The usual problem of velocity and frequency selection for the fronts is here advantageously
replaced by a problem of existence of solutions, since the advection velocity is a fixed parameter and the frequency
selection will naturally be derived from the existence criterion. In particular, we seek the threshold of existence of
the NG modes, hereafter denoted the NG threshold, and we show that it may be determined by the now widely
used concepts of linear absolute and convective instability [2]. The frequency selection mechanism, on the other
hand, is found to be strongly nonlinear. Classically, transition to disorder is obtained by creation, competition and
annihilation of coherent structures. But in an open system, the advection velocity has a strong regulating effect and
above the primary bifurcation, NG modes represent the nonlinear spatial distribution of fluctuations. We address the
question of stability of the NG modes and the secondary bifurcation is shown to coincide with the absolute threshold
for the secondary instability, i.e. the absolute instability of the saturated traveling wave at infinity. This secondary
bifurcation is somehow similar to what happens with holes in one dimension [29–31] or spirals in two dimensional
systems [32]; both select a unique wavenumber ‘far’ from the singularity, which can be in the stable or in the
unstable band. These successive bifurcations constitute a scenario for the transition to disorder in open systems.
The outline of this paper is as follows. In Section 2, we present the model and set out the existence problem. A
phase space analysis allows us to solve this existence problem and in particular, to give a straightforward frequency
selection criterion. In Section 3, a singular perturbation analysis near the NG threshold allows us to derive scaling laws
for the frequency and the spatial growth length of the NG modes. These laws compare satisfactorily with numerical
measurements for the Taylor–Couette problem with throughflow by Büchel et al. [11] and for the Rayleigh–Bénard
flow with an added Poiseuille flow by Müller et al. [12,13]. In Section 4, some numerical simulations are presented
and give an independent validation of the scaling laws, which is particularly useful in the region of parameter space
‘far’ from the real case where no comparisons with published work are available.
These temporal simulations allow us to determine the stability of an NG mode. We establish numerically that the
region of parameter space where an NG mode may be observed depends on the stability of the asymptotic traveling
wave. An NG mode will be unstable if its asymptotic traveling wave is absolutely unstable. This secondary absolute
or convective instability is determined by the analysis of the dispersion relation of linear perturbation waves on
the nonlinearly saturated basic traveling wave state. We propose these two successive bifurcations as the basis of
a scenario for the transition to disorder in open systems. These two bifurcations may occur either sequentially or
simultaneously if the absolute threshold for the secondary instability of the plane wave precedes the threshold for the
primary bifurcation. For the latter case, the transition to disorder will occur suddenly through a single bifurcation.

2. The Ginzburg–Landau model
We consider the complex supercritical Ginzburg–Landau equation, which may be derived for example by a weakly
nonlinear analysis of the Taylor–Couette system or Rayleigh–Bénard convection, with throughflow [11–13]. This
derivation has been carried out by Büchel et al. [11] for the Taylor–Couette system and by Müller et al. [13] for
Rayleigh–Bénard convection, and we will use the values they have obtained when comparing our results with a
particular experiment. More generally, we will consider the Ginzburg–Landau equation as a prototype problem and
explore its dynamics. The Ginzburg–Landau equation reads
∂ 2A
∂A
∂A
+ U0
= (1 + ic1 ) 2 + µA − (1 − ic3 )|A|2 A,
∂t
∂x
∂x

(1)
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where U0 denotes the advection velocity (U0 > 0 by definition). A rescaling of A, x and t would allow to set to
unity either U0 or the bifurcation parameter µ but we will keep both parameters till Section 4 in order to facilitate
comparison with experiments. The coefficients c1 and c3 are real and c1 is assumed to be positive since Eq. (1)
possesses the symmetry (A → A, ci → −ci ), where the overbar denotes complex conjugation.
For the evolution of infinitely small perturbations, we shall refer to the linear absolute instability theory initially
developed in the context of plasma physics [33–35]. The laminar state A = 0 is said to be convectively unstable if
disturbances propagate away from the localized initial source region and absolutely unstable if they spread upstream
and downstream and contaminate the whole medium. In the present case, the nature of the linear instability of the
uniform state A0 ≡ 0 is defined by
µA ≡

U02

(2)

4(1 + c12 )

and the flow is linearly convectively unstable [2] for 0 < µ < µA and linearly absolutely unstable for µ > µA . The
absolute frequency, the frequency which dominates the asymptotic solution at any fixed location, equals at threshold
µ = µA :
ωA ≡ −c1 µA = −

c1 U02
4(1 + c12 )

.

(3)

Of course, the distinction introduced above between absolute and convective instability makes sense only when
the Galilean invariance is broken and a particular frame is singled out. This will be the case when a boundary
condition is introduced at x = 0 to mimic the inlet condition of a real open flow. As we will show, the µA threshold
will play a crucial role in the existence of a finite amplitude solution of Eq. (1). This solution is an NG mode, able to
withstand the advection U0 while also accommodating the boundary condition. This NG mode will be asymptotic
to a traveling wave solution at infinity and we shall address the problem of existence, multiplicity and nature of the
traveling wave solution before going any further.
Throughout the paper, we consider that the parameters U0 , c1 , c3 are fixed and will describe the solutions in the
(µ, ω) plane, ω being also considered as a parameter until we address the problem of its selection in some particular
case. Because of the symmetry A → Aeiθ , we always describe the solutions of Eq. (1) up to an arbitrary phase.
2.1. Traveling waves
Eq. (1) exhibits [36] a family of saturated traveling waves solutions parametrized by ω:
A2 ≡ aN eiqN x−iωt ,

(4)

where aN , qN and ω are real and obey
2
= µ − qN2 ,
aN

(5)

2
.
ω = U0 qN + c1 qN2 − c3 aN

(6)

Equations (5) and (6) possess two solutions qN± , the dissymmetry between qN+ and qN− being due to the Doppler
effect introduced by the advection which breaks the x → −x symmetry:
q
U0
1
U02 + 4(c1 + c3 )(ω + c3 µ).
(7)
±
qN± = −
2(c1 + c3 ) 2(c1 + c3 )
2 be positive Eq. (5) restricts the domain of existence of each solution. For fixed U , c , c ,
The condition that aN
0 1 3
+ +
, qN ) in the plane (µ, ω) is bounded by the thick solid lines in Fig. 1
the region of existence of the solutions (aN
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Fig. 1. Domain of existence of the traveling waves (aN+ , qN+ ) and (aN− , qN− ). In the gray region, no solution exists. Traveling wave (aN+ , qN+ ) exists
in both white regions, whereas (aN− , qN− ) exists for µ > µ− in the lower white region only.
+ +
and corresponds to the white zone. Solutions (aN
, qN ) exist for µ > 0. We represent the region of existence of the
− −
− −
solutions (aN , qN ) in the same manner but (aN , qN ) only exists for µ > µ− in the lower white region, with

µ− ≡

U02
.
4(c1 + c3 )2

(8)

+ +
, qN ).
It should be emphasized that for 0 < µ < µ− , the system (5) and (6) possesses a single nonlinear solution (aN
The question of the stability of the traveling waves will be addressed later.

2.2. NG modes
In a semi-infinite domain, NG modes are defined [37,38] as time-periodic solutions of Eq. (1), therefore satisfying:
d2 A
dA
+ µA − (1 − ic3 )|A|2 A,
− U0
(9)
2
dx
dx
with the boundary condition at the origin A(0) = 0. At infinity, the NG mode is asymptotic to a traveling wave of
type Eq. (4). For µ < µ− , utmost a single traveling wave solution exists and there is no ambiguity. For µ > µ− ,
two traveling waves with the same frequency exist but, as argued in [15] where fronts are considered, only the
solution qN+ is physical since it corresponds to a positive ‘nonlinear group velocity’ dω/dqN , allowing ‘information’
to be propagated in the downstream direction, whereas the qN− solution corresponds to a negative group velocity
+ +
and propagates the ‘information’ upstream. Therefore, only (aN
, qN ) will be considered below and the plus sign is
dropped for clarity.
To absorb the phase invariance (A → Aeiθ ), an NG mode may be written in the form
−iωA = (1 + ic1 )

A(x, t) = a(x)ei

Rx

q(x 0 ) dx 0 −iωt

e

,

(10)

with a(x), q(x), ω real. This transformation has been used for the study of front propagation in infinite domains
[15,39–41] and associated with the singular change of variable k = ȧ/a, called the σ -process by Arnol’d [42].
Under the change of variable Eq. (10), the initially second-order Eq. (9) in the complex variable A becomes
first-order and is reduced to the following dynamical system in three variables a, q, k = ȧ/a (the dot denotes
differentiation with respect to x):
ȧ = ka,

(11)

q̇ = −c0 (ω − c1 µ) + c0 U0 (q − c1 k) − 2kq − I3 a 2 ,

(12)

k̇ = −c0 (c1 ω + µ) + c0 U0 (c1 q + k) + q 2 − k 2 − R3 a 2 ,

(13)

where c0 = 1/(1 + c12 ), R3 = c0 (1 − c1 c3 ) and I3 = c0 (c3 + c1 ).
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This dynamical system is suited for studying front solutions which do not become zero at some finite x-location. In
the following, we describe the trajectories in the phase space (a, q, k), but since they have already been extensively
described in previous studies concerning front propagation in infinite domains [15,39–41], we restrict ourselves to
the particular features relevant for understanding the NG modes’ existence. Although front solutions are correctly
described in the phase space (a, q, k), this is not the case for NG modes since they are singular trajectories in this
space: k becomes infinite at the origin since a = 0 and ȧ 6= 0. Below, we are led to sometimes use the usual (a, q, k)
space and sometimes the slightly different phase space with the variable a, q and u = ȧ, where NG modes are
regular trajectories.
For the analysis of the dynamical system (11)–(13), the frequency ω is considered as a parameter, even though a
particular frequency is selected by an NG mode.
2.2.1. The fixed points
This dynamical system possesses three fixed points:
• A2 ≡ (aN , qN , 0) represents the previously introduced traveling wave (with the plus sign dropped); the same
symbol A2 will be used, depending on the context, for the traveling wave of type Eq. (4) and for the associated
fixed point (aN , qN , 0) in the phase space. In the phase space, A2 is a saddle and always has a unique stable
eigendirection, as shown by van Saarloos and Hohenberg [15], since the condition of positive ‘nonlinear group
velocity’ for the traveling wave A2 (ω) (Eq. (4)) implies that the stable manifold of the fixed point A2 (ω) is
one-dimensional.
• A+
0 ≡ (0, q0 + β, k0 + α) where q0 = −c0 c1 U0 /2, k0 = c0 U0 /2 and
κ = c0 (µ + c1 ω) −

(1 − c12 )c02 U02
,
4

c1 c02 U02
,
2


|κ + iσ | − κ 1/2
,
α=
2


|κ + iσ | + κ 1/2
β = −sgn(σ )
2

σ = c0 (ω − c1 µ) +

(14)
(15)
(16)

(17)

+
The stability of A+
0 is determined from the eigenvalues of the system (11)–(13) linearized around A0 . These are
the real value 2(k0 +α) with an eigendirection along the a-axis and the complex conjugate eigenvalues −2(α ±iβ)
with eigendirections spanning the eigenplane a = 0. Hence, A+
0 is a stable spiral in the plane a = 0, whereas it
is unstable in the a-direction.
−
• A−
0 ≡ (0, q0 − β, k0 − α). Similarly, A0 possesses the real eigenvalue 2(k0 − α) with an eigendirection along
the a-axis and the complex conjugate eigenvalues 2(α ± iβ) with the eigendirections spanning the plane a = 0.
−
A−
0 is an unstable spiral in the plane a = 0, and the a-direction is unstable when A0 is in the k > 0 domain of
−
the (q, k) plane, or stable when A0 is in the k < 0 domain.
If we had not applied the change of variable Eq. (10), the laminar state A = 0 would have been represented
by a single fixed point coinciding with the origin of the phase space A = 0, Ȧ = 0. When using the phase space
−
(a, q, k), this point A = 0, Ȧ = 0 is split into two fixed points A+
0 and A0 which can be given a novel physical
interpretation. A physical solution increasing from the laminar state A = 0 at minus infinity must correspond to the
−
orbit of the one-dimensional unstable manifold of A+
0 or A0 , which is not embedded in the subspace a = 0. When
−
the laminar state A = 0 is convectively unstable, A+
0 and A0 may be physically interpreted: the unstable manifold
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+
Fig. 2. Plane a = 0 of the phase space (a, q, k). One bounded heteroclinic orbit (thin curve) between A−
0 and A0 is represented among the
infinity which exist and fill the whole plane. The single unbounded trajectories (thick curves) terminating on A+
or
starting from A−
0
0 are called
the separatrices (18) and (19) and are asymptotic to q = q0 at k → ∞.

−
of A+
0 represents the way to depart from zero when x → −∞ and the stable manifold of A0 represents the way
−
to approach zero asymptotically when x → +∞. The point A0 is associated with the complex quantity q0− − ik0−
which corresponds to the spatial branches propagating information downstream (usually denoted k + (ω)) [33–35].
−
Respectively, A+
0 is associated with the upstream propagation of information usually denoted k (ω). If the laminar
state A = 0 becomes absolutely unstable, it is no longer possible to associate the different spatial branches with the
propagation of information.

2.2.2. The plane a = 0
At this stage, it is necessary to describe in detail the plane a = 0, which has been shown by Landman [39] to be
an invariant subspace of the system (11)–(13). In this plane, an infinite set of bounded heteroclinic orbits linking
+
A−
0 to A0 exist. One of these bounded orbits is displayed as the fine curve in each of Figs. 2(a,b). But an infinity
+
of similar orbits exist between A−
0 and A0 , each of them crossing the q = q0 -axis at a different value of k. None
of the trajectories in the plane a = 0 are physical but serve as a footprint of the trajectories slightly off the plane
a = 0. Any point of the plane a = 0 with a finite value of k belongs to one of these trajectories which start from A−
0
and end at A+
.
We
show
below
that
only
the
unbounded
orbits
(called
the
separatrices)
in
the
plane
a
=
0
(thick
0
curves in Fig. 2) describe NG modes since a = 0 but ȧ 6= 0 at x = 0, i.e. k → ∞. These separatrices on which k
is singular when x = 0 are obtained by cancelling the last terms in Eqs. (12) and (13) (a = 0) and by solving the
Ricatti equation (13)+i Eq. (12) in the variable k + iq:
q = q0 +

β sinh(2αx) − α sin(2βx)
,
cosh(2αx) − cos(2βx)

(18)

k = k0 +

α sinh(2αx) + β sin(2βx)
.
cosh(2αx) − cos(2βx)

(19)

The singularity at x = 0 is removed by defining the variable u such that
u = ȧ = ka.
Indeed, when Eq. (19) is introduced into Eq. (20) and after integration of Eq. (20), we obtain


c0 U0
u0
exp
x (cosh(2αx) − cos(2βx))1/2 ,
a=
2
(2|ζ |)1/2

(20)

(21)

where u0 is an integration constant and |ζ | = α 2 + β 2 . It may be seen that u → u0 when x → 0. The separatrices
(18) and (19) associated with Eq. (21) constitute parametric equations for a linear solution of the system (11)–(13)
which departs from the plane a = 0 with a finite slope u = ȧ. Eqs. (18) and (19) are simply the projection of this
linear solution on the plane a = 0.
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2.2.3. Front solutions
In the phase space (a, q, k), a front is represented by a heteroclinic trajectory linking A−
0 to A2 (or exceptionally
+
A0 to A2 ). Such fronts exist when the stable manifold of A2 (ω) intersects the unstable manifold of A−
0 (ω) which
for
a
continuous
set of
is not embedded in the plane a = 0. The stable manifold of A2 (ω) departs from A−
0
frequencies and this situation arises for a continuous set of velocities U0 . Therefore, a double family of fronts exist
[15], parametrized by the frequency and by the velocity of the front. Among the double family of fronts, a particular
front is dynamically selected for fixed µ, c1 , c3 and will represent the time-asymptotic behavior of the system.
For Eq. (1), the selected front has been shown to be the Kolmogorov front [43–45] (terminology borrowed from
[44]) and its frequency is the absolute frequency ωA (Eq. (3)); its velocity is given by Eq. (2). In phase space, the
−
Kolmogorov front corresponds to the unique values of parameters for which A+
0 = A0 . Since we have argued that
+
−
A0 and A0 represent different spatial branches of the linear problem, this implies that the front moves such that
the instability is at the absolute threshold in the frame moving with the front.
2.2.4. NG modes
In the phase space (a, q, k), an NG mode is represented by a trajectory linking a point of the plane a = 0
different from A±
0 to A2 . In other words, an NG mode exists when the stable manifold of A2 intersects the plane
a = 0 at a point which is not a fixed point. Introduction of this condition in Eqs. (11)–(13) leads necessarily to
q = q0 at the intersection point if it exists, since we have required that the prefactors of the diverging k terms need
to vanish in Eq. (13). The property u = ȧ different from zero at the origin characterizes the existence of an NG
mode, which is represented in the (a, q, u) space by a regular trajectory linking a point at finite distance on the axis
(a = 0, q = q0 ) to A2 . Up to now, we have considered ω as a fixed parameter and, as the stable manifold of A2 (ω)
is one-dimensional, it generically does not cross the axis (a = 0, q = q0 ) except possibly for discrete values of
ω. Therefore, the existence of a global mode is determined in the (a, q, u) space by searching for an intersection
between the axis (a = 0, q = q0 ) and the two-dimensional surface formed by the union of each stable manifold
of each A2 (ω) generated by varying ω. The intersection point belongs to a specific stable manifold of a particular
A2 (ω) which defines the selected frequency.
Let us define µG (U0 , c1 , c3 ) to be the threshold of emergence of an NG mode, i.e. the smallest value of µ for
which the stable manifold of A2 (ω) intersects the axis (a = 0, q = q0 ). This NG instability threshold will be shown
first numerically and then analytically to coincide with the absolute threshold µA (Eq. (2)), µA = c0 U02 /4, the
frequency of the NG mode at the threshold being ω = ωA . We first describe our observations of the numerically
generated phase portraits.
2.3. Phase portraits
We now fix parameters U0 , c1 , c3 and µ and vary ω in the band of allowed frequencies (ω for which a saturated
nonlinear wave exists, represented by the white domain in Fig. 1). Then the fixed point A2 (ω) describes an arc of a
circle in the plane u = 0 of the phase space, to which the union of the stable manifolds of A2 (ω) parametrized by
ω is bound. But in the (a, q, u) space, the dynamical system (11)–(13) is transformed into
ȧ = u,

(22)

a q̇ = −2uq − c0 (ω − U0 q)a − c0 c1 (µa − U0 u) − I3 a 3 ,

(23)

u̇ = aq − c0 (µa − U0 u) + c0 c1 (ω − U0 q)a + R3 a ,

(24)

2

3

which is singular when a → 0 although an NG mode is represented by a regular trajectory. Therefore, we are led to
numerically compute the trajectories in the four-dimensional phase space (Re(A), Im(A), Re(Ȧ), Im(Ȧ)) different
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Fig. 3. Stable manifolds of A2 (ω) in the space (a, q, u) for µ = 0.15 such that µ < µA (U0 , c1 ), with U0 = 0.9, c1 = 0.5, c3 = 0.2. Curves
in gray are behind the plane q = q0 . The axis (q = q0 , a = 0) may be reached only asymptotically as x → −∞ for a specific frequency
−
corresponding to the value ωσ such that q(A−
0 ) = q0 . The trajectory is then a heteroclinic orbit between A0 (ωσ ) and A2 (ωσ ), which does not
represent an NG mode as u = 0 at the virtual intersection when x = −∞. For any other frequency, the stable manifold of A2 (ω) emanates from
A−
0 (ω) and either crosses the plane q = q0 at a finite a when ω < ωσ (black point at the crossing) or remains behind the plane q = q0 when
ω > ωσ .

Fig. 4. Amplitude a of the stable manifold of A2 (ω) at the crossing of the plane q = q0 as a function of ω for the same parameters as Fig. 3.
The crossing exists only till ω = ωσ for which a = 0 only asymptotically at −∞ and therefore u = 0.

from the phase space (a, q, u) in which they will be represented. The stable manifolds of A2 (ω) are computed for
each value of ω by a backward numerical integration of Eq. (9) using variable step Runge–Kutta x-integration. For
convenience, we will describe the trajectories going backward in x.
When an NG mode exists, it should cross the axis (a = 0, q = q0 ) at a finite value of u representing its slope at
the origin.
For µ < µA , when ω varies in the white band of Fig. 1 (where a traveling wave of frequency ω exists), no NG
mode exists since the stable manifold of A2 (ω) never crosses the axis (a = 0, q = q0 ). Fig. 3 shows three stable
manifolds of three different A2 (ω) for three different values of the frequency. The values of the frequencies are
chosen different enough such that the three entire manifolds are clearly distinct. To interpret the observations, let
us define ωσ to be the threshold value such that σ = 0 (Eq. (15))
ωσ ≡ c1 µ −

c1 c0 U02
.
2

(25)
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Fig. 5. In the space (a, q, u), three typical stable manifolds of three A2 (ω) for three different frequencies ω (ω < ωG , ω = ωG (thick line),
ω > ωG ), above the NG instability threshold i.e. when µ > µA (U0 , c1 ) (µ = 0.6, U0 = 0.9, c1 = 0.5, c3 = 0.2). The crossing of the axis
(q = q0 , a = 0) occurs for a single value ωG of the frequency ω. The black points denote the intersection with the plane q = q0 used to construct
Fig. 6. Lines in gray are behind the plane q = q0 .

Fig. 6. Amplitude a|q=q0 of the stable manifold of A2 (ω) at the crossing of the plane q = q0 as a function of ω for the same parameters as in
Fig. 5. There the cusp in the curve indicates the existence of an NG mode since a = 0 and u 6= 0.

For ω = ωσ (thick curve in Fig. 3), we obtain (only when µ < µA ) q0− (ωσ ) = q0 . Therefore the heteroclinic orbit
−
linking A−
0 (ωσ ) and A2 (ωσ ) does not cross the axis (a = 0, q = q0 ) but asymptotically approaches the point A0
on this axis. Therefore, this orbit does not represent an NG mode but a front solution, since the crossing occurs
at u = 0 when x = −∞. When ω < ωσ , the stable manifold of A2 (ωσ− ) crosses the plane q = q0 , since A2 (ω)
and A−
0 (ω) are on each side of the plane q = q0 and the crossing amplitude is not zero. When ω > ωσ , the stable
manifold of A2 (ω) remains in the half space q < q0 and does not cross the plane q = q0 . The fact that no NG
mode is obtained for µ < µA is determined by plotting in Fig. 4 the amplitude a of the stable manifold of A2 (ω)
when it crosses the plane q = q0 , as a function of the frequency. For ω < ωσ , a non-zero value of a is found at the
intersection. No cusp is obtained at ω = ωσ and for ω > ωσ , a|q=q0 does not exist.
For µ > µA , the two-dimensional set of stable manifolds of A2 (ω) intersects the axis (a = 0, q = q0 ) for a
particular value of ω determining the selected frequency ωG of an NG mode. Fig. 5 presents the stable manifolds
of three different A2 (ω) for three values of the frequency (ω < ωG , ω = ωG and ω > ωG ). Since we have chosen
three frequencies close to each other in order to show the differences in the three trajectories, the three distinct fixed
points A2 (ω) appear so close to each other that they are indistinguishable and are represented by a single symbol
A2 (ω) in Fig. 5. For ω > ωG , the stable manifold of A2 (ω) avoids the axis (a = 0, q = q0 ) and makes a turnabout
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Fig. 7. Selected frequency of the NG modes as a function of µ obtained numerically by integrating the dynamical system (11)–(13), by the
method explained in Fig. 5 (thick solid curve) and Fig. 6. Region shown is an enlargement of the zone close to 0 of Fig. 1 (see Fig. 1 caption for
explanation of the gray and white regions). NG modes are found to exist only for µ > µA and their frequency equals ωG (µ), with ωG (µA ) = ωA .
Parameters are c1 = 0.5, c3 = 0.2, U0 = 0.9 (same as Figs. 5 and 6). We predict that ωG (µA ) = ωA and the slope of ωG (µ) (thin line) by
a singular perturbation analysis around the threshold. (b) Results discussed in Section 4, found by a full numerical simulation of the partial
differential Eq. (1) have been added. The diamonds are frequency values found by these temporal simulations after transient behaviour has died
out.

in the half space q > q0 (gray curve in Fig. 5) before crossing the plane q = q0 at a finite value of a. It then spirals
into A−
0 in the half space q < q0 . For ω < ωG , it crosses the plane q = q0 at a finite value of a and immediately
spirals into A−
0 . When ω equals exactly ωG , the stable manifold of A2 (ωG ) crosses the plane q = q0 exactly on
the axis (a = 0, q = q0 ) at a finite value of u. It is quite remarkable that this singular trajectory insures a smooth
transition between the two configurations described above.
To find the precise value ωG for which the intersection with the axis (a = 0, q = q0 ) occurs, and to obtain a
criterion for the existence of an NG mode, we have plotted systematically as in Fig. 6 the amplitude a of the stable
manifold of A2 (ω) when it crosses the plane q = q0 , as a function of the frequency ω. Around a single value
ωG (µ, U0 , c1 , c3 ), this amplitude can approach zero arbitrarily closely depending only on the resolution we use
to span the ω axis, as indicated by the cusp in Fig. 6. We have verified that at the value ωG given by the criterion
sketched in Fig. 6, the slope u of the solution at the origin is non-zero.
The analysis of the phase portraits for all µ > µA and the frequency selection criterion sketched in Fig. 6 locate
numerically for each set of parameters U0 , c1 , c3 the curve ωG as a function of µ represented in Fig. 7. This selected
frequency ωG (µ) plotted as the thick solid curve in Fig. 7 starts from the absolute frequency ωA at the absolute
threshold µA , showing that the NG threshold coincides with the threshold of absolute instability µA ; this observation
will be proven by the perturbation analysis presented in the next section which also predicts the leading order and
the next order of the frequency, i.e. the slope ω1 at µA (thin solid line ω = ωA + (µ − µA )ω1 ).

3. Proof of the existence of a global mode for µ>µ A and scaling laws
We propose here to turn the numerical and graphical observations for the occurrence of an NG mode into a proof
of the existence of a global mode for µ > µA , by performing a singular perturbation analysis near the threshold
of global instability. This threshold is the absolute threshold µA and is also the control parameter for which a
Kolmogorov front of velocity −U0 (i.e. able to withstand the advection) would be selected in an infinite domain.
For the front selection problem, the boundary condition at the origin is relaxed and, since the medium is unstable,
a front develops between the unstable amplitude state A = 0 (on the left) and the stable state A2 (on the right).
The front propagates to the left at a constant velocity given by the linear marginal stability criterion [46]. This
criterion is equivalent to the determination of the absolute instability of the leading edge of the front A = 0 in the
reference frame where the front is stationary. Therefore, the relation between µA and a fixed advection velocity in a
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semi-infinite domain is the same as the link between the control parameter µ and the Kolmogorov front velocity in
an infinite domain. For a fixed advection velocity (to the right) and for µ > µA , the Kolmogorov front propagates
to the left until it stops near the boundary x = 0 to match the condition at the origin. We will therefore perform
the perturbation analysis around the Kolmogorov front solution at µ = µA , which represents the marginal NG
mode at threshold, and show for µ < µA that no NG mode exists, and compute for µ > µA the NG solution. The
analysis predicts for fixed parameters, U0 , c1 , c3 the leading and first order of the frequency ωG (µ) (see Fig. 7) at
the threshold and the growth length of the NG modes, defined as the distance at which the amplitude reaches 50%
of its maximum value, as a function of the distance from the NG instability threshold. However, since the first order
of the frequency will be given by the numerical estimate of an analytical matching condition (Eq. (29) below), a
case-by-case calculation must be carried out for each set of parameters to prove the existence of an NG mode for
µ > µA .
In the phase space (a, q, u), we are looking for the stable manifold of A2 (ω) which at ω, µ, c1 , c3 , U0 fixed may be
parametrized by a. The reason for considering this phase space and not (a, q, k) as already discussed is that we wish
to obtain regular trajectories near a = 0 for the global modes. The trajectory qf (a), uf (a) at µ = µA and ω = ωA
represents the Kolmogorov front solution, i.e. the heteroclinic orbit linking A−
0 = A0 = (0, q0 , 0) to A2 (ωA ). It is
similar to the orbit corresponding to ωσ presented in Fig. 3 in Section 2. The parametric representation qf (a) and
uf (a) are expressed as a series in a with terms ρj (aN − a)j and νj (aN − a)j , where aN denotes the amplitude of
A2 (ωA ) to which the Kolmogorov front is asymptotic. For simplicity, unless otherwise stated, aN and qN denotes in
this section aN (ωA ) and qN (ωA ), evaluated at µ = µA . When setting the bifurcation parameter value to µ = µA +,
the stable manifold of A2 (ω) is considered as a perturbation of the solution qf (a), uf (a) and the perturbation is also
taken in the form of series expansions with general terms ηj (ω)(aN − a)j and λj (ω)(aN − a)j , respectively.
This perturbed solution satisfies the boundary conditions at infinity, i.e. it asymptotically approaches A2 (ω) along
its unique stable eigendirection. It constitutes the outer solution of the problem which should be matched with the
proper inner solution valid around a = 0.
In the singular limit  → 0, an inner region of size θ (), θ () being a function vanishing with  to be determined
by the matching, is introduced in the neighborhood of the origin in order to take into account the boundary condition
a(0) = 0. An inner solution is represented as the linear solutions (18), (19) and (21) of system (11)–(13) in the
vicinity of a = 0.
Application of the method of matched asymptotic expansions [47] between the inner and the outer solution should
give rise to an NG mode determined by the intersection of the perturbed solution and of the axis (a = 0, q = q0 ).
This mode corresponds to a single frequency of the form ωA +  ω1 . The matching leads to the determination of
the slope u = v0 at the origin (x = 0), the growth length of the NG mode and the departure ω1 of the NG mode
frequency from ωA .
We proceed to a detailed analysis of the outer and inner solutions in Appendix A.
3.1. Matching
In order to determine the unknown integration constant v0 which appears in the inner solution (its slope at the
origin) and the departure ω1 of the frequency of the NG mode from ωA , we match the outer quantity uo (a)/a+iqo (a)
given by Eqs. (A.10) and (A.11) and the inner expression ki + iqi given by Eq. (A.15). At order zero, we obtain
three solvability conditions which read
+∞
X
j
νj aN = 0,

+∞
X

j =0

j =0

j

ρj aN = q0 ,

+∞
X
j −1
− j νj aN = k0 .
j =0

(26)
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These equations simply mean that the Kolmogorov front departs from a = 0 with asymptotic wavenumber q0 and
slope k0 at x → −∞, i.e. varies as exp[(k0 + iq0 )x]. They are satisfied only when  ≥ 0. Therefore, no NG mode
exists for  < 0. The matching at the next order (O( 1/2 )) imposes the size of the inner layer


c 0 U0 π
(27)
θ () =  exp −
√ ,
2β1 
and the condition characterizing the matching of the departure of the NG mode (wavenumber and slope) from the
Kolmogorov front, at the border between the inner and outer layers:

X
+∞
+∞
|ζ1 |1/2 X
v0
j
j −1
2 α1 π
λj aN − i
sinh
jρj aN ,
(28)
α1 + iβ1 =
v0
β1
|ζ1 |1/2
j =0

j =1

with |ζ1 | = (c0 (1+ω12 ))1/2 , α1 = ((|ζ1 |−κ1 )/2)1/2 , β1 = ((|ζ1 |+κ1 )/2)1/2 , and κ1 = c0 (1+c1 ω1 ) (see Appendix
A). The coefficients λj are linear in ω1 : λj = λ0j + ω1 λ1j . Modulus and phase identification of Eq. (28) determine
v0 and ω1 . An equation involving only ω1 is found by multiplying real and imaginary parts of the l.h.s. and r.h.s. of
Eq. (28) and reads

 +∞
+∞
X
α1 π X
j −1
j
2
jρj aN
(λ0j + ω1 λ1j )aN .
(29)
α1 β1 = − sinh
β1
j =1

j =1

The frequency shift ω1 is numerically evaluated as the solution of Eq. (29), giving the selected frequency ωG '
ωA + ω1 . This second order prediction is plotted as the fine solid line on Fig. 7, for which we obtain ω1 = 0.433,
and that indeed asymptotically approaches the curve of ωG as a function of µ found by integrating the ordinary
differential equations (11)–(13). We are now able to find scaling laws for the growth length of NG modes and for
their slope |da/dx(0)| at the origin of the domain as a function of , the distance from the NG threshold µ − µA .
The slope v0 of NG modes is determined by Eq. (28) and rescaled by the size of the inner region:
log

c0 U0 π
da
(0) ' −
√ + log + logv0 .
dx
2β1 

(30)

The dominant contribution as  → 0 is the  −1/2 term and this result is analytic although the coefficient β1
depending on ω1 may only be numerically computed from Eq. (29).
The growth length of the global mode is defined as the distance 1x such that a(1x) = 0.5 aN . It is calculated
by adding the x-thickness of the inner region and the size of the outer solution between the boundary of the inner
layer and the point at which the amplitude reaches the value 0.5 aN . Since at the upstream edge in the outer layer,
the spatial growth of the NG mode is exponential, its outer contribution to the growth length is of order log(1/).
Therefore, the dominant contribution comes from the inner layer:
1x '

π
√ .
β1 

(31)

The  −1/2 dependence emerges naturally from the singular perturbation analysis and may be physically interpreted
√
as the spatial beating of the two linear waves at frequency ωA + ω1 and wavenumbers differing by a  quantity.
In the real case (c1 = c3 = 0), β1 = 1 and the above scaling laws (30) and (31) have been validated in a previous
study [3,4] by numerical integration in x of the trajectory in the phase space given by the ordinary differential Eqs.
(11)–(13). Before proceeding to the comparison of the scaling laws with results from full numerical simulation
of the partial differential equation (1) for non-zero value of the parameters (c1 , c3 ), we wish to point out that
some recent results on front propagation might bear on the scaling laws investigated here. Brunet and Derrida [48]
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have studied the effect of a small cutoff h on the front velocity selection. They have shown that the front velocity
converges slowly to its asymptotic value when t → +∞, and that the shift in velocity from its asymptotic value
varies logarithmically with the cutoff h. In the present study, the boundary condition A(x = 0) = 0 represents the
ideal case of an open flow without noise at the inlet. It may be replaced by another boundary condition without loss
of generality. For example with the condition |A|(x = 0) = h, the existence of an NG mode will be given similarly
by the intersection in the phase space of the stable manifold of the asymptotic state when x → +∞ (a traveling
wave) with the set representing the boundary condition (the plane |A| = h). It can be shown that an NG mode will
√
exist for all h and that the growth length of the NG mode will depend logarithmically on h, since the 1/  scaling
comes from the inner layer, which is not necessary when |A|(x = 0) = h. The later logarithmic scaling, valid for
the length of the NG mode withstanding a fixed advection velocity, is very similar to the scaling of the shift in the
front velocity found by Brunet and Derrida. Ebert and van Saarloos [49] have shown, that the relaxation of fronts
towards their asymptotic shape and velocity is algebraic in time, when t → +∞. We have not studied here the
speed of convergence from a given initial state towards the NG mode, but the result should be as in reference [49],
since Ebert and van Saarloos have used similar arguments as in the present study in order to compute the departure
of the front shape from its asymptotic shape.
4. Simulations
Up to this point in the present paper, only existence of time-periodic solutions (NG modes) of Eq. (1) has been
investigated numerically and theoretically. Although numerical integrations of the dynamical system (11)–(13)
confirm the validity of the matched asymptotic expansion analysis and demonstrate the essential result that an NG
mode exists only when the basic state is linearly absolutely unstable, they tell us nothing about the stability of the
NG modes, their basin of attraction or about the existence of other (not time-periodic) solutions. We will therefore
compare our results with numerical simulations of the partial differential equation (1). Simulations are performed
with A(0) = 0 and the boundary condition at the outlet ensuring that the solution is asymptotic to any traveling wave
(i.e. we impose equality between the ratio of the amplitudes A(x +dx, t +dt)/A(x, t) = A(x, t)/(A(x −dx, t −dt))
[50]). The implicit Crank–Nicholson scheme [51] is used to perform the simulations. As explained in [52], the time
and space steps must be chosen sufficiently small to ensure that the nature of the instability is not altered by the
numerical scheme. The initial state of the system is A(x) ≡ 0 for all x and a very small perturbation is added. The
simulation is run until all transients die out. Due to the strong regulating effect of the advection, the asymptotic state
of the system is found to be insensitive to the choice if the initial condition.
In order to test the validity of our analysis, we first compare the results given by numerical simulations of the
partial differential equation (1) with those obtained in Section 2 from the phase portrait analysis on one hand, and
with those obtained by the matching in Section 3 on the other hand. This will confirm that the NG mode is indeed
the attractor of the system when it exists. When the NG mode does not exist, the solution asymptotically returns to
zero for each x, no matter what the initial condition is. When the NG mode exists but is unstable, the asymptotic
solution of the evolution equation (1) is more complex and usually not time-periodic. We determine next the region
of parameter space in which a stable NG mode is found by simulations of Eq. (1) and show that the border of this
region is given by the change of nature of the secondary instability (from convective to absolute) of the traveling
wave to which the NG mode is asymptotic at infinity.
4.1. Validation of the scaling laws
Fig. 7(b) shows the frequency of the NG modes obtained by the above-mentioned three methods. For U0 = 0.9,
c1 = 0.5, c3 = 0.2, we vary µ from below the threshold µA = 0.162 to µ = 0.6. For µ < µA , the solution
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Fig. 8. Growth length (a) and slope at the origin (b) of the NG modes for different values of the criticality  and c1 = 0.5, c3 = 0.2, U0 = 0.9.
The straight lines represent the scaling laws obtained from the analytical matching and the dots result from a temporal simulation of Eq. (1).
Note that the theoretical law is derived without any adjustable parameter.

relaxes back to zero for all the initial conditions tested. For each µ > µA , we report the frequency ωG (µ) obtained
by numerical integration of the dynamical system (11)–(13) (thick curve), for which the stable manifold of A2 (ω)
crosses the axis (a = 0, q = q0 but u 6= 0) of phase space, as found by the criterion presented in Section 2, Fig.
6. For the same values of µ, we perform a temporal simulation of the partial differential equation (1), following
the protocol explained above. The modulus of the amplitude grows and evolves to an NG mode as for the real
Ginzburg–Landau model [3,4]. When the amplitude modulus has become steady, we measure the frequency of the
NG mode. It is quite remarkable that these numerical measurements, plotted as diamonds in Fig. 7(b), lie exactly
on the curve corresponding to the frequencies obtained by the phase portrait analysis. Finally, the leading order of
ωG (µ), ωG ∼ ωA + ω1 , computed by Eq. (29) as given by our singular perturbation analysis (straight fine line in
Fig. 7(b)) is in excellent agreement with the results found numerically since it is tangent to the numerical curve at
µ = µA .
In the simulations of the partial differential equation (1), when the long time regime is reached, we also measure
the growth length of the NG mode and its slope at the origin as a function of the departure  from the NG instability
threshold. The numerical values (dots in Figs. 8(a,b)) are found to be in good agreement with the theoretical scalings
determined without any adjustable parameter 1x ∼ (π/β1 ) −1/2 and log|da/dx(0)| ∼ −(c0 U0 π/2β1 ) −1/2 (Eqs.
(31) and (30)), and represented by the straight lines to which they should be asymptotic when log() → −∞.
This three-fold test not only confirms the validity of the singular perturbation analysis, but it also indicates that the
NG mode is the attractor of the dynamics and, in doing so, it validates the frequency selection criterion of Section
2 far from threshold. For fixed parameters U0 , c1 , c3 , µ, the phase portrait analysis is far easier to handle, faster
and more precise than a numerical simulation of the partial differential equation (1), and predicts exactly the NG
mode frequency which will be selected in a temporal simulation. Let us emphasize again that this phase portrait
analysis not only determines the spatial profile of the NG mode, but also constitutes a nonlinear frequency selection
criterion.
4.2. Comparison with results from the Rayleigh–Bénard and Taylor–Couette problems
It is not obvious that the scaling laws derived analytically in Section 3.1 and verified in Section 4.1 by integration
of the dynamical system (11)–(13) and by temporal simulation of the partial differential equation (1) apply to the
description of real flows. To test the relevance of the present model to describe experimental situations, we have
interpreted the pattern selection occurring in two particular open flows.
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Büchel et al. [11] have numerically computed the propagating vortex structures in the rotating Taylor–Couette
system with an externally imposed axial throughflow. When studying the flow between two concentric cylinders, the
outer one at rest and the inner one rotating at a constant velocity, the bifurcation parameter called the Taylor number
measures the rotation rate of the inner cylinder. Above a critical Taylor number, the system exhibits toroidal vorticity
rolls associated with the breaking of z-invariance (the direction of the axis of the cylinders). Büchel et al. [11] have
shown numerically that the addition of a throughflow possesses a strong regulating effect: the critical Taylor number
above which vortex rolls can be observed increases with the Reynolds number, which measures the intensity of
the throughflow. Above threshold, the vortices are axisymmetric and propagate downstream, their structure being
uniquely selected, i.e. independent of parameter history, initial conditions or system size. The deviation of the axial
velocity component from the basic state as a function of the streamwise coordinate exhibits a stationary envelope.
Its amplitude grows from A = 0 at the origin, saturates and rapidly decreases to match the outlet boundary condition
A(Lb ) = 0. Except near the boundaries, the amplitude is a saturated propagating wave representing the propagating
vortices. The numerical simulations of two-dimensional Navier–Stokes equations for the Taylor–Couette problem
with throughflow by Büchel et al. have measured the growth length from the inlet, i.e. the length necessary to reach
half the maximum amplitude. They show that the dynamics of the system may be interpreted by simulations of the
Ginzburg–Landau equation (1) associated with boundary conditions A(0) = 0 and A(Lb ) = 0. Therefore, they
have derived the complex Ginzburg–Landau equation by a weakly nonlinear analysis of the Taylor vortices in axial
throughflow and they have computed the coefficients U0 , µ, c1 , c3 as functions of the Reynolds and Taylor numbers,
using fit formulas valid for small Reynolds numbers [53]. Temporal numerical simulations of the Ginzburg–Landau
equation show that above threshold, the solution represents precisely the amplitude of Taylor–Couette vortices in the
presence of a throughflow, obtained by temporal numerical simulations of Navier–Sokes equations. The numerically
obtained growth length of solutions of the Ginzburg–Landau equation is in good agreement with the growth length
obtained by simulations of Navier–Stokes equations for the Taylor–Couette problem with throughflow. In particular,
they observe a divergence of the growth length when approaching the instability threshold, which they identify as
the border between convective and absolute instability of the basic Taylor–Couette flow with an added annular
throughflow. We will show that the power law (31) compares satisfactorily with their numerical measurements of
the growth length of NG modes obtained for the Taylor–Couette problem with throughflow by Büchel et al. [11].
Before the comparison, let us describe measurements for another open flow also leading to a good agreement with
power law (31).
Müller et al. [12,13] have performed a similar numerical simulation for the Rayleigh–Bénard problem with an
added Poiseuille flow. When a critical temperature gradient, measured by the Rayleigh number, is exceeded, the
Rayleigh–Bénard system exhibits convection rolls which break the translation symmetry. The birth of these rolls
has been described by Fineberg and Steinberg [25], as a convective vortex front propagating into the unstable
basic conductive state. Using numerical simulations of the two-dimensional Navier–Stokes equations, Müller
et al. [12,13] show that addition of a throughflow to a fluid layer heated from below also possesses a strong regulating effect: the critical Rayleigh number above which convection rolls are obtained increases with the Reynolds
number. Above threshold, the vertical velocity field exhibits a stationary envelope as for the Taylor–Couette problem, which may be described as the solution of a complex Ginzburg–Landau equation with associated boundary conditions A(0) = 0 and A(Lb ) = 0, since the basic flow is enforced at the inlet and at the outlet of
the domain. They compute the coefficients of Eq. (1) as functions of the Rayleigh and the Reynolds numbers,
and show that the growth length obtained by temporal simulation of Eq. (1) is in agreement with the results
obtained from temporal simulations of Navier–Stokes equations. As for the Taylor–Couette problem, we will
show that the power law (31) satisfactorily compares with numerical measurements of the growth length of
NG modes obtained for the Rayleigh–Bénard flow with an added Poiseuille flow by Müller et al.
[12,13],
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Fig. 9. (a) The scaled growth length of NG modes predicted by Eq. (32) (solid lines) are superposed on the results of [11]. For Taylor–Couette
problem with throughflow, the three sets of open symbols represent values computed [11] for three different Taylor numbers. (b) The same
quantities for the Rayleigh–Bénard problem with throughflow. Symbols represent values computed [12,13] for three different Rayleigh numbers.
The solid line is our theoretical  −1/2 law with β1 = 1.

In both the studies by Büchel et al. and those by Müller et al., a graph of the growth length L is presented as a
function of the scaled advection velocity VG . In order to obtain a quantitative comparison, we have rewritten power
law (31) in the form
π
L'
β1

1−

Vg2
4

!−1/2
,

(32)

√
√
using the transformations L ≡ µ1x and Vg ≡ U0 c0 /µ coming from the nondimensionalization of the equation.
The expression 1 − Vg2 /4 is the rescaled departure from criticality. For the Taylor–Couette problem, we have used
in Eq. (32) the same values of the Reynolds Re and Taylor T numbers as those plotted in Fig. 1 by [11] to generate
for each combination (Re, T ), the set of Ginzburg–Landau coefficients U0 , c1 , c3 given in [11]. This allows us to
compute the precise value of β1 from Eq. (28). Since the values of the coefficients c1 and c3 used by Büchel et al.
and Müller et al. are small (c1 ∼ O(10−2 ) and c3 ∼ O(10−3 )), β1 , may be well approximated by one. For this
reason, a real model of amplitude equation for which β1 = 1 would have been sufficient to obtain the same scalings.
Our theoretical results are superposed on those obtained by Büchel et al. [11] in the log–log plot of Fig. 9(a). As
shown in Fig. 9(a), the growth length L of the Taylor–Couette vortices versus the scaled advection velocity Vg is
in excellent agreement with our scaling law (31), which is supposed to be valid for log(1 − Vg2 /4) → −∞. Since
there is no adjustable parameter in the derivation of Eq. (32), this confirms the validity of our analysis to describe
the dynamics of Taylor–Couette system with throughflow.
The same quantitative agreement is observed when we compare our theoretical analysis with the numerical
results of Müller et al. [12,13] for the Rayleigh–Bénard problem with throughflow (Fig. 9(b)). Reynolds and
Rayleigh numbers identical to those used by Müller et al. are chosen to generate for each (Re, Ra) pair the set of
Ginzburg–Landau coefficients U0 , c1 , c3 given in [13]. The precise value of β1 is computed from Eq. (28). Since
the numerical simulations by Müller et al. are done in a box of small size Lb , a linear stability analysis shows
that there exists a shift on the global instability threshold proportional to 1/L2b [54–56]. As a result, the theoretical
threshold valid for an infinite domain cannot be approached more closely than a quantity varying as 1/L2b . This
remark is also valid for the numerical results of the Taylor–Couette problem by Büchel et al. [11]. The difference
of size Lb between the two problems explains why the closest point to the threshold obtained in the simulations
of the Rayleigh–Bénard problem by Müller et al. is further from the closest point to the threshold obtained in the
simulations of the Taylor–Couette problem by Büchel et al. However, there is again no free parameter and the slope
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as well as the position of the theoretical power law (32) is in agreement with the numerical measurements by Müller
et al.
4.3. Stability of the NG modes
NG modes exist beyond the threshold of the primary bifurcation which coincides here with the threshold of local
absolute instability of the flow. They give rise to a saturated state which presents a periodic structure in the direction
of the flow. It is natural to consider the stability of the NG modes, i.e. the secondary bifurcation of the flow. As
for the primary bifurcation which is determined by the global instability of the basic state A = 0, the secondary
bifurcation may be determined by the global instability of the NG mode. Since an NG mode consists of a growing
front and a traveling wave A2 (ωG (µ)) to which it is asymptotic as x → ∞, we will denote these two parts as the
‘core’ and the ‘wing’ of the NG mode. This terminology is usually adopted for Nozaki–Bekki holes [30,57] and for
dark solitons [58].
As we will see, the relevant concept for determining the global instability of an NG mode (the secondary global
bifurcation of the flow) here is the absolute or convective nature of the local instability of its wing [59,60]. We will
first recall the temporal stability properties of the traveling waves (4) which are solutions of the Ginzburg–Landau
equation, and we will determine the nature (absolute or convective) of the unstable saturated waves. We will next
apply the result to the wing A2 (ωG ) of the selected NG mode when the bifurcation parameter varies, and then to
the particular traveling wave A2 (ωA ) at µ = µA to determine whether the wing of the NG mode at the primary
bifurcation threshold is absolutely or convectively unstable (or stable). We will then show that two different scenarios
for the route to disorder may occur: a direct transition when A2 (ωA ) at µ = µA is absolutely unstable, or else a
sequence of bifurcations when it is stable or convectively unstable. To test these two scenarios for the secondary
bifurcation of the flow, we will numerically simulate the partial differential equation (1). Initially, small perturbations
will be added to the basic state A(x) = 0, ∀x. If the system saturates and reaches at long times an NG mode, then the
NG mode is stable and increasing the bifurcation parameter should determine numerically the second bifurcation
and confirm that they are obtained sequentially. If the system does not converge to an NG mode but to a more
complex solution, then the NG mode which exists for the same parameters is unstable.
4.3.1. Temporal stability of traveling waves
The linear temporal stability of the traveling waves (4) has been examined by Matkowsky and Volpert [36] for long
waves and finite wavelength perturbations. Their results may be recalled using the wavenumber qN as a parameter
for the family of Stokes solutions of type Eq. (4) that exist at given (µ, c1 , c3 ). Before proceeding with the stability
limits, let us rescale
q ∗ = qµ−1/2 ,

a ∗ = aµ−1/2 ,

U0∗ = U0 µ−1/2 ,

(33)

which allows us to set µ to unity. This rescaling has not been done earlier in order to facilitate the comparison with
experiment and to distinguish the effect of the advection velocity from the effect of the bifurcation parameter in the
scaling laws for the growth length and the slope of the NG modes, but its use will clarify the remainder of our study.
This rescaling is equivalent to increasing the bifurcation parameter at fixed advection velocity or, alternatively,
to decreasing the advection velocity at fixed µ, each operation representing a reduction of the rescaled advection
velocity U0∗ .
When only temporal stability is considered, the problem is further simplified since a Galilean transformation
allows us to set U0∗ to zero. This will not be true when spatiotemporal instability or fronts are considered. The
traveling waves of type Eq. (4) are linearly unstable in the Benjamin–Feir unstable domain 1 − c1 c3 < 0. In the
domain 1−c1 c3 > 0, the traveling waves of type Eq. (4) are stable if their wavenumber satisfies qN∗2 < qE∗2 , (denoted
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Fig. 10. Regions of stability (S), convective (C) and absolute (A) instability of traveling waves in the plane (qN∗ , c3 ) for c1 = 3. The traveling
wave with rescaled wavenumber qN∗ is linearly stable within the S region. The dashed line extends the S region when only longwave perturbations
are taken into account. (a) The convective instability boundary is computed for U0∗ = 2. (b) Enlargement of (a) in the region where the waves
are stable to long wave perturbations but unstable to finite wavelength perturbations for c3l ≤ c3 ≤ c3r (upper right corner of (a)).

below as the Eckhaus stable band). Matkowsky and Volpert [36] have found that the neutral Eckhaus wavenumber
qE∗ (c1 , c3 ) is a different function of parameters when the loss of stability is due to long wave perturbations, in which
case the neutral Eckhaus wavenumber is given by
qE∗2 =

1 − c1 c3
,
3 + 2c32 − c1 c3

(34)

or when it is due to finite wavelength perturbations, in which case an explicit expression of the neutral Eckhaus
wavenumber may be derived from the analysis by Matkowsky and Volpert and is given by Eq. (B.2) in Appendix B.
The boundaries of the region in the (c1 , c3 ) plane to which it pertains are also derived from Matkowsky and Volpert
and are given by Eq. (B.1) in Appendix B.
In Fig. 10, we have let c3 vary and we have plotted the stability boundary of traveling waves A2 (ω) represented
by the rescaled wavenumber qN∗ as a function of c3 , for the parameter c1 = 3 (and µ = 1 due to the rescaling Eq.
(33)). The stability region (S) is bounded by the neutral Eckhaus wavenumber qE∗ . The instability is due to long wave
perturbations in the whole domain (qE∗ given by Eq. (34)) except in a small band c3l < c3 < c3r (see enlargement
in Fig. 10(b)), where it is due to finite wavelength perturbations. In this band qE∗ is given by Eq. (B.2) and remains
below the value given by Eq. (34) represented in dashed line. As a result, within the region bounded by the dashed
line and by the solid line limiting the stability region in Fig. 10, the saturated traveling waves are linearly unstable,
whereas the classical analysis taking solely into account long wave perturbations, would have led to the conclusion
that these waves are in the Eckhaus stable band.
4.3.2. Absolute and convective instability of the traveling waves
Matkowsky and Volpert have only considered temporal instability but since we are considering a problem where
Galilean invariance is broken by the inlet condition, we should extend their analysis and consider whether the
instability is convective or absolute.
The absolute or convective nature of the traveling wave is determined classically [62] by considering perturbations
of the form:
a(x, t) = aN + a1 (x, t),

θ(x, t) = qN x − ωt + θ1 (x, t)

(35)
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Fig. 11. Same as in Fig. 10 but for different rescaled advection velocities. Each line bounds the region of convective instability of the traveling
waves for a fixed velocity U0∗ ≡ µ−1/2 U0 . Different scales have been used in each plot (a), (b) and (c) referring to different region of the plane
(qN∗ , c3 ). In (a) and (b), U0∗ goes from 0 to 4 with a step of 0.4. In (c), U0∗ goes from 0 to 2 with a step of 0.4; the cross and the star refers to the
simulations in the convective region for c3 = 1.5, U0∗ = 2 (star) and U0∗ = 1.6 (cross-referring to simulation in Fig. 12(a)). The circle refers to
simulation Fig. 12(b) with U0∗ = 1.2; in the latter case, the NG mode is unstable but qN has still been measured from the oscillation frequency
close to the origin.

with a1 (x, t) and θ1 (x, t) proportional to exp(−it + iKx). The dispersion relation reads:
2
2
2 2 1/2
+ i((1 + c32 )aN
− (c12 K 2 − 2iqN K − c3 aN
) ) ,
(K) = −iK 2 + (U0 + 2qN c1 )K − iaN

(36)

where aN , qN are given by Eqs. (5) and (6) and the perturbation frequency , and wavenumber K are complex. Only
the phase branch is considered, since it is the only one to become unstable. Using the form (35) for the perturbations,
one obtains a linear equation with constant coefficients and therefore avoids Floquet analysis [63] which generically
determines the secondary bifurcation of a periodic state [61].
Using Matlab and the built-in rootfinder of systems of equations, we seek the neutral saddle points 0 = (K0 ),
d/dK(K0 ) = 0 such that I(0 (K0 )) = 0 by the ‘pinching’ process (see [33,34]), which defines the boundary
between absolute and convective instability for the traveling wave A2 (ω). This boundary is represented in Fig. 10
by the reduced wavenumber qN∗ ≡ qN µ−1/2 as a function of c3 , for the parameter c1 = 3 and advection velocity
U0∗ = 2. The traveling wave A2 (ω) of wavenumber qN∗ is convectively unstable in region C and absolutely unstable
in region A. When c3 < 0 (see enlargement in Fig. 10(b)), the boundary between convective and absolute instability
crosses the region where saturated traveling waves are unstable to finite wavelength perturbations but stable to long
wave perturbation (for c3l ≤ c3 ≤ c3r , between the dashed line and the boundary of the stability region). If we had not
considered the stability boundary due to finite wavelength perturbations, we would have obtained inconsistent results
since the convective/absolute boundary would have crossed the stability region (that we would have interpreted to
extend up to the dashed line in Fig. 10).
We have followed the same protocol to plot in Fig. 11 the convective instability boundaries of traveling waves
A2 (ω) for different rescaled velocities U0∗ ≡ U0 µ−1/2 . As before, we plot the reduced wavenumber qN∗ ≡ qN µ−1/2
as a function of c3 , for c1 = 3. U0∗ takes values from U0∗ = 0 to 4 with a step of 0.4). For each rescaled advection
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velocity, the boundary between convective and absolute instability is made up of lines bounding tongues in which the
traveling wave corresponding to the rescaled wavenumber qN∗ is convectively unstable (C). For U0∗ = 0 the tongues
are symmetric in qN∗ → −qN∗ due to the x → −x symmetry of the problem and have been obtained by Weber et al.
[64] and Aranson et al. [32]. When U0∗ is non-zero, the tongues are no longer symmetric and negative wavenumbers
must be considered separately. Note that for qN∗ > 0 (qN∗ < 0), the size of the convective region decreases (increases)
when the advection velocity is increased. When c3l ≤ c3 ≤ c3r and for each velocity U0∗ smaller than a critical value
(between 3.6 and 4.0), the corresponding boundary between the convective and absolute region crosses the dashed
line in Figs. 11(a,b), and therefore enters the region where traveling waves are unstable but stable to long wave
perturbations. This result is consistent when the neutral Eckhaus wavenumber due to finite wavelength perturbations
is considered (Eq. (B.2)). Figures such as Fig. 11 should be computed for every value of c1 .
4.3.3. Secondary instability of an NG mode varying the control parameter
We can now test the conjecture that the global secondary bifurcation coincides with the local absolute instability
of the traveling wave which represents the ‘wing’ of the NG mode.
To compare the secondary global bifurcation of the flow with the secondary absolute instability of the wing of
the NG mode, we fix c3 (in the following examples, c3 = 1.5), and U0∗ is decreased from its value at the primary
bifurcation threshold till the second bifurcation is obtained. For each value U0∗ , we perform a simulation of the
partial differential equation (1) and when the amplitude of the system has reached a steady state, the wavenumber of
the wing of the corresponding NG mode is measured and plotted in Fig. 11. The star, the cross and the circle in Fig.
11(c) constitute three examples of such numerical experiments, for advection velocities U0∗ = 2 (star), U0∗ = 1.6
(cross) and U0∗ = 1.2 (circle). For each of these velocities, the domain of absolute instability has been computed in
Fig. 11.
Fig. 12 shows spatiotemporal plots of the amplitude resulting from simulations of the partial differential Eq. (1)
for two typical cases described above: U0∗ = 1.6 and U0∗ = 1.2. The amplitude |A| is plotted in grayscale with zero
values corresponding to black and maximum amplitude to white. When U0∗ = 1.6 (Fig. 12(a)), the amplitude grows
from the uniform initial state A = 0. Secondary perturbations develop an oscillation in the amplitude as shown by
the inclined lines in the lower right part, but they are advected as the simulation proceeds and ultimately leaves the
medium. Since parameters are far from the primary bifurcation threshold, the growth length of the solution is small
as shown by the small black band near x = 0 (corresponding to a small amplitude region). The transient dies out
and the long-time asymptotic state of the system is an NG mode as shown by the upper part of the plot which is
black near x = 0 and uniformly gray in the upper right part. The wavenumber of its wing is measured and plotted
as the cross in Fig. 11(c). We verify that it belongs to the convective instability tongue of the wing corresponding
to U0∗ = 1.6. This result seems to be generic. In each simulation we have performed, for which a stable NG mode
is reached, the wavenumber of its wing, when properly rescaled, belongs to a convective instability tongue for the
corresponding rescaled advection velocity U0∗ . For example, the star in Fig. 11 represents similar results for U0∗ = 2,
and indeed, the corresponding value of qN∗ (the star in Fig. 11(c)) belongs to the convectively unstable domain for
U0∗ = 2.
By contrast, for U0∗ = 1.2 (Fig. 12(b)), the NG mode is unstable. The solution starts to grow spatially as an NG
mode, but it neither reaches a traveling wave at x → +∞, nor becomes time periodic. A disordered regime eventually
appears with defects where the amplitude is zero at some point. This is indicated by the greater contrast between
the maxima of the amplitude, which reaches higher values than below the secondary bifurcation (white thin lines),
and the minima which reach zero values (large black bands in the right part of Fig. 12(b)). This regime resembles
the defect turbulence observed by Chaté and Manneville [50] among others. But it remains to be determined if the
transition to disorder possesses a single step or if multiperiodic states and chaotic régime are obtained via successive
global bifurcations.
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Fig. 12. Spatio-temporal diagram of the evolution of the amplitude in gray scale. |A| = 0 corresponds to black. The upper plots show |A|
as a function of x at t = 150. (a) Simulation for c1 = 3, c3 = 1.5, U0∗ = 1.6 (cross in Fig. 11. An NG mode is obtained and parameters
are in the convective instability tongue of the wing corresponding to U0∗ = 1.6. (b) Simulation above the secondary bifurcation for c1 = 3,
c3 = 1.5, U0∗ = 1.2. No NG mode is obtained. The system does not evolve to a time-periodic state. Defects continuously appear and the nature
(multiperiodic or chaotic) of this global secondary transition has yet to be determined.

Our hypothesis of a secondary bifurcation given by the absolute instability of the wing is confirmed since the
wavenumber measured in each globally stable case (U0∗ = 2 and U0∗ = 1.6) belongs to the corresponding convective
instability tongue of the wing. When the flow is (secondarily) globally unstable (for U0∗ = 1.2, circle in Fig. 11),
it is not possible to determine the wavenumber of the wing from numerical simulation of the partial differential
equation (1), because the system evolves towards a solution which is not asymptotic to a traveling wave in the wing.
Instead, the wavenumber has been evaluated from the the solution of the dynamical system (11)–(13), using the
nonlinear frequency selection criterion of Section 2.3, and it has been checked that the frequency obtained from this
criterion is the oscillation frequency measured close to the origin. This value of qN∗ belongs to the absolute domain
of Fig. 11 (curve for U0∗ = 1.2).
To conclude this section, there is numerical evidence that the absolute instability of the wing of an NG mode
determines the stability of the NG mode. It would be interesting to perform a full linear instability analysis of the
NG modes involving their entire spatial structure, in order to confirm this conjecture or, in contrast, to determine
if a core instability as in the case of the Nozaki–Bekki hole [30] may occur, at least in some range of the (c1 , c3 )
plane.
4.3.4. Stability of the NG modes at threshold µ = µA
The preceding analysis for arbitrary µ can be specialized to the NG threshold µA . Since the wing of the NG
mode at the NG threshold is analytically determined, we are now able to determine if this traveling wave is stable,
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Fig. 13. Regions of linear stability (S), convective (C) instability and absolute (A) instability of the ‘wing’ A2 (ωA ) of the NG mode at the NG
threshold. In the region (S) (in white), A2 (ωA ) is linearly stable. The ‘wing’ of the NG mode is convectively unstable at the NG threshold in
the light gray region. The NG mode at the threshold µA is absolutely unstable to the right of the solid line (dark gray region). The right of
the dashed-dotted line defines the Benjamin–Feir unstable region 1 − c1 c3 < 0. The points represent parameter values used in the simulations
presented in Fig. 12 (star), Fig. 14(a) (diamond), and Fig. 14(b) (triangle).

convectively or absolutely unstable. We then explore numerically the relation between this result and the stability
of the corresponding NG mode. When the parameters U0 , c1 , c3 are fixed, the threshold of NG instability is µA =
U02 /4(1 + c12 ) and the NG mode (and therefore its wing) oscillates at the frequency ωG (µA ) = ωA = −c1 µA . The
corresponding wave number at x → +∞ (in the wing part) qN (ωA ) is then a function of U0 , c1 , c3 , but the rescaled
√
wavenumber qA∗ ≡ qN (ωA )/ µA is a function only of c1 and c3 .
qA∗ =

(1 + c32 )1/2 − (1 + c12 )1/2
.
c1 + c3

(37)

By testing whether qA∗ is in the Eckhaus stable band, we have obtained the region in the (c1 , c3 ) plane in which
the traveling wave A2 (ωA ) is linearly stable. Fig. 13 shows this region plotted in white and labeled by the S symbol.
The loss of stability of the saturated traveling wave qA∗ , determined by the intersection of qA∗ and qE∗ (c1 , c3 ), turns
out to be always due to long-wave perturbation. All numerical simulations of the evolution equation (1) performed
in this region show that the system indeed evolves to a stable NG mode. But stable NG modes have been also
obtained when parameters are chosen outside of this region of linear stability.
Note that even in the Benjamin–Feir unstable domain (BF region delimited by the dashed curve), an NG mode
may be obtained as the ultimate state of the system. This will be shown in Fig. 14(a), where we present the results
of simulating partial differential equation (1) for the parameters indicated by the diamond in Fig. 13.
We have determined the region of parameter space for which the saturated traveling wave A2 (ωA ) at the global
threshold is convectively unstable. Results are plotted in Fig. 13: the region of convective instability is plotted in
light gray and absolute instability in dark gray.
The simulations in Fig. 14 reported in the form of spatiotemporal plots of the amplitude in gray level from zero
(dark) to high values (white) have been undertaken for parameter values indicated in Fig. 13, corresponding to
c3 = 6.0 (diamond) or c3 = 6.8 (triangle) with c1 = 1.2. For these simulations, we have chosen µ = 1 and U0
is 5% below the value corresponding to the NG threshold. The system, initially in the uniform state A = 0, (dark
zone in the lower part of the diagram) evolves rapidly to an NG mode with a large growth length as indicated by the
black part near the origin in Fig. 14(a). This is due to the fact that parameters are close to the primary bifurcation
threshold. Fig. 14(a) corresponds to the diamond point in Fig. 13. It belongs to the convectively unstable region
of the wing (light gray region in Fig. 13) and we see in Fig. 14(a) that a stable global mode is reached at large
time. The transient is long-lived, but is finally advected away. In the region where the amplitude has reached its
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Fig. 14. Same as Fig. 12. (a) Simulation for the parameters indicated by the diamond in Fig. 13 (c1 = 1.2, c3 = 6) and µ = 1, U0 is 5% below
the value corresponding to the NG instability threshold. Ultimately, a pure NG mode is obtained (the transient being washed downstream) as
expected given the convective instability of the wing. (b) Simulation for the parameters indicated by the triangle in Fig. 13 (c1 = 1.2, c3 = 6.8)
and identical values for µ and U0 . No NG mode is obtained as the transient does not die out since the absolute instability threshold of the wing
has been exceeded.

saturation value, perturbations are amplified and develop a spatial oscillation of the amplitude |A|, but they are
advected downstream as indicated by the inclined lines representing the motion of amplitude maxima on the right
of Fig. 14(a). Ultimately, the system evolves to the stable NG mode. Transients leave the medium slowly because
parameters are close to the boundary of secondary global instability. The triangle in Fig. 13 represents a set of
parameters (c1 , c3 ) chosen in the dark gray region when the secondary instability of the wing of the NG mode at
threshold is absolute. In that case, the system never evolves to a stable NG mode as demonstrated by the numerical
simulation reported in Fig. 14(b). The upstream part of the solution grows as a NG mode (black region near the
origin) but at some location in the saturated region (gray), the amplitude starts to oscillate around its saturation
value and never reaches a steady state, as indicated by the inclined lines which contaminate the right part of Fig.
14(b). In this case, as soon as the flow is primarily globally unstable, it is also secondarily globally unstable and a
complex solution bifurcates at the primary threshold.
In conclusion, let us summarize the two scenarios obtained for the transition to disorder. In the white and light
gray regions in Fig. 13, the scenario for the transition to disorder consists of a sequence of bifurcations, with a
secondary bifurcation threshold greater than that of the primary bifurcation. We have indeed presented simulations
of the evolution Eq. (1) which are in agreement with this scenario: the star in Fig. 13 is plotted for the parameters
values used in the simulations presented in Fig. 12. For the values c1 = 3, c3 = 1.5 chosen in Fig. 12, the NG
mode obtained at the threshold µA is stable and its wing is indeed convectively unstable since the associated point
on Fig. 13 (the star) is in the convective region (in light gray). This is the reason why we have obtained a sequence
of bifurcations. It is now clear that a condition for obtaining this sequence is that the saturated wave of rescaled
wavenumber qA∗ at threshold must be convectively unstable or stable. By contrast, another scenario occurs if c1 and
c3 are such that A2 (ωA ) is absolutely unstable, i.e. in the dark gray region in Fig. 13; an intricated dynamics is
obtained at the primary global bifurcation µA . In the latter case, the route to disorder may possess a single step.
Such simulations indicate that the transition to disorder consists of a sequence of bifurcations when the wing of the
NG mode obtained above the primary bifurcation is convectively unstable or stable; the secondary global instability
threshold coincides with the threshold of absolute instability of the wing. A direct transition to disorder is obtained
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when the wing of the NG mode at threshold is already absolutely unstable. In the latter case, the secondary global
instability threshold coincides with the primary instability threshold, i.e. with the absolute instability threshold of
the basic state A = 0.

5. Conclusions
We have described the NG modes for the one-dimensional Ginzburg–Landau equation. NG modes consist of time
oscillating solutions linking the state A = 0 (the boundary condition) to a saturated state represented by a traveling
wave. We have shown that NG modes exist when the bifurcation parameter exceeds a critical value corresponding
to the absolute/convective instability threshold of the basic state A = 0. We have proposed a frequency selection
criterion for the NG modes relying only on numerical computation in phase space, which actually represents the
existence condition of an NG mode. Our criterion has been validated by numerical simulations of the evolution
equation (1). We have derived scaling laws for the frequency, the growth length and the slope at the origin of NG
modes as functions of the departure from the NG threshold. These scaling laws, derived analytically for the first
time, explain the power law obtained numerically by simulation of Navier–Stokes equations for the NG modes in the
Taylor–Couette problem with throughflow by Büchel et al. [11] and for Rayleigh–Bénard convection with an added
Poiseuille flow by Müller et al. [12,13]. We have addressed the question of the domain of parameter space in which
an NG mode is stable. We have therefore studied the convective/absolute nature of the instability of the traveling
wave to which an NG mode is asymptotic when x → +∞ (called the wing). We have conjectured that the loss of
stability of an NG mode is due to the change of nature of the instability (from convective to absolute) of its wing.
This conjecture has been tested by determining the absolute/convective instability of traveling waves. Numerical
temporal simulations in the globally unstable region are found to agree with this hypothesis. A nonperiodic solution
with continually generated defects is obtained when the bifurcation parameter is increased above the secondary
global bifurcation threshold. The nature of this global secondary transition remains to be determined. We have
shown that the primary and the secondary instability may occur in sequence when varying a control parameter. The
transition to disorder occurs in one step right at the primary global instability threshold whenever the NG mode is
unstable above the primary instability threshold. At the NG threshold, direct numerical simulations indicate that
convective instability of the wing corresponds to instability of the NG modes. When the wing of an NG mode at
threshold µA is already absolutely unstable, the bifurcated solution of the flow cannot be an NG mode; the only
possible self-sustained solution to which the system inevitably evolves, is a more complicated, aperiodic solution.
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Appendix A. Details of the inner and outer solutions
A.1. Outer solution
By setting the bifurcation parameter value to µ = µA +  and the frequency to ωA +  ω1 with   1, and ω1
to be determined, the outer solution of Eqs. (22)–(24), representing the stable manifold of A2 (ω) just above the
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threshold and away from the origin, is sought in the form of perturbed series:
+∞

X
da
=
(νj + λj )(aN − a)j ,
uo (a) =
dx

(A.1)

j =0

qo (a) =

+∞
X
(ρj + ηj )(aN − a)j .

(A.2)

j =0

At the threshold ( = 0), the coefficients νj , ρj are those of the heteroclinic orbit qf (a), uf (a) corresponding to the
Kolmogorov front solution [43] and are computed recursively and numerically. The coefficients λj , ηj are assumed
to be linear functions of ω1 i.e. λj = λ0j + ω1 λ1j , ηj = ηj0 + ω1 ηj1 and represent the departure of the NG mode from
the front solution. They are recursively and numerically computed in the same manner as νj and ρj by requiring
that Eqs. (A.1) and (A.2) satisfy Eqs. (22)–(24) at each order in  and j , and for each value of ω1 . To start the
recurrence, we need to use the boundary condition at x → +∞ which reads
uo (aN (µA + , ωA + ω1 )) = 0,

(A.3)

qo (aN (µA + , ωA + ω1 )) = qN (µA + , ωA + ω1 ).

(A.4)

For the outer solution, the boundary condition at +∞ yields the leading order coefficients for u0 and q0 series:
ν0 = 0, ρ0 = qN (ωA ), and at first order the equations (also given by Eqs. (23) and (24) at first order)
2
2(qN − q0 )ν1 − c0 U0 ρ1 − ν1 ρ1 − 2I3 aN
= 0,

(A.5)

2
c0 U0 ν1 + 2(qN − q0 )ρ1 − ν12 + 2R3 aN
= 0.

(A.6)

Eqs. (A.5) and (A.6) give us ν1 and ρ1 by elimination of ρ1 :
2
2
2
ν13 + 4k0 ν12 + (4(qN − q0 )2 + 4k02 − 2R3 aN
)ν1 − 4(qN − q0 )I3 aN
− 4R3 aN
k0 = 0.

(A.7)

The positive root of equation (A.7) determines ν1 which is unique as required by the condition that the front solution
be unique. Once ν1 and ρ1 are determined, λ0 and η0 are computed by equations
(2(qN − q0 ) − ρ1 )λ0 − c0 U0 η0 = c0 (c1 − ω1 )

(A.8)

c0 U0 λ0 + (2(qN − q0 ) − ν1 )λ0 = c0 (1 + c1 ω1 )

(A.9)

which may be split into two parts according to the linear dependence of λ0 and η0 as functions of ω1 . Then all
coefficients (νj , ρj ), (λj , ηj ) are computed recursively, each pair being the solution of a linear system of equations
for which the r.h.s. depends only on coefficients with smaller index. Once all coefficients have been computed, we
obtain the asymptotic behaviour of the outer solution close to the origin where the inner solution prevails,
+∞
a→0X

uo (a) '

j

νj aN − a

j =0
+∞
a→0X

qo (a) '

j =0

+∞
+∞
X
X
j −1
j
j νj aN +  λj aN ,
j =0

j

ρj aN − a

+∞
+∞
X
X
j −1
j
jρj aN +  ηj aN .
j =0

(A.10)

j =0

(A.11)

j =0

Obviously uo (a) and qo (a) given by Eqs. (A.10) and (A.11) cannot satisfy the boundary condition at a = 0.
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A.2. Inner solution
To satisfy the boundary condition at the origin, we introduce an inner layer near a = 0 where the amplitude a(x)
of the inner solution remains small. Using the variable ξ such that a = |A| = θ ()ξ , where θ () denotes the size
in amplitude of the inner layer, we linearize the dynamical system (22)–(24) around a = 0 and seek a solution of
the linearized system satisfying the boundary condition ξ(0) = 0. All the bounded trajectories already described in
+
Section 2 which exist in the plane a = 0 and link A−
0 to A0 [39] cannot be considered as valid inner solutions to
find an NG mode since they do not depart from the plane a = 0 with a finite slope at the origin. By contrast, the
separatrices Eqs. (18) and (19) which possess a singularity (infinite k when x = 0) are the only solutions departing
from the plane a = 0 with a finite slope u = ȧ at the origin and therefore will constitute the inner solution of
the problem. Solutions (18),(19) and (21) are rewritten using µ = µA +  and ω = ωA + , after rescaling the
previously introduced coefficients α and β representing the departures of the wavenumber q from q0 and spatial
1/2 and β = β  1/2 ;
growth rate k from k0 at A−
1
0 : α = α1 
1/2

,
ξ = v0 (2|ζ1 |)−1/2 ek0 x cosh (2α1  1/2 x) − cos(2β1  1/2 x)

(A.12)

qi = q0 +  1/2

β1 sinh(2α1  1/2 x) − α1 sin(2β1  1/2 x)
,
cosh(2α1  1/2 x) − cos(2β1  1/2 x)

(A.13)

ki = k0 +  1/2

α1 sinh(2α1  1/2 x) + β1 sin(2β1  1/2 x)
,
cosh(2α1  1/2 x) − cos(2β1  1/2 x)

(A.14)

with |ζ1 | = (c0 (1 + ω12 ))1/2 , α1 = ((|ζ1 | − κ1 )/2)1/2 , β1 = ((|ζ1 | + κ1 )/2)1/2 , and κ1 = c0 (1 + c1 ω1 ). The  1/2
−
rescaling comes from the beating of the two waves associated with A+
0 and A0 . Solution (A.12) indeed satisfies the
boundary condition ξ(0) = 0. When x → +∞, we seek the asymptotic behaviour of the inner solution ξ(x), ki +iqi
in order to match with the outer solutions (A.10) and (A.11). The maximum of the function ξ(x) may be obtained
for a value close to x = π −1/2 /β1 and the matching must be done close to this value. Therefore, the asymptotic
behaviour of the inner solution reads when x ∼ π  −1/2 /β1 ,



1/2
2α1 π
−1/2
,
(A.15)
−1
ξ(x) ' v0 (2|ζ1 |)−1/2 ek0 π /β1 cosh
β1
ki + iqi ' k0 + iq0 +  1/2 (α1 + iβ1 )

sinh(2α1 π/β1 )
.
cosh(2α1 π/β1 ) − 1

(A.16)

Appendix B. Neutral Eckhaus wavenumber when the loss of stability is due to finite wavelength
perturbations
When only long-wave perturbations are considered, the stability of saturated traveling waves of type Eq. (4)
is determined by the Eckhaus wavenumber qE∗ given by Eq. (34). Any traveling wave of wavenumber qN∗ with
qN∗2 > qE∗2 is unstable for long-wave perturbations. Matkowsky and Volpert [36] have shown that the saturated
traveling waves of type Eq. (4) are also unstable for finite wavelength perturbations in the region of the plane
(c1 , c3 ) above (with c1 > 0) the curve of equation:
c1 = −

1
c3

if

c32 <

1
3
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c1 =

q
−2c3 (c32 − 1) + 4c32 (c32 − 1)2 + (3c32 − 1)(5c32 + 1)
3c32

−1

if

c32 >

1
,
3
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(B.1)

The neutral Eckhaus wavenumber for which the saturated traveling waves of type Eq. (4) become unstable to finite
wavelength perturbations is no longer given by Eq. (34) but reads in this case:
qE∗2 =

A
1+A

(B.2)

where A is given in terms of several intermediate functions written below,
A=

3py2 + 4py + 1 − 4ξ(py + 1)
8(py − ξ )

py = (−q +

√ 1/3
√
4ξ + 1
δ) + (−q − δ)1/3 +
,
3

q = B 3 + η,
B=

,

2ξ − 1
,
3

δ = p3 + q 2 ,
η=

1 + c32
1 + c12

,

p = η − B2,
ξ =−

1 − c1 c3
.
1 + c12
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