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Chapter 1

Introduction

1 Streaky motions in laminar and transitional �ows
Transition to turbulence in wall-bounded �ows such as plane Couette, pressure-driven channel,
pipe and boundary layer �ows has been an elusive problem for a long time. Traditionally, the
�st step is linear stability analysis, which seeks exponentially growing modes in time or space.
However, the critical Reynolds numbers for linear instability do not agree with those at which
transition is observed. For example, the pressure-driven channel �ow is stable for Reh < 5772
(Orszag, 1971) and plane Couette �ow is stable for all Reynolds numbers (Romanov, 1973).
However, experiments have shown that the channel �ow undergoes transition to turbulence for
Reh as low as 1000 (e.g. Patel & Head, 1969) and for the plane Couette �ow the transitional
Reynolds number is in the range 325 < Reh < 370 (e.g. Lundbladh et al., 1992). This
discrepancy between the experimental observations and linear stability analysis has led to
numerous e�orts to explain transition without a primary linear modal instability.

Figure 1.1. Smoke visualization of streaks in transition under the high-level free-stream turbu-
lence in a boundary layer (from Matsubara & Alfredsson, 2001).
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Flow λz,opt/δ

Gmax Rmax V

Couette 3.9(a) 5.3(a) 4.5(b)

Channel �ow 3.1(a) 3.9(a) 3.5(b)

Pipe �ow 6.3(c) − −
Boundary layer 3.3(d) − −

Table 1.1. Optimal spanwise wavelengths of the maximum responses to initial perturbation Gmax,
harmonic forcing Rmax, and stochastic excitation V in laminar wall-bounded �ows. Results from
(a) Trefethen et al. (1993), (b) Jovanovi¢ & Bamieh (2005), (c) Schmid & Henningson (1994),
(d) Butler & Farrell (1992). Here, δ is half of the channel height for Couette and channel �ows,
the radius for pipe �ow, and the boundary-layer thickness for boundary layer.

Under high-level free-stream noise, transition often occurs without the linear instability
waves (bypass transition). In such an environment, the streaks are often observed as a promi-
nent feature (Kendall, 1985; Matsubara & Alfredsson, 2001), and they are shown in Fig. 1.1.
The streaks consist of a spanwise alternating pattern of high and low streamwise velocity which
is elongated in the streamwise direction. The appearance of streaks is now understood with
the `lift-up' e�ect which transforms streamwise vortices into streaks by taking energy from the
base �ow, and it is an important process leading the large energy growth in the stable laminar
�ows (Mo�att, 1967; Ellingsen & Palm, 1975; Landahl, 1980, 1990). This mechanism is es-
sentially associated with the nonnormal nature of linearized Navier-Stokes operator, and the
growth of the streaks has been extensively investigated in most of the canonical wall-bounded
laminar �ows by optimizing three types of perturbations: initial conditions (Butler & Farrell,
1992; Reddy & Henningson, 1993; Trefethen et al., 1993; Schmid & Henningson, 1994), har-
monic forcing (Reddy & Henningson, 1993; Reddy et al., 1993; Trefethen et al., 1993) and
stochastic excitation (Farrell & Ioannou, 1993a,b, 1996; Bamieh & Dahleh, 2001; Jovanovi¢
& Bamieh, 2005). The optimal perturbations leading the largest growth of the streaks are
found to be almost uniform in the streamwise direction with a well-de�ned band of ampli�ed
spanwise wavelengths. Table 1 reports the spanwise wavelengths of the optimal streaks, which
have been shown to correspond well to the ones observed in transitional �ows (Matsubara &
Alfredsson, 2001).

When the streaks reach su�ciently large amplitudes via the lift-up e�ect, they can sustain
the growth of secondary perturbations. This secondary growth appears through in�ectional
modal instability (Wale�e, 1995; Reddy et al., 1998; Andersson et al., 2001) or secondary
transient growth (Schoppa & Hussain, 2002; H÷p�ner et al., 2005; Cossu et al., 2007), and
is often dominated by the sinuous mode originated from the spanwise shear of the streaks.
The secondary growth leads the breakdown of the ampli�ed streaks and the �ow eventually
develops into the turbulent state.

The development of streaks is a crucial element for the bypass transition, but well-
controlled streaks are also found to be useful for delaying transition. Cossu & Brandt (2002,
2004) have shown that moderate amplitude streaks stabilize Tollmien-Schlichting waves in
laminar boundary layers. This theoretical prediction was recently con�rmed by the experi-
ment of Fransson et al. (2004, 2005), and Fransson et al. (2006) have shown that the transition
via the Tollmien-Schlichting wave can be delayed by arti�cially driven streaky �ows.
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2 Streaky motions in wall-bounded turbulent �ows
Turbulent �ows are phenomenologically much more complicated than transitional �ows due
to their multi-scale nature, and wall-bounded turbulent �ow are even less understood than
the other important canonical �ows such as free shear �ows or isotropic turbulence (Jiménez,
2007). The main reason essentially stems from the presence of the wall, which con�nes the
size of the energy-containing large eddies to their wall-normal locations. Therefore, the length
scale of those large eddies varies with the wall-normal location, and this lays at the core of
the complexity of wall-bounded turbulent �ows.

2.1 Length scales and mean �ow
The length scales in wall-bounded turbulent �ow are typically re�ected in the mean-velocity
pro�le. The �rst analytical description on the mean-velocity pro�le is probably found in 1930's
(e.g. von Kármán, 1930; Millikan, 1938). In the near-wall region, the e�ect of wall-shear stress
and molecular viscosity dominates over the inertia. Therefore, a proper choice of the length
scale is the viscous length δv ≡ ν/uτ , where ν is the kinematic viscosity and uτ ≡ (τw/ρ)1/2 is
the friction velocity formed by the wall-shear stress τw and density ρ. With these length and
velocity scales, a dimensionless equation for the mean �ow, so called law of the wall, is given
as follows:

U+ = f(y+), (1.1)
where a superscript + denotes the variables made dimensionless by uτ and δv: U+ ≡ U/uτ
and y+ ≡ y/δv.

In the outer region, the equation for the mean �ow has been used in terms of the defect from
the centerline velocity of the channel or the free-stream velocity of boundary layer denoted as
Ue (Tennekes & Lumley, 1967): U − Ue = g′(y). In this region, the relevant length scale is
the outer length δ such as the half of channel height h or the thickness of the boundary layer.
According to the classical theory by Townsend (1976), uτ can also be used as the relevant
outer velocity scale (but this is currently subject of debate). Then, the defect law of the mean
�ow is non-dimensionalized by the outer scales as follows:

Ue − U
uτ

= g(y/δ). (1.2)

In the region where the in�uences of the inner and outer scales overlap, (1.1) and (1.2) can
be asymptotically matched, with the distance from the wall y becoming the relevant length
scale. By also choosing the velocity scale as uτ , the logarithmic law is obtained:

U+ =
1
κ

ln y+ +B, (1.3)

where κ is called the Kármán constant whose value is around 0.4, and B is a value depending
on the geometry, pressure gradient and so on.

A typical mean-velocity pro�le of wall-bounded turbulent �ow is reported in Fig. 1.2. The
region where the law of the wall (1.1) applies is de�ned as the viscous sublayer (y+ . 5). The
bu�er layer is located right above the viscous sublayer at 5 . y+ . 30, and it is an important
place where the near-wall turbulent production reaches its maximum. The logarithmic layer,
also called the overlap layer, is typically located between y+ ' 30 and y/δ ' 0.2 − 0.3. The
region y/δ > 0.2 − 0.3 is the wake region where the velocity defect law (1.2) is valid. For



4 CHAPTER 1. INTRODUCTION

100 101 102 103

10-3 10-2 10-1 100

0

10

20

30

)( ++ yU

+y

Viscous 
sublayer

Buffer
layer

Log region
(Overlap layer)

Wake
region

Inner (or near-wall) 
region 

Outer region

2.5ln
41.0

1 += ++ yU

++ = yU

δ/y

Figure 1.2. Pro�le of mean �ow in turbulent channel at Reτ = 2000 (from Hoyas & Jiménez,
2006): , U+(y+); , law of the wall (U+ = y+); , logarithmic law (U+ =
1/0.41 ln y+ + 5.2).

convenience, both the viscous sublayer and bu�er layer will be called the inner (or near-wall)
region, and the log layer and wake region will be denoted as the outer region hereafter.

The friction Reynolds number (or Kármán number) is de�ned as the ratio of the outer
length scale δ to the inner length scale δv:

Reτ ≡ δ

δv
=
uτδ

ν
. (1.4)

At su�ciently high Reτ , the typical size of energy-containing eddies in the near-wall region
is scaled by the inner length scale δv, thus it is much smaller than that of the outer-region
eddies. In the logarithmic region, the relevant length scale is the distance from the wall y,
thus the size of eddies is determined by their wall-normal location: the further from the wall
the eddies live, the larger their size can be. The gradual increase of the eddy size with the
increasing wall-normal distance stops when the eddy size becomes of the order of the outer
length scale δ. The largest eddies are found in the outer region, and they are scaled by the
outer-length scale δ. This growth of the length scales from the inner to outer unit is a core
feature of wall-bounded turbulent �ows, and it has been observed in many laboratory and
numerical experiments (Morrison & Kronauer, 1969; Bullock et al., 1978; Tomkins & Adrian,
2003; del Álamo et al., 2004). This idea is also the basic skeleton of the classical theory by
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Figure 1.3. Streaky structures in wall-bounded turbulent �ows: (a) particle tracing in the near-
wall region (from Kim et al., 1987); (b) PIV measurement in the outer region (from Hutchins &
Marusic, 2007a).

Townsend (1976), who suggested the concept of `attached eddy' to explain the behavior of
turbulent velocity �uctuations and the Reynolds stress. Later, Perry and coworkers further
extended this idea by considering more speci�c forms of the eddies such as `Λ-vortices' (Perry
& Chong, 1982; Perry et al., 1986; Perry & Marusic, 1995).

2.2 Streaky motions
The presence of the streaky motions in wall-bounded turbulent �ows has been constantly
observed for the last �ve decades. Relevant streaky motions exist at least with two di�erent
length scales: the inner and outer length scales. The evidences are presented in Fig. 1.3 (a) and
(b) where the streaky motions in the near-wall and outer regions are visualized respectively.

Streaks in the near-wall region
The near-wall region is the place where the coherent streaky structures were �rst found (Kline
et al., 1967; Smith & Metzler, 1983; Kim et al., 1987). There, streaky motions have the mean
spanwise spacing of λ+

z ' 100 (Fig. 1.3a), and their mean streamwise length extends up to
λ+
x ' 1000. The streaky structures propagate downstream with phase speed c+ ' 10 while

they are slightly lifted from the wall. The lifted streaks abruptly oscillate with violent ejection
of �uid outward from the wall, followed by sweeping �uid motions toward the wall. These
motions form an internal shear layer and give the birth of streamwise vortices that develop
into new streaky motions. This process, called `bursting', is believed to be at the core of
near-wall turbulence generation (Robinson, 1991).

There have been numerous e�orts to explain the bursting and regeneration of the near-wall
coherent structures (for further details, see e.g. the review by Panton, 2001). Hamilton et al.
(1995) and Wale�e (1995, 1997) suggested a self-sustaining cycle of the near-wall turbulence
using the minimal computational box approach by Jiménez & Moin (1991). Fig. 1.4 (a)
shows a schematic diagram of the self-sustaining cycle. The mean advection ampli�es the
streamwise vortices into the streaks through lift-up e�ect. Then, the ampli�ed streaks break
down through in�ectional instability, and the subsequent nonlinear interaction of instability
waves regenerates the streamwise vortices. Schoppa & Hussain (2002) suggested that the



6 CHAPTER 1. INTRODUCTION

)(a )(b

Figure 1.4. Self-sustaining process of near-wall turbulence: (a) schematic illustration (from
Hamilton et al., 1995); (b) A traveling wave solution embedded into the self-sustaining process
(from Wale�e, 2001). In (b), the x-z plane velocity contour denotes the streamwise velocity �uc-
tuation, and the red and blue three-dimensional iso-surfaces are positive and negative streamwise
vorticity respectively.

breakdown of streaks can also occur via secondary transient growth instead of the modal
instability of the streaks. The existence of such a self-sustaining mechanism was also supported
by the numerical experiment of Jiménez & Pinelli (1999) where the near-wall structures are
shown to be sustaining even if the outer motions are arti�cially quenched.

The discovery of the self-sustaining cycle has fostered attempts to describe the near-wall
turbulence in terms of `exact' nonlinear solutions of the Navier-Stokes equation such as saddles
and unstable periodic orbits (Nagata, 1990; Wale�e, 1998, 2001; Kawahara & Kida, 2001;
Jiménez & Simens, 2001; Wale�e, 2003; Faisst & Eckhardt, 2003; Wedin & Kerswell, 2004;
Viswanath, 2007; Gibson et al., 2009; Viswanath, 2009). Many unstable nonlinear saddle
solutions have been found, and their typical spatial structure is shown in Fig. 1.4 (b). They
consist of a streak sinuously oscillating in the streamwise direction and aligned vortices at its
�ank. Some of these solutions sit on the boundary between laminar and turbulent states (e.g.
Schneider et al., 2007; Duguet et al., 2008), and the others are embedded into the trajectory
of turbulent solution (for the further details, refer to a recent review by Eckhardt et al., 2007).

Large-scale and very-large-scale motions in the outer region

The outer region of wall-bounded turbulent �ows is characterized by spatial intermittency
of turbulence. Fig. 1.5 shows a smoke visualization of a turbulent boundary layer. The
near-wall region where the bu�er-layer streaks reside is very thin, and it is fully �lled by the
smoke. On the other hand, the outer region is dominated by spatially intermittent smoke
�lled areas, and each of them are separated by deep penetration of non-turbulent �uid. These
δ-scale structures are called `large-scale motions (LSM)' or `bulges', and they have streamwise
extent of 2 ∼ 3δ and spanwise extent of 1 ∼ 1.5δ (Corrsin & Kistler, 1954; Kovasznay et al.,
1970; Balckwelder & Kovasznay, 1972; Murlis et al., 1982). The large-scale motions have been
shown to contain �ner-scale structures. Falco (1977) called these structures `typical eddies'
(see also �g. 1.5) and Head & Bandyopadhay (1981) suggested that they are hairpin or Λ-
vortices inclined at 45◦. Zhou et al. (1999) and Adrian et al. (2000) suggested that these
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Figure 1.5. Smoke visualization of turbulent boundary layer (from Adrian, 2007).

)(a )(b

Figure 1.6. Schematic diagram on the formation of (a) large-scale and (b) very-large-scale motions
(streaky motions): (a) formation of a large-scale motion by the self-similar merger and/or growth
of individual hairpin vortices (from Adrian, 2007); (b) formation of the large-scale streaky motions
by the concatenation of individual large-scale motions (bulges) (from Kim & Adrian, 1999); .

hairpin vortices are generated by the mutual vortical induction, and more recently Tomkins &
Adrian (2003) and Adrian (2007) insisted that the large-scale motions are the vortex packets
formed by the merger and growth of individual hairpin vortices as shown in Fig. 1.6(a). They
also argued that this merger and growth process occurs in the logarithmic layer where the
length-scale growth is observed.

While the existence of large-scale motions has been known for a long time, it is only in
recent years that the existence of long streaky motions extending up to λx ' O(10h) has
been recognized in boundary layers (Tomkins & Adrian, 2005; Hutchins & Marusic, 2007a,b),
Couette (Komminaho et al., 1996; Kitoh et al., 2005; Kitoh & Umeki, 2008), plane channel
(Jiménez, 1998; del Álamo & Jiménez, 2003; del Álamo et al., 2004) and pipe �ows (Kim &
Adrian, 1999; Guala et al., 2006). These very long streaky motions, also called `very-large-
scale motions (VLSM)' or `superstructures' or `global modes', are very energetic and active:
they carry a signi�cant amount of the turbulent kinetic energy and Reynolds stress in the
outer region. These features are persistent even in the bu�er layer, thus they modulate the
near-wall cycles (Hunt & Morrison, 2000; Hutchins & Marusic, 2007b; Mathis et al., 2009). A
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�rst attempt to explain the origin of the very large-scale streaks was made by Kim & Adrian
(1999) and Guala et al. (2006). They found that several large-scale motions (or bulges) are
coherently aligned as shown in Fig. 1.6(b). They conjectured that the long streaky motion
is the low-momentum region formed by the concatenation of individual large-scale motions
through vortex induction. Note that the energy transfer from small-scale near-wall cycles to
large-scale outer motions is a key element of this type of the explanations, where the long outer
streaky motions would not exist in the absence of the near-wall cycles. However, the recent
numerical experiments by Flores & Jiménez (2006) and Flores et al. (2007) have shown that
the outer motions are not signi�cantly in�uenced even if the near-wall region is completely
disturbed by the roughness of the wall. Also, del Álamo et al. (2006) insists that the life time
of the individual vortex packets aligned along the streaks are considerably shorter than that
of the streaky motions, thus the concatenation is not likely to be the process generating the
streaky motions.

Coherent lift-up e�ect

An alternative viewpoint on the origin of the long-streaky structures is emerging from recent
�ndings that extend hydrodynamic stability methodologies to fully developed turbulent �ows.
By using the Reynolds & Hussain (1972) linear model for small coherent motions, del Álamo &
Jiménez (2006), Pujals et al. (2009) and Cossu et al. (2009) have computed the optimal tran-
sient growth sustained by fully-developed turbulent �ows. They found that there exist strong
ampli�cation of streaks by the lift-up e�ect with two locally optimal spanwise wavelengths
scaled by the outer and inner units respectively. The dominant optimal wavelengths have
shown to be in good agreement with the spanwise spacing of the large-scale streaky structures
in the outer region, and the secondary optimal wavelength corresponds to typical spanwise
spacing of the near-wall streaks. This theoretical prediction on the large ampli�cation of the
streaky structures has also been experimentally con�rmed. Kitoh & Umeki (2008) and Pujals
et al. (2010a) carried out experiments in which they installed passive devices such as vortex
generator and roughness elements designed to induce streamwise vortices in the �ow �eld.
They found that such passive devices generate ampli�ed long streaky structures, indicating
that the large-scale streaky motions could be a consequence of `coherent lift-up' e�ect.

3 Motivations and objectives of this work

The main goal of this thesis is to understand the origin of large-scale coherent streaky motions
in wall-bounded turbulent �ows. We have decided to follow the work hypothesis that a self-
sustaining cycle similar to the near-wall process exists at large scale (Guala et al., 2006;
Jiménez, 2007; Cossu et al., 2009). To verify this conjecture we have �rst investigated if
such large-scale streaky structures can be continuously ampli�ed by forcing via the coherent
lift-up e�ect. Then, we have investigated the existence of the secondary instabilities able to
regenerate the vortices. Finally, we have made sure that those large-scale structures sustain
even if the absence of smaller-scale structures in the near-wall and logarithmic regions. Finally,
we have veri�ed if arti�cially forced large-scale streaks can be used to reduce the turbulent
skin friction.
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Ampli�cation of streaks by optimal harmonic and stochastic forcing

Previous investigations by del Álamo & Jiménez (2006), Pujals et al. (2009) and Cossu et al.
(2009) have shown that the large-scale streaky motions can be ampli�ed via a coherent lift-
up e�ect, but they have considered only optimal temporal transient energy growth of initial
conditions. The present study extends the previous investigations to the responses to optimal
harmonic and stochastic forcing. Computation of the response to optimal harmonic forcing is
of a fundamental interest for �ow control application. Also, in turbulent �ows, structures of a
given scale are permanently forced by structures of di�erent scales via nonlinear interactions.
In this respect, a modeling of the streaks ampli�cation based on the response to stochastic
forcing would seem more relevant than the transient growth of initial growth considered in
previous studies. By computing the responses to harmonic and stochastic forcing, we will
provide answers to the following questions: What are the most ampli�ed spanwise length
scales? Are the optimal ampli�cations scaled by the outer and inner units as in optimal
transient growth? How is ampli�cation characteristics related to logarithmic layer? Is the
response to stochastic forcing relevant to describe the fully turbulent �ow?

Secondary instability of large-scale streaks

Natural streaky motions observed in laboratory and numerical experiments have the stream-
wise lengths of O(10h) and also sinuously oscillate. The large-scale motions (bulges) are found
to be coherently aligned along the streaky motions. The questions addressed here are: Why
do the very-large-scale motions sinuously oscillate in the streamwise direction? Why are the
large-scale motions aligned? In order to answer these questions, we conduct a stability anal-
ysis of the ampli�ed large-scale streaks using an eddy-viscosity model. We focus particularly
on the streamwise wavelength related to the most unstable mode. Also, the role of the eddy
viscosity on the onset of streak instability are investigated.

Self-sustaining process at large scale

As discussed in section 2.2, coherent structures in the outer region of turbulent boundary
layer have often been understood as formed by the active near-wall cycle via a `bottom-
up' process. Several previous investigations have insisted that the large-scale motions are
formed by merger and/or growth of hairpin vortices (Adrian, 2007). Even from a di�erent
perspective, the numerical experiment by Toh & Itano (2005) have also supported the idea
that large-scale motions can be directly forced via a `co-supporting' cycle. On the other
hand, the recent numerical experiments by Flores & Jiménez (2006) and Flores et al. (2007)
have reported that the characteristics of turbulent motions in the outer region do not change
signi�cantly when the near-wall region is completely disturbed by the roughness of the wall.
While the latter result give credit to the existence of an independent self-sustaining process
at the outer length scales, the eddies in the logarithmic-layer length scale are still present in
their simulations. Therefore, the role of the logarithmic length-scale eddies are not clear in
those studies. In this perspective, the outstanding questions are probably: Can the large-
scale coherent structures sustain without the presence of the near-wall and logarithmic-layer
eddies? Do they sustain similarly to the near-wall process? The answers to these questions
are investigated by conducting a numerical experiment in which we attempt to suppress the
small-scale eddies in the near-wall and logarithmic regions.
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Turbulent skin-friction drag reduction by forcing large-scale streaks
From the viewpoint of �ow control, the large ampli�cation of streak is a fruitful feature
providing a high-amplitude actuation only with a small amount of the energy input. For
laminar �ows, this feature has been used to delay transition in boundary layer. Recently, the
strong ampli�cation of large-scale streaks predicted by the non-modal stability theories has
been con�rmed by Kitoh et al. (2005), Kitoh & Umeki (2008) and Pujals et al. (2010a), where
the large-scale streaks are shown to be highly ampli�ed by the roughness element installed in
upstream. Furthermore, Pujals et al. (2010b) showed that the arti�cially forced streaks on
the roof of an Ahmed body can suppress separation occurring in its rear side. Motivated by
these studies, we examine the relevance of arti�cially driven streaks for turbulent skin-friction
drag reduction by answering the following questions: Can arti�cially driven streaks reduce
turbulent skin-friction drag? If yes, how do they reduce the skin friction? Is the e�ective
length of the streak forcing scaled by the outer unit or inner unit? Does this kind of approach
also provide a net saving of power when the control energy is considered?

4 Organization of the dissertation
The present dissertation is organized as follows: In chapter 2, optimal perturbations for initial
condition, deterministic forcing and stochastic forcing are computed to study the ampli�ca-
tion of the streaks in turbulent Couette and pressure-driven channel �ows. In chapter 3, the
instability of ampli�ed streaks is investigated using the Floquet theory, and its physical im-
plications are discussed with the streamwise length scales of the large-scale motions and long
streaky structures. In chapter 4, we prove the existence of a self-sustaining process supported
only at large scale. The statistics related to the large-scale self-sustaining process are inten-
sively studied with the physical features of large-scale motion and streaky structures. Also,
the nature of the self-sustaining process is studied by minimizing the size of the computational
box. In chapter 5, the ampli�cation of the large-scale streaks is examined using direct numer-
ical simulation. The arti�cially driven large-scale streaks are found to reduce the skin-friction
drag by quenching the the near-wall streamwise vortices. Finally, conclusion and outlook are
given in chapter 6.



Chapter 2

Linear non-normal ampli�cation of
coherent streaks

As stated in the introduction, the linear non-normal ampli�cation of coherent streaks sustained
by a turbulent mean �ow has been investigated by del Álamo & Jiménez (2006), Pujals
et al. (2009) and Cossu et al. (2009) following the early linear formulation for the small
coherent perturbations (Reynolds & Hussain, 1972). However, in these studies, only the
optimal temporal transient growth has been considered. The scope of this chapter is to
extend these analyses to the responses to optimal harmonic and stochastic forcing. We begin
by recalling the model of Reynolds & Hussain (1972). The standard de�nitions of the optimal
ampli�cations is then introduced. The main results are presented for Couette �ow at a low
Reynolds number (Hwang & Cossu, 2010a), pressure-driven channel �ow (Hwang & Cossu,
2010b) and pipe �ow (Willis et al., 2010). Finally, a comprehensive discussion on the relevance
of the linear ampli�cations is given by comparing the results of the linear analysis with the
features of streaky structures in wall-bounded turbulent �ows. The results for the turbulent
pipe �ow have been obtained in collaboration with A. P. Willis.

1 Equations for small coherent motions
Following Reynolds & Hussain (1972), the equation of coherent motions is derived here. We
begin from the incompressible Navier-Stokes equation with the continuity:

∂ui
∂xi

= 0, (2.1a)

∂ui
∂t

+ uj
∂ui
∂xj

= −1
ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

, (2.1b)

where ui is the velocity, p is the pressure and xi denotes the coordinate. First, we imagine
a situation where the turbulent �ow �eld is perturbed in a statistically correlated way by
external devices (e.g. a vibrating ribbon, or roughness elements). Under such circumstance,
it is convenient to describe �ow �eld by decomposing the velocity signal as

ui = ūi + ũi + u′i, (2.2)

where ūi the time-averaged velocity, ũi the coherent motion induced by the driven perturbation
and u′i is the random part of the motion. Here, ũi is precisely de�ned as the velocity �eld
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captured by the ensemble average: i.e. the �eld averaged by numerous repetition of the
same experiment. From this de�nition, the ensemble average (denoted by 〈·〉) of (2.2) gives
〈ui〉 = ūi + ũi. An equation for ūi is obtained by averaging (2.1b) in time:

uj
∂ui
∂xj

= −1
ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

+
∂rij
∂xj

, (2.3a)

where
rij ≡ −u′iu′j − ũiũj . (2.3b)

Here, the �rst term in rij is the Reynolds stress term originated by the random-velocity �eld
and the second term −ũiũj represents the stress induced by the coherent motions. If we
assume that the amplitude of the coherent motions is su�ciently small, the term −ũiũj can
be neglected, and the equation for small coherent perturbations is derived by subtracting (2.3)
from the ensemble-averaged equation of (2.1b):

∂ũi
∂t

+ ūj
∂ũi
∂xj

+ ũj
∂ūi
∂xj

= −1
ρ

∂p̃

∂xi
+ ν

∂2ũi
∂xj∂xj

+
∂r̃ij
∂xj

, (2.4a)

where
r̃ij ≡ −〈u′iu′j〉+ u′iu

′
j . (2.4b)

Note that (2.4a) has an additional unknown stress term r̃ij consisting of 〈u′iu′j〉 and the
Reynolds stress u′iu′j , and this term essentially stems from the e�ect of background turbu-
lence on the coherent motions.

Reynolds & Hussain (1972) suggested to model this term with a Newtonian eddy viscosity:

r̃ij = −2νtS̃ij , (2.5)

where νt is the eddy viscosity corresponding to the mean-velocity �eld without any pertur-
bations and S̃ij ≡ 1/2(∂ũi/∂xj + ∂ũj/∂xi). This model is simple and crude, but Reynolds
& Hussain (1972) have demonstrated that it provides a qualitatively good description on the
dynamics of small coherent perturbations.

2 Optimal perturbations
2.1 The generalized Orr-Sommerfeld-Squire equations
For convenience, the tensor form of notation is changed into the vector form hereafter. We
consider the turbulent �ow in a channel with the upper and bottom walls located at ±h. The
streamwise, wall-normal and spanwise directions are denoted as x, y and z respectively. The
vector form of equation (2.4) around the mean �ow ū = (U(y), 0, 0) is written as follows:

∂ũ
∂t

+∇ũ · ū +∇ū · ũ = −1
ρ
∇p̃+∇ · [νT

(∇ũ +∇ũT
)]

+ f̃ , (2.6)

Here, νT ≡ ν + νt is the total eddy viscosity and f̃ is a body forcing term added to study the
response of (2.6) to `external' forcing. The homogeneity of the mean �ow in the streamwise
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and spanwise directions allows to consider the Fourier mode decomposition in the horizontal
plane:

ũ(x, y, z, t) = û(y, t;α, β)ei(αx+βz), (2.7)
f̃(x, y, z, t) = f̂(y, t;α, β)ei(αx+βz),

where α and β are the streamwise and spanwise wavenumbers respectively. Then, using
standard manipulations, the generalized Orr-Sommerfeld-Squire system (Pujals et al., 2009;
Hwang & Cossu, 2010a) is obtained from (2.6) as follows:

∂

∂t

[
v̂
η̂

]

︸ ︷︷ ︸
q̂

=
[

∆−1LOS 0
−iβU ′ LSQ

]

︸ ︷︷ ︸
A

[
v̂
η̂

]

+
[ −iα∆−1D −k2∆−1 −iβ∆−1D

iβ 0 −iα
]

︸ ︷︷ ︸
B




f̂u
f̂v
f̂w




︸ ︷︷ ︸
f̂

, (2.8a)

where

LOS = −iα(U∆− U”) + νT∆2 + 2ν ′T∆D + νT ”(D2 + k2),
LSQ = −iαU + νT∆ + ν ′TD. (2.8b)

Here, D and ′ denote ∂/∂y, ∆ = D2 − k2, k2 = α2 + β2, and η̂ is Fourier mode of the wall-
normal vorticity. The initial condition is given as û|t=0 = û0 and no-slip boundary conditions
of the velocity are applied on the walls: v̂(y = ±h) = 0, Dv̂(±h) = 0, and η̂(±h) = 0. The
velocity components û are retrieved from the wall-normal variables with




û
v̂
ŵ




︸ ︷︷ ︸
û

=
1
k2



iαD −iβ
k2 0
iβD iα




︸ ︷︷ ︸
C

[
v̂
η̂

]
, (2.9)

and vice-versa [
v̂
η̂

]
=
[

0 1 0
iβ 0 −iα

]

︸ ︷︷ ︸
D




û
v̂
ŵ


 . (2.10)

A slightly di�erent formulation has been used in the case of the pipe �ow. (for further details,
refer to Willis et al., 2010).

2.2 Optimal perturbations
To examine the ampli�cation by the given linear system, the optimal responses to initial
conditions, harmonic forcing and stochastic forcing are studied. The standard de�nitions of
these responses are found in the reviews by Farrell & Ioannou (1996), Schmid & Henningson
(2001) and Schmid (2007)1.

1A small error is found in this paper where q̂ = Bû is used instead of q̂ = Dû.
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The optimal temporal energy growth of a Fourier mode is de�ned as the energy ratio of
the response at a given time t to the initial condition:

G(t;α, β) ≡ max
û0 6=0

‖û(t;α, β)‖2
‖û0(α, β)‖2 = ‖Φ(t;α, β)‖2, (2.11)

where ‖û‖2 =
∫ h
−h |û|2 + |v̂|2 + |ŵ|2dy, and Φ(t;α, β) = CetAD is the state-transition matrix

(also called propagator). The maximum transient energy growth Gmax is then de�ned by
maximizing G(t) for all the admissible t: Gmax(α, β) ≡ maxtG(t;α, β).

If a harmonic forcing f̂(y, t) = f̌(y)eiωf t with a frequency ωf is driven into the linearly
stable system, its response is also tuned by the same forcing frequency after the switch-on
transient decays: û(y, t) = ǔ(y)eiωf t. The optimal response is then obtained by maximizing
the energy ratio of the response to the forcing:

R(ωf ;α, β) = max
f̌ 6=0

‖ǔ(ωf ;α, β)‖2
‖f̌(ωf ;α, β)‖2 = ‖H(ωf ;α, β)‖2, (2.12)

where H(ωf ;α, β) ≡ C(iωfI−A)−1B is the transfer function. The maximum possible response
Rmax(α, β) = maxωf R(ωf ;α, β) is obtained with ωf,max, and it is also referred to as H∞-norm
of the transfer function (Zhou et al., 1996).

Finally, the response to stochastic forcing is studied. The forcing is assumed to have a zero-
mean (〈f̂〉 = 0) and Gaussian probability density distribution, and its covariance is assumed
to be delta-correlated in time and space with spatially uniform distribution (〈f̂(t)f̂H(t′)〉 =
Îδ(t−t′)). The ampli�cation of the stochastic forcing is measured by the variance V = 〈‖û‖2〉,
and it can be computed by the trace of the covariance matrix 〈ûûH〉, where the superscript
H denotes the complex conjugate transpose. The variance, also referred to as the H2-norm
of the transfer function (Zhou et al., 1996), is then given in the frequency or in the temporal
domain as follows:

V (α, β) =
1

2π

∫ ∞
−∞

trace
(
HH†

)
dω = trace(CX∞C†), (2.13)

where the superscript † denotes the adjoint operator based on the inner product (û, v̂) =∫ h
−h ûH v̂dy, and X∞ is the solution of the following algebraic Lyapunov equation:

AX∞ + X∞A† + BB† = 0. (2.14)

The covariance matrix of the response is self-adjoint by its de�nition. Therefore, it has real
eigenvalues σj with V =

∑
σj and a set of mutually orthogonal eigenfunctions referred to

as `empirical orthogonal functions' (EOF) or Karhunen-Loève (KL) or `proper orthogonal
decomposition' (POD) modes. The ratio σj/V represents the contribution of the j-th mode
to the variance, and the corresponding eigenfunction provides the associated spatial structure
in the response. The eigenfunction corresponding to the largest σj is the optimal mode in
the sense that it contributes most to the variance. The forcing pro�les associated with each
Karhunen-Loève mode are obtained by solving the dual Lyapunov problem. For further details,
the reader is referred to Farrell & Ioannou (1993a), Farrell & Ioannou (1993b), Zhou et al.
(1996), Bamieh & Dahleh (2001), Jovanovi¢ & Bamieh (2005) and Schmid (2007).
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Figure 2.1. Mean �ow and the Reynolds stress in turbulent Couette �ow at Reτ = 52: (a)
U+(y+); (b) −u′v′/u2

τ . Here, , the present DNS; , Komminaho et al. (1996); ,
Tsukahara et al. (2006). In (a), , U+ = y+; , U+ = 1/0.4 log y+4.5.

3 Base �ows
From (2.3a), both the turbulent mean �ow and the Reynolds stress are related each other.
In parallel �ows with small coherent perturbations, the following equation is obtained by
integrating (2.3a) in wall-normal direction with the eddy viscosity −u′v′ = νtdU/dy:

τw
ρ

= νT
dU

dy
= u2

τ +
y + h

ρ

dp̄

dx
. (2.15)

Here, the left-hand side represents the total shear stress due to molecular and turbulent
di�usion. For turbulent Couette �ow, dp̄/dx is zero, thus the total shear stress is constant
across the channel. On the other hand, the pressure-driven channel �ow has constant dp̄/dx,
leading the linear dependence of total shear stress on the distance from the wall y.

3.1 Turbulent Couette �ow at Reτ = 52

First, we consider the turbulent Couette �ow where the upper and lower walls move in opposite
directions with the same velocity Uw. The turbulent mean �ow is computed by direct numerical
simulation. Once the simulation is carried out, the total eddy viscosity νT can be computed
from either the mean-velocity pro�le or the Reynolds stress. Since dp̄/dx = 0 in the Couette
�ow, the eddy viscosity is easily obtained from (2.15) as

νT (y) =
u2
τ

dU/dy
. (2.16)

The direct numerical simulation is performed using the channelflow code (Gibson et al.,
2008) at Reh = Uwh/ν = 750 (for further details, see Appendix). The friction Reynolds
number is found to be Reτ = 52, the same value found in Komminaho et al. (1996) and
in good agreement with the experimental value Reτ = 50 by Kitoh et al. (2005). Fig. 2.1
shows the computed turbulent mean �ow and the associated Reynolds shear stress, almost
undistinguishable from those in Komminaho et al. (1996) and Tsukahara et al. (2006). In this
mean �ow, the logarithmic layer is almost absent due to the low Reynolds number considered.
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Figure 2.2. The Cess expression of the total eddy viscosity and the corresponding mean �ow at
Reτ = 500, 1000, 2000, 5000, 10000, 20000: (a) νT (y+) ; (b) U+(y+).

3.2 Turbulent channel and pipe �ows
In turbulent channel �ow, the mean-velocity pro�le can be retrieved using the following semi-
empirical expression for the total eddy viscosity νT (Cess, 1958; Reynolds & Tiederman, 1967):

νT (η) =
ν

2
{

1 +
κ2Re2

τ

9
(1− η2)2(1 + 2η2)2 × {1− exp[(|η| − 1)Reτ/A]}2}1/2 +

ν

2
, (2.17)

with η = y/h. Here, the constants are set to be κ = 0.426 and A = 25.4 according to del
Álamo & Jiménez (2006) and Pujals et al. (2009). Note that these values were obtained from
�ts based on a direct numerical simulations result at Reτ = 2000 (Hoyas & Jiménez, 2006).
Therefore, they may not be reliable for the Reynolds numbers far from Reτ = 2000.

For the turbulent channel �ow, the pressure gradient is constant across the channel and it
is directly related to the friction velocity: (h/ρ)dp̄/dx = −u2

τ . Using this relation and (2.15),
the equation for the mean-velocity pro�le is obtained with the analytic pro�le of νT :

dU

dη
= −u2

τ

η

νT (η)
. (2.18)

Then, integration in the wall-normal direction of 2.18 gives the mean-velocity pro�le. Fig. 2.2
shows the pro�les of the total eddy viscosity νT and the corresponding mean �ow obtained
from (2.18) for several large Reynolds numbers. Contrary to the mean �ow in the Couette
�ow at the low Reynolds number, the logarithmic region is now clearly developed due to the
considered large Reynolds numbers. Also, the size of the logarithmic region increases as the
Reynolds number becomes larger.

Essentially the same base �ow is found for the turbulent pipe �ows, in which the centerline
velocity and the radius of the pipe are denoted as Ue and δ respectively. The mean-velocity
pro�le is also obtained from the semi-empirical expression (2.17) by replacing η = (δ − r)/δ
where r ∈ [0, δ] is the radial direction of pipe. The constants in (2.17) are chosen as κ = 0.42
and A = 27 to improve the match with recent observations in McKeon et al. (2005).
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Figure 2.3. Optimal ampli�cation by (a, b) initial condition, (c, d) harmonic, and (e, f) stochas-
tic forcing in turbulent Couette �ow at Reτ = 52: (a) Gmax(α, β); (b) G(t) for the most am-
pli�ed wavenumbers (α, β) = (0, 1.46/h); (c) Rmax(α, β); (d) Rmax(ωf ) for the most ampli�ed
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(α, β) = (0, 1.21/h). Here, αh = 0, 0.1, 0.2, 0.5, 1, 2, 5, 10.
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4 Optimal ampli�cations and associated perturbation
The computation of the eigenvalues of the Orr-Sommerfeld-Squire system (2.8) reveals that
all the considered turbulent mean �ows are linearly stable. Therefore, the input-output anal-
ysis of the stable linear system is carried out by computing the optimal perturbations. The
optimal transient growth and optimal harmonic response are computed using standard meth-
ods described in Schmid & Henningson (2001), and the stochastic response is computed by
solving (2.14) using the lyap function in matlab (for more details on the numerical method
for computation of optimal perturbations, see also Appendix).

4.1 Turbulent Couette �ow at Reτ = 52

Optimal ampli�cations

Figs. 2.3 (a) and (b) show the optimal temporal energy growth Gmax(α, β) and G(t) for the
wavenumbers with the largest ampli�cation, respectively. Only streamiwse elongated struc-
tures (α . β) are signi�cantly ampli�ed, and the maximum ampli�cation is observed for
streamwise uniform structures (α = 0). For the streamwise uniform perturbations, the span-
wise wavelength with the largest ampli�cation corresponds to the λz = 4.4h. As the streamwise
wavenumber α increases, the most ampli�ed spanwise wavenumber β slightly increases.

The optimal response to harmonic forcing Rmax(α, β) is reported in Fig. 2.3 (c). Similarly
to the optimal transient growth, only elongated structures are ampli�ed. For streamwise
uniform structures, the largest response (Rmax = 40269) is obtained with λz = 7.7h. The
dependence of the optimal response on the forcing frequency is shown in 2.3 (d) for the most
ampli�ed wavenumbers. The frequency response of the system is strongly concentrated around
ωf = 0 and the largest response is found with the steady forcing (ωf,max = 0), indicating that
the system behaves as a strongly selective low-pass frequency �lter.

Finally, the variance V (α, β) of the response to the stochastic forcing is shown in Fig.
2.3 (e). The selection of elongated structures also appears in this case. The maximum am-
pli�cation of the variance (V = 377) have been obtained for streamwise uniform structures
with λzmax = 5.2h. The structures with the largest contribution to the variance are also
identi�ed using the the Karhunen-Loève decomposition. Fig. 2.3 (f) shows the twenty largest
contributions to the total variance σj/V for the wavenumbers of the largest variance (α=0,
β = 1.21/h). The most energetic mode contributes to 85% of the total variance, implying
that a unique coherent structure strongly dominates the stochastic response.

Optimal perturbations

Figs. 2.4 (a) and (b) show the spatial structures of the leading Karhunen-Loève modes of
the stochastic forcing problem. The forcing contains most of the energy in the cross-stream
components and consists of a pair of streamwise vortices. While the response is dominated
by the streamwise velocity component and the related structures are streaks. This spatial
structure of the optimal streaks is also found to be strikingly similar to that of the most
energetic POD mode computed using DNS by Tsukahara et al. (2007) (see �gs. 2.4b and c).
The optimal transient growth and harmonic forcing problem reveals the same features of those
found in the stochastic forcing case (Hwang & Cossu, 2010a).
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cross-stream components are represented as vectors. In (c), the most energetic POD mode in
turbulent Coutte �ow (Tsukahara et al., 2007) is drawn together for the comparison.

4.2 Turbulent plane channel �ow at large Reynolds numbers
The turbulent Couette �ow reveals the well-de�ned nonmodal ampli�cation of streaks for the
spanwise spacing λz = 4 ∼ 7h. However, the computation of optimal perturbations is limited
to low Reynolds numbers (Reτ . 128) because the mean-velocity pro�le must be computed
by DNS in very large domain to achieve convergence. For such low Reynolds numbers, the
length-scale separation between the inner and outer units is almost non-existent, and this
prevents the identi�cation of the two peaks revealed in del Álamo & Jiménez (2006), Pujals
et al. (2009) and Cossu et al. (2009). For this reason, we consider the turbulent channel
�ow in which the pro�le of the mean �ow is available for su�ciently high Reynolds numbers
based on the analytical expression by Cess (1958) and Reynolds & Tiederman (1967). We
pay particular attention to seek a relation between nonmodal ampli�cation and the spanwise
length scales of the ampli�ed streaks at high Reynolds numbers.

Optimal ampli�cation

Let us �rst consider a su�ciently high Reynolds number Reτ = 10000. At this Reynolds
number, Rmax and V are computed for a set of selected streamwise and spanwise wavenumbers,
and they are reported in Fig. 2.5 with the Gmax data of Pujals et al. (2009). In all the cases,
the largest ampli�cations are reached for streamwise uniform perturbations (α = 0), and only
streamwise elongated perturbations (α ≤ β) are signi�cantly ampli�ed. Gmax, Rmax and V
have a peak for λz = 4.0h, λz = 5.0h and λz = 5.5h respectively. While Gmax reveals the
secondary peak at λ+

z ' 92, both Rmax and V monotonously decrease as β increases with a
noticeable change of slope around λ+

z ≈ 80. Particularly in the range 15 < βh < 400, both
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Figure 2.6. Premultiplied ampli�cation of (a, b) optimal initial condition (c, d) optimal harmonic
forcing and (e, f) stochastic excitation with respect to the spanwise wavenumber β for α = 0 and
for the Reynolds numbers Reτ = 500, 1000, 2000, 5000, 10000, and 20000: (a, c, d) scaling in the
outer units; (b, d, f) scaling in the inner units.
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Rmax and V for small streamwise wavenumber α reveal an approximate power-law dependence
on β, and their best �ts are found β−2 scaling for Rmax and β−1 scaling for V . The details on
the emergence of these scaling will be discussed in section 4.3, where the power-law dependence
is related to geometrical similarity of optimal structures in the logarithmic layer.

In order to analyze their deviations from the power-law dependence, Rmax and V are pre-
multiplied by β2 and β respectively, and are reported in Fig. 2.5 (d) and (e) respectively. The
premultiplied ampli�cation curves now reveal the double-peak structure similar to the opti-
mal transient growth in Fig. 2.5 (a). In both cases, the peak associated with the streamwise
uniform large-scale structures is found for λz ' 3.5h, while the one associated with near-wall
streaks is found for λ+

z ' 80. These two wavelengths seem to delimit the range where the
approximate power law can apply. However, note that both β2Rmax and βV do not display
an exact `plateau' in the approximate power-law range of the spanwise wavenumbers. This
indicates that the in�uence of the inner and outer length scales is appreciable in this range
even at this large Reτ .

The computations have been repeated for several Reynolds numbers. The premultiplied
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ampli�cations scaled by the outer and inner units are reported in Fig. 2.6. In all the cases,
the global maxima of the premultiplied ampli�cation curves are scaled by the outer unit and
they are found near λz = 3.5 ∼ 4h. The corresponding maximum ampli�cations gradually
increase as Reτ increases (�gs. 2.6a, c and e). On the other hand, the secondary peaks are
scaled by the inner units, and are located at λ+

z ' 80 ∼ 100. The ampli�cations related to
the inner peak do not sensibly change with Reτ contrary to the outer peaks.

Optimal perturbations
The leading Karhunen-Loève modes of stochastic forcing corresponding to the outer (λz =
3.5h) and inner (λ+

z = 80) ampli�cation peaks at Reτ = 10000 are reported in Figs. 2.7 (a)
and (b) respectively. Similarly to the turbulent Couette �ow, the structures of the optimal
perturbations for the transient growth and harmonic forcing are essentially the same as those
found for the stochastic forcing case. The structures related to the outer peak occupy the
whole wall-normal domain (�g. 2.7a). The forcing consists of a pair of the streamwise vortices
while the response reveals the streak with its maxima at a distance of 0.2h from the wall.
On the other hand, the structures of the forcing and its response associated with the inner
peak are strongly concentrated in the near-wall region: The core of the streamwise vortices is
located at y+ ' 15, and the maximum value of the streaks is found at y+ ' 10.

In the intermediate range of spanwise wavenumbers between the outer and inner peaks, the
optimal perturbations and the corresponding responses are found to be mainly concentrated in
the logarithmic layer and have negligibly small amplitude above the logarithmic layer (i.e. at a
distance from the wall larger than 0.2h). More importantly, they are found to be scaled by the
spanwise wavelength λz. Fig. 2.8 shows the wall-normal pro�les of the optimal perturbations
and their responses normalized by the spanwise wavelength λz for three di�erent spanwise
wavenumbers. All the wall-normal pro�les normalized by λz are almost identical, and this
suggests that the wall-normal size of optimal perturbations in this range self-similarly grows
as the spanwise wavelength λz increases. This geometrical similarity is compatible with the
concept of `attached' eddies proposed by Townsend (1976).

Power-law behavior and geometrically similar optimal perturbations in the
logarithmic layer
The premultiplied ampli�cation in the previous section clearly suggests that there exist well-
de�ned ampli�cations scaled by the outer and inner units and that Gmax ∼ β0, Rmax ∼ β−2

and V ∼ β−1 in some range of intermediate spanwise wavernumbers between the outer and
inner peaks. In the same intermediate range, the optimal perturbations exhibit a geometrical
similarity in the logarithmic layer, which provides a way to track the origin of the power-law
dependence.

We begin by considering a channel with the location of wall at y = ±h. Then, the
logarithmic dependence of the mean-velocity pro�le on the distance from the wall and the
constant Reynolds stress in the logarithmic layer gives the following relations: U ′(y) =
uτ/[κ(y + h)], νT (y) = uτκ(y + h) . Since only elongated structures are strongly ampli-
�ed, we consider streamwise uniform perturbations (α = 0). The self-similarity allows to
de�ne the rescaled wall-normal coordinate by the spanwise wavelength λz, and the time is
also scaled by λz as a consequence of the rescaled wall-normal coordinate:

y(λ) ≡ β/β0(y + h), t(λ) ≡ β/β0t, (2.19)
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where β0 is the reference spanwise wavenumber arbitrarily chosen in the intermediate range.
Then, de�ning the rescaled state vector, q̂(λ) ≡ [v̂, iβ0û]T , gives the following rescaled govern-
ing system:

∂q̂(λ)

∂t(λ)
= A0q̂(λ) +

β0

β
B0f̂ (2.20a)

with
û = C0q̂(λ), (2.20b)
q̂(λ) = D0û. (2.20c)

Here, A0, B0, C0 and D0 are obtained by evaluating A, B, C and D at β = β0 and α = 0
with the mean-velocity pro�le and the constant Reynolds stress in the logarithmic layer. In
(2.20a), the dependence of the system on β now appears only in the forcing term.

Using the rescaled system (2.20), the optimal energy growth by the initial condition is
easily found to be

G(β, t) = G(β0, t
(λ)). (2.21)

Equation (2.21) implies that the optimal growth G(β, t) remains almost the same as the one
computed for the reference β0 and that the time for growth is rescaled by t = (β0/β)t(λ).
Therefore, Gmax is almost constant in the range of spanwise wavenumbers associated with
logarithmic-layer structures as con�rmed in Fig 2.5 (a), and the time attaining the maximum
growth becomes proportional to the spanwise wavelength λz: tmax ∼ λzt

(λ)
max. This is exactly

what has been found by del Álamo & Jiménez (2006), Pujals et al. (2009) and Cossu et al.
(2009).

In the case of harmonic forcing, the rescaled forcing frequency is de�ned as ω(λ)
f ≡ (β0/β)ωf

rescaled so that ωf t = ω
(λ)
f t(λ). In the rescaled system, the harmonic response is given as

R(β, ωf ) =
( β
β0

)−2
R(β0, ω

(λ)
f ). (2.22)

Therefore, the optimal harmonic response is proportional to β−2, consistently with results in
Fig 2.5 (b). Moreover, the forcing frequency related to the maximum response is found to be
inversely proportional to the spanwise wavelength λz: ωf,max ∼ λ−1

z ω
(λ)
f,max.

Finally, from the de�nition of the covariance matrix in the frequency domain (2.13), the
variance of the stochastic response is found to be

V (β) =
( β
β0

)−1
V (β0), (2.23)

implying that the variance is proportional to β−1 as shown in Fig 2.5 (c).
These results therefore suggest that the origin of the power-law dependence of the optimal

ampli�cations is basically associated with the self-similar nature of optimal perturbations in
the logarithmic region.

4.3 Turbulent pipe �ow
The optimal ampli�cations have been also computed in the turbulent pipe �ow at the large
Reτ = 19200. We pay a particular attention to the power-law dependence of the optimal
ampli�cation in order to validate the results in turbulent channel �ows.
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Figure 2.9. Energy ampli�cations by initial condition, optimal harmonic forcing and stochastic
excitation with respect to spatial wavenumbers at Reτ = 19200: (a) Gmax(α,m); (b) Rmax(α,m);
(c) V (α, β). Here, αh = 0.0, 1, 10, 100, 1000, outer to inner curves.

Fig. 2.9 shows the dependence of Gmax, Rmax and V on the azimuthal wavenumber m for
the selected streamwise wavenumbers α = 0, 1, 10, 100, 1000. Only the streamwise elongated
structures (α . m) are signi�cantly ampli�ed similarly to turbulent Couette and channel
�ows. The largest growths are found for axially-independent modes (α = 0), for which the
curve provides an envelope over the results for non-zero α, and the maxima on the α = 0
curves are for m = 1 azimuthal symmetry. In the optimal transient growth Gmax, a secondary
peak occurs at a larger m corresponding to an azimuthal wavelength of λ+

θ = 92. However,
no secondary peak is found in the responses to optimal harmonic and stochastic forcing just
as in the plane channel �ow cas. A closer examination of Figs. 2.9(b) and 2.9(c) reveals that
the Rmax and V curves corresponding to α = 0 scale approximatively like m−2 and m−1

respectively for intermediate values of m, and a noticeable change of slope is observed for
values of m corresponding to λ+

θ ≈ 100. These features are essentially the same as those
observed in turbulent channel, implying that these are the common features stemming from
the logarithmic layer of the mean �ows.

In Fig. 2.10, we report the leading Karhunen-Loève modes form = 1, 2, 4. Similarly to the
Couette and plane channel, the spatial structures of the most energetic forcing and response
consist of large-scale streamwise vortices and streaks respectively. Note that in this geometry,
only m = 1 modes can exhibit �ow across the mid-plane. The structures corresponding to the
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Figure 2.10. Cross-streamwise view of the normalized leading Karhunen-Loève modes of the
stochastic forcing for α = 0 at Reτ = 19200: (a) m = 1; (b) m = 2; (c) m = 4. Here, the
vectors represent the cross-streamwise components of the optimal forcing, and color contour is
the streamwise component of the corresponding response (white: û > 0, red/dark: û < 0).

secondary peak, scaled by the inner units, are almost indistinguishable from those found in
the channel and the boundary layer (Pujals et al., 2009; Cossu et al., 2009; Hwang & Cossu,
2010b) and are therefore not reported here.

5 Discussion
5.1 The lift-up e�ect and the spanwise spacing of natural streaky motions
It has long been known that the streaky motions in the near-wall region have spanwise spacing
λ+
z ' 100. This spacing has been understood as an important element for the existence of

near-wall streaky motions. For example, Jiménez & Moin (1991) and Hamilton et al. (1995)
showed that numerical simulation with the spanwise computational domain smaller than this
spanwise spacing does not provide self-sustaining turbulence. However, the nature of the
selection mechanism for the observed λ+

z ' 100 has long been elusive. The �ndings of del
Álamo & Jiménez (2006), Pujals et al. (2009) and Cossu et al. (2009) are important because
the value λ+

z ' 80 ∼ 90 is naturally obtained as a secondary peak value of Gmax. The present
results are the extension of these previous studies to the responses to optimal harmonic and
stochastic forcing. Contrary to the case of initial perturbations, no secondary peak is found
in the `raw' ampli�cation curves. However, the secondary peak at λ+

z ' 100 is recovered
in the ampli�cations premultiplied by the proper spanwise wavenumbers associated with the
power-law behavior in the logarithmic-layer regime.

The emergence of the global maximum with the speci�c spanwise spacing scaled by the
outer units is also found as in previous studied for the optimal transient growth, and it is an
interesting feature related to the large-scale streaky motions. In table 2.1, we summarize the
optimal spanwise spacings obtained from the previous investigations and the present study,
and compare them with the spanwise spacings of the large-scale streaky structures found
in the laboratory or numerical experiments. The predicted spanwise spacings show a fair
agreement with those observed in natural turbulent �ows, suggesting that the lift-up e�ect
at the outer scales is related to the emergence of the large-scale streaky motions. However,
the linear analysis generally predicts slightly larger spanwise spacings. The crudeness of the
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Flow λz,opt/δ

DNS/Exp Gmax Rmax V β2Rmax βV

Couette 4 ∼ 5(c) 4.4(∗) 7.7(∗) 5.2(∗) 4.2(∗) 4.2(∗)

Channel �ow 1.5 ∼ 2(d) 4.0(a) 5.5(∗) 5.0(∗) 3.5(∗) 3.5(∗)

Pipe �ow 1.4 ∼ 2.1(e) 6.3(∗) 6.3(∗) 6.3(∗) 6.3(∗) 6.3(∗)

Boundary layer 0.5 ∼ 1.0(f) 7.2(b) − − − −

Table 2.1. Optimal spanwise wavenumbers of the maximum responses to initial perturbation,
harmonic forcing, and stochastic excitation. Results from: (*) the present study, (a) Pujals et al.
(2009), (b) Cossu et al. (2009), (c) Tsukahara et al. (2006), (d) del Álamo & Jiménez (2003),
(e) Bailey & Smits (2010), and (f) Hutchins & Marusic (2007a). Here, δ is half of the channel
height for Couette and channel �ows, the radius for pipe �ow, and the boundary-layer thickness
for boundary layer.

present eddy-viscosity modeling can partially explain this discrepancy, but a second plausible
explanation could also reside in the nonlinear terms neglected in this linear analysis.

In the intermediate range of spanwise wavenumbers between the outer and inner peaks,
the optimal perturbations mainly populate the logarithmic layer and reveal an approximate
geometrical similarity. These �ndings are reminiscent of the concept of `attached' eddies
proposed by Townsend (1976) and the further developed theories by Perry and coworkers
(Perry & Chong, 1982; Perry et al., 1986; Perry & Marusic, 1995), all based on a continuum
of geometrically similar structures.

5.2 The similarity of all the optimal perturbations
In Fig. 2.11, we report the wall-normal pro�les of all the optimal perturbations and their
responses corresponding to the outer peak (�g. 2.11 a and b), the intermediate wavenumber
range (�g. 2.11 c and d), and the inner peak (�g. 2.11 e and f) for the plane channel �ow at
Reτ = 10000. All the optimal perturbations issued from the three di�erent analyses (optimal
transient growth, harmonic and stochastic forcing) are found to be almost identical, and this
is not originally expected. At this time of writing, no simple explanation is available for these
results, and this should be in the future investigation.

5.3 Stochastic response and the spanwise spectra of turbulent �ows
For the comparison of the present analysis to the experimental observations in natural tur-
bulent �ows, the response to stochastic forcing may be the most relevant among the three
framework considered. Following the approaches by Farrell & Ioannou (1994) and Farrell &
Ioannou (1998), the stochastic forcing can be interpreted as a surrogate for the nonlinear terms
neglected in the linearized model (2.6). The stochastic response would then represent the lin-
ear ampli�cation of the nonlinear terms related to turbulent �uctuation. It is important to
note that these nonlinear terms in reality are neither Gaussian nor isotopic, thus the stochastic
forcing considered here is basically unrealistic. However, the response to such forcing shares
important features with natural self-sustaining turbulent �ows. For example, the stochastic
response is highly anisotropic: the large response is obtained only for the streamwise elon-
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Figure 2.11. Pro�les of streamwise uniform (α = 0) optimal modes corresponding to (a, b) the
outer peak, (c, d) the intermediate wavenumber range (β+ = 0.003/h; λ+

z = 2094) and (e, f)
the inner peak in the premultiplied ampli�cations: (a, c, e) wall-normal components of the input
(initial condition v̂in(y) for transient growth and forcing f̂ in

y (y) for harmonic and stochastic
forcing); (b, d, f) streamwise components of the corresponding outputs ûout(y). Here, ,
optimal transient growth; , optimal harmonic forcing; , stochastic excitation. The
results are from the plane channel �ow at Reτ = 10000.
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Figure 2.12. Premultiplied spectral density of the streamwise velocity at each wall-normal
location for the streamwise uniform case βûû∗(y;α = 0, β) based on the stochastic re-
sponse (a) without wall-damping function and (b) with wall-damping function fd(y) = 1 −
exp(−(y+/A+)3) where A+ = 25. The same data from DNS by del Álamo & Jiménez
(2003) are shown in (c) for the comparison. Here, the wall-normal location is chosen as
y+ = 5, 9, 15, 20, 30, 39, 61, 104, 165, 221, 277, 414, 547 and each premultiplied spectral density is
normalized by its energy to emphasize the contents of spanwise wavenumber.

gated structures (i.e. α < β), and it mainly consists of the streamwise velocity. This feature is
commonly observed in the spectra of all the wall-bounded turbulence (del Álamo & Jiménez,
2003; del Álamo et al., 2004; Hoyas & Jiménez, 2006), suggesting that the linear process plays
an important role in the generation of wall turbulence.

More quantitative information on the stochastic response can be extracted by examining
the velocity covariance operator CX∞C† whose diagonal terms give the spatial spectral den-
sity 〈û∗i (y, t)ûi(y, t)〉. Fig. 2.12(a) reports the premultiplied spanwise spectral density of the
streamwise velocity β〈û∗1(y, t)û1(y, t)〉 for several distances from the wall y for Reτ = 550.
To compare this with real turbulent �ows, the spectra in direct numerical simulation data at
Reτ = 550 are also shown in Fig. 2.12(c) (del Álamo & Jiménez, 2003). A qualitative agree-
ment is found between the two sets of data: the spectral peak scaled by the outer length scale
is found in the outer region, while the near-wall region displays the peak around λ+

z ' O(100).
The slight di�erence of the peak location in the outer region is probably because of the crude-
ness of the eddy viscosity or the di�erent length-scale selection mechanism embedded in the
nonlinear term. However, the di�erence in the near-wall region seems to be induced by the
unrealistic assumption that the wall-normal distribution of the forcing is uniform in y. In the
viscous sublayer, the turbulence is not strongly active due to the large molecular dissipation
near the wall, thus it is reasonable to assume that the nonlinear terms are negligible at y+ . 5.
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Therefore, we recompute CX∞C† with a wall-damping function fd(y) = 1−exp(−(y+/A+)3)
in the wall-normal distribution of the stochastic forcing. As a result, the spatial spectral den-
sity below y+ = 5 are greatly improved as in Fig. 2.12(b), showing a better agreement with
that of real turbulent �ow in Fig. 2.12(c): in the near-wall region there is a energetic peak at
λ+
z ' 100, whereas in the outer region a energetic peak at λz = 3.5h is found.



Chapter 3

Instability of large-scale coherent
streaks

In chapter 2, we have studied the ampli�cation of streaks by computing the linear optimal
perturbations. Although linear theories provide a good explanation of how the vortices convert
into the streaks, they do not explain how such vortices are formed. If the large-scale streaky
structures in the outer region self-sustain with a process similar to the one at work for the
near-wall streaky structures, the formation of the vortices is probably associated with insta-
bility of the ampli�ed streaks (Hamilton et al., 1995) or secondary transient growth (Schoppa
& Hussain, 2002). The importance of studying streak instability also lays in the understand-
ing how the streamwise length scales of the experimentally observed streaky structures are
selected. Although the nonmodal stability theories predicts the spanwise spacings comparable
with those observed in the experiments, streaks maximally ampli�ed are always found to be
streamwise uniform. Note that this feature is observed not only in the present turbulent case
but also in the laminar case. However, the observed streaky motions are neither in�nitely
long nor streamwise uniform: They have streamwise length of O(10δ) and also oscillate in the
streamwise direction. Moreover, the large-scale motions (the bulges) are found to be coher-
ently aligned along the streaky motions as also shown in Fig. 1.5 (a) (Kim & Adrian, 1999;
Guala et al., 2006; Hutchins & Marusic, 2007a). It is interesting to note that these properties
resemble to the typical features of the traveling waves embedded into the self-sustaining pro-
cess (Wale�e, 1998, 2001, 2003). However, there is no sound explanation for these features yet,
and only recently it has been conjectured that vortex packets may be related to the instability
of large-scale streaks (Guala et al., 2006).

The goal of this chapter is to analyze the stability of �nite-amplitude large-scale streaks
and to seek a relationship between the streamwise wavelengths of the instability and the
length-scales of the coherent structures in the outer region. In order to theoretically track this
issue, we consider the same eddy-viscosity model used in chapter 2, and conduct a secondary
stability analysis of the most ampli�ed streaks in the turbulent Couette and Poiseulle �ows.
The results reported in this chapter have been obtained in collaboration with J. Park and are
reported in the paper by Park et al. (2010)
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1 The streaky base �ows
Let us rewrite the equation for �nite amplitude coherent motions supported by the mean �ow
(ūi = (U(y), 0, 0)):

∂ũi
∂t

+ ũj
∂ūi
∂xj

+ ūj
∂ũi
∂xj

+ ũj
∂ũi
∂xj

= −1
ρ

∂p̃

∂xi
+

∂

∂xj
[νT (y)(

∂ũi
∂xj

+
∂ũj
∂xi

)]. (3.1)

The streaky base �ow is computed by solving (3.1) with assumption that the �ow is uniform
in the streamwise direction. Here, it should be mentioned that the use of the spanwise-
homogeneous eddy viscosity νT (y) is a potentially inappropriate assumption because −ũiũj
in (2.3b) may not be negligible. An alternative solution could be to conduct direct numerical
simulation with external forcing and retrieve the steady mean �ow by averaging. However, in
this case, as the amplitude of streaks increases, the �ow �eld in direct numerical simulation is
presumably contaminated by the streaky instability and does not provide physically relevant
streak mean �ows for the cases of interest, which are unstable. For these reasons, here we keep
using the spanwise-homogeneous eddy viscosity νT (y) even if this is a very crude approxima-
tion. Once the streaky base �ow ũs(y, z) is computed, the secondary base �ow is de�ned as
U bi = (U b(y, z), 0, 0) where U b(y, z) ≡ U(y) + ũs(y, z).

Equation (3.1) is discretized using Chebyshev polynomials and Fourier series in the wall-
normal and spanwise directions respectively. The time integration used to compute the streaky
base �ow is conducted using the Runge-Kutta third-order method. The computations of the
base �ow are carried out with Ny ×Nz = 65× 32 points in the cross-streamwise plane.

We consider the turbulent Couette �ow at Reτ = 52 and the Poiseulle �ow at Reτ = 300.
The computation of the streaky base �ows is carried out by using the optimal initial conditions,
that consist of pairs of counter-rotating streamwise vortices computed in chapter 2 (see also
Fig. 3.2). The spanwise spacing is chosen as λz = 4h (β0h = π/2), which is near the optimal
value. The spanwise size of the computational box is set to Lz = λz, so that a single pair of
optimal initial vortices is driven in the box. The amplitude of the initial vortices is de�ned as

Av = [(2/V )
∫

V
(u2 + v2 + w2)dv]1/2. (3.2)

The amplitude of the streaks induced by these vortices is de�ned as in Andersson et al. (2001)

As =
[maxy,z 4 U(y, z)−miny,z 4 U(y, z)]

2 Uref
, (3.3)

where 4U(y, z) ≡ us(y, z). Here, Uref = 2Uw and Uref = Ue for Couette and Poiseulle �ows
respectively.

Fig. 3.1 shows the temporal evolution of the streak amplitude for several amplitudes
Av of the optimal initial vortices. Both Couette and Poiseulle �ows exhibit large transient
ampli�cations of the streaks through the coherent lift-up e�ect. As Av increases, the amplitude
of the streaks also increases. However, the ratio of the ampli�cation slightly decays with
increasing Av, and the time for As to reach its maximum (tmax) also becomes shorter. Typical
cross-stream views of the initial vortices and streaks at t = tmax are reported in Fig. 3.2. It is
seen that the low-momentum regions where the �uid is ejected from the wall by the vortices
((y > 0, z ' ±2) and (y < 0, z ' 0) in �g. 3.2) are narrow and intense, and this tendency
generally becomes stronger for larger streak amplitudes (see also chapter 5).
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Figure 3.2. Cross-stream (y-z) view of streaky base �ow extracted at t = tmax and optimal initial
vortices: (a) Couette �ow with As = 26% and (b) Poiseulle �ow with As = 25%. Here, the solid
and dashed contour lines respectively denote positive and negative parts of the streaky base �ow
with the increment 0.1 of its maximum, and the vectors represent the initial vortices.

2 Stability of secondary perturbations
The stability of the streaky base �ow is then studied by linearizing (3.1) around U bi with the
secondary perturbations u′i(x, y, z, t):

∂ŭi
∂t

+ ŭj
∂U bi
∂xj

+ U bj
∂ŭi
∂xj

= −1
ρ

∂p̆

∂xi
+

∂

∂xj
[νT (y)(

∂ŭi
∂xj

+
∂ŭj
∂xi

)]. (3.4)

Here, we also keep using the same eddy viscosity as in the base �ow. Under the assumption
that the streaky base �ow Ub(y, z) is periodic in the spanwise direction, the Floquet theory
allows (3.4) to have the following normal-mode solution:

ŭ′i(x, y, z, t) = eiαx−iωt
∞∑

n=−∞
ûni (y)ei(n+ε)β0z + c.c, (3.5)

where α is the streamwise wavenumber, ω the complex frequency, β0 the spanwise wavenumber
related to the fundamental period of the base �ow, and 0 ≤ ε ≤ 1/2 is the detuning parameter.
According to the values of ε, the solutions (3.5) are classi�ed into `fundamental' (ε = 0) and
`subharmonic' (ε = 1/2) modes. Also, the modes with even and odd symmetries about base
�ows are called `sinuous' and `varicose' respectively. For further details on the classi�cation of
the modes, the readers are referred to Andersson et al. (2001) and Cossu & Brandt (2004). In
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Figure 3.4. Cross-stream (y-z) view of the absolute value of (a, b) the streamwie and (c, d)
spanwise velocity eigenfunction corresponding to � in Fig. 3.3: (a, c) Couette �ow; (b, d) Poiseulle
�ow. Here, the contour is normalized by its maximum and the thick dashed line denotes the
velocity of streaky base �ow which is the same with the phase speed of the streak instability.

the present study, we focus only on the fundamental sinuous mode, found as the most unstable
one for all the cases considered.

For the Floquet analysis, the code used in Cossu & Brandt (2004) has been adapted to
the turbulent case. In this code, the same spatial discretization of the code used to compare
the base �ow is applied to the linear operators, and the resulting eigenvalue problem is then
solved using the implicitly restarted Arnoldi method. For the computation of the stability of
streaks, the same number of grid points of the base-�ow computation is also used.

The Floquet stability analysis is performed for the fundamental modes using the streaky
base �ows extracted at t = tmax. Fig. 3.3 shows the growth rate ωi of sinuous modes versus the
streamwise wavenuber α for several As. Both Couette and Poiseulle �ows are stable (ωi < 0)
for su�ciently low amplitudes of the streaks. As the amplitude of streak As increases, the
growth rate gradually increases. Then, instability begins to appear (ωi > 0) when As reaches
the value: As,c = 18% at αch = 0.3 for Couette �ow (Fig. 3.3a) and As,c = 21% at αch = 1.2
for Poiseulle �ow (Fig. 3b). When As > As,c, a �nite interval of the streamwise wavenumbers is
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unstable with maximum growth at αmaxh ' 0.6 in Couette �ow (Fig. 3.3a) and αmaxh ' 1.4
in Poiseulle �ow (Fig. 3.3b). We have veri�ed that varicose modes are less unstable than
sinuous modes in this range of Av −As.

Fig. 3.4 shows the streamwise and spanwise velocity components of the streak-instability
eigenfunction and the line where the mean velocity is the same as the phase speed cr of
instability wave (cr = 0 in Couette �ow while cr = 0.87Ue in Poiseulle �ow). The streamwise
component of the eigenfunction has the large value in the �ank of the streaks, where the
spanwise shear of base �ow is expected to be large (�g. 3.4 a and b). The spanwise component
of the eigenfunction is concentrated in the lifted low-momentum region for both Couette and
Poiseulle �ows. Therefore, in Couette �ow the amplitude of the eigenfunction is appreciable
even close to the opposite wall, whereas in Poiseulle �ow it is mainly concentrated on the
center of the channel (�g. 3.4 c and d).

3 Discussion
3.1 Comparison with the instability of laminar streaks
The instability of �nite amplitude streaks in the framework of an eddy viscosity of turbulent
Couette and Poiseulle �ows has been investigated. The nature of the secondary streak insta-
bility in the turbulent case bears same similarity to the one observed in the laminar case: the
instability appears for high amplitude streaks and it is dominated by the fundamental sinuous
mode. An interesting point is that the critical streak amplitudes in the present model are
lower than those in laminar �ows: for example, our own computations in laminar Couette and
Poiseulle �ows at Reh = 500 give As,c ' 23% and As,c ' 28% respectively (see also Reddy
et al., 1998), whereas for the turbulent Couette and Poiseulle �ows it is found As,c ' 18% and
As,c ' 21% respectively at Reτ = 52 and Reτ = 300. However, this does not mean that the
streak instability in turbulent �ows can be more easily triggered than in laminar �ows because
as the optimal turbulent transient growth is smaller than the laminar one (Pujals et al., 2009;
Hwang & Cossu, 2010a), initial vortices in turbulent �ows should be more energetic to drive
streak instability than those in laminar �ows. For example, in the laminar Poiseulle �ow,
Av,c ∼ O(10−3) is required to trigger streak instability Reddy et al. (1998), but the amplitude
of initial vortices in the present model of Poiseulle �ow is almost two order of magnitude larger
(i.e. Av,c ' 0.08).

3.2 The relation with the streamwise length scales embedded in the
large-scale streaky motions

In the outer region of the turbulent Poiseulle �ow, the streamwise length scale of the large-
scale motions has been associated with the peak near the high wavenumber boundary of the
α−1 regime in the spectra of the outer region at αh = 1 ∼ 2 (λx = 3.1 ∼ 6.3h), and that is
clearly visible for 0 < |y| < 0.6h (Balakumar & Adrian, 2007; Monty et al., 2009). The range
of unstable streamwise wavenumbers in the present study is also obtained for αh = 0.8 ∼ 1.8
(λx = 3.5 ∼ 7.9h; see Fig. 3.3b), showing good agreement with the location of the peak in
the streamwise turbulent spectra. Moreover, the eigenfunctions obtained here have signi�cant
values in 0 < |y| < 0.6h, which also compares well to the spectra. For the turbulent Couette
�ow, the streamwise wavenumber having the maximum growth rate (αh ' 0.6; λx ' 10.5h;
see Fig. 3.3a) also corresponds well to the location of the peak in the streamwise spectra at
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the channel center (αh ' 0.63; λx ' 10h) (Tsukahara et al., 2006). This good correlation in
the length-scale comparison implies that the large-scale motions could be formed by instability
of large-scale streaks in the outer region, and also explains why the large-scale motions are
aligned along the streaky motions.

It is also interesting to note that the low-wavenumber boundary of instability for the
largely ampli�ed streaks. The wavenumbers smaller than the low-wavenumber boundary do
not have the streak instability, thus there could be no nonlinear feedback of vortices for these
wavenumbers. This implies that the low-wave number boundary could be a rough indicator
of the maximum length of streaky motions. This rationale can be for instance applied to the
near-wall cycle: Schoppa & Hussain (2002) have shown that the low-wavenumber boundary of
the su�ciently ampli�ed streamwise uniform streaks is λ+

x ' 1000 ∼ 2000, comparable to the
average length of the near-wall streaky structures λ+

x ' 1000, and numerical simulations by
Jiménez et al. (2004) indeed con�rmed that the streamwise wavelengths larger than λ+

x ' 1200
do not have the nonlinear feedback for the near-wall streaky structures. If the same rationale is
applied to the present results, the low-wavenumber boundaries for Poiseulle and Couette �ows
are found αh ' 0.3 ∼ 0.5 (λx/h ' 13 ∼ 21) and αh ' 0.1 ∼ 0.15 (λx/h ' 42 ∼ 62). These
lengths are comparable to the lengths of the very large-scale streaky motions: λx/h ' 10 ∼ 20
for Poiseulle �ow (Balakumar & Adrian, 2007; Monty et al., 2009) and λx/h ' 42 ∼ 64 for
Couette �ow Tsukahara et al. (2006).

Despite the many promising results, the present computations remain, however, to be
con�rmed by the more `realistic' models for the eddy viscosity and at larger Reynolds numbers.



Chapter 4

The existence of self-sustaining
process at large scale

In previous investigations, the near-wall region of wall-bounded turbulent �ows has been
understood as the place where an independent self-sustaining cycle exists, while in the outer
region turbulent motions have often been thought to be produced from the near-wall cycles
via so called the `bottom-up' process. However, the results from the stability analyses in the
previous chapters suggest that a self-sustaining cycle at large scale may exist independently
from the near-wall process. The scope of this chapter is to verify whether such a self-sustaining
process exists or not. For this purpose, we conduct a numerical experiment, which is designed
to remove energy production of the small-scale eddies in the near-wall and logarithmic regions.
The results described in this chapter are summarized in Hwang & Cossu (2010c), and a second
paper that is in preparation.

1 Background
To understand if large-scale outer motions can survive without `fueling' from the motions at
smaller scale in the near-wall and logarithmic regions, we design a `conceptual' numerical ex-
periment where the eddies smaller than the outer-length scale are gradually quenched. An ideal
tool to perform such a kind of experiment is the large eddy simulation (LES) (Sagaut, 1998).
From the perspective of this chapter, it is important to avoid any backward spectral energy
transfer from the small to the larger scales. Therefore, we consider the `static' Smagorin-
sky model (Smagorinsky, 1963), which provides purely dissipative subgrid-scale stresses. The
subgrid-scale stress tensor τ̄ij of this model is given as

τ̄ij − δij
3
τ̄kk = −2νtS̄ij , (4.1a)

where
νt = D(CS∆̄)2S̄. (4.1b)

Here, the overbar denotes the �ltering action, S̄ = (2S̄ijS̄ij)1/2, ∆̄ = (∆̄1∆̄2∆̄3)1/3 is the
average length scale of the �lter and CS is the Smagorinsky constant. The van Driest damping
function D = 1− e−(y+/A+)3 is also enforced to describe the proper physical behavior near the
wall (Härtel & Kleiser, 1998).
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Rem Lx/h Lz/h ∆+
x ∆+

y,min ∆+
y,max ∆+

z Tavguτ/h

20133 18π 6 81 1.8 40 34 15.6 ∼ 33
38133 12π 6 93 1.8 59 45 13.4 ∼ 36

Table 4.1. Computational parameters for the present large eddy simulation. Note the choice of
very long computational domains

The simulations with the static Smagorinsky model are carried out using the public do-
main code diablo (Bewley et al., 2001), and its details are in appendix. Table 4.1 summarizes
the simulation parameters in the present simulations. The simulations are performed at two
relatively high Reynolds numbers by enforcing the constant mass �ux, and very large com-
putational boxes are considered to include several large-scale streaky structures. The grid
�lter is implicitly applied as the LES �lter: the cut-o� �lter in the streamwise and spanwise
directions and the box �lter in the wall-normal direction. The �lter widths are also chosen to
be su�ciently small so that the near-wall streaky structure can be properly resolved (Zang,
1991). The time intervals to obtain the statistics are also considered little larger than those
in DNS by Hoyas & Jiménez (2006). In the present study, we mainly focus on the results at
Rem = 38133 where Rem ≡ Um2h/ν with the mass �ux Um = (1/2h)

∫ h
−h Udy, and they do

not reveal essential di�erence from those at Rem = 20133 (see also Hwang & Cossu, 2010c).
During the simulation, the mean velocity and turbulent �uctuations are accumulated, and

the following one-dimensional streamwise and spanwise spectra at each wall-normal location
y are also computed to be identi�ed with the statistical information on the �ow structures:

Φij(kx; y) =
1
Lx

∫ Lx

0
Rij(∆x, y)e−ikx∆x d∆x, (4.2a)

Φij(kz; y) =
1
Lz

∫ Lz

0
Rij(∆z, y)e−ikz∆z d∆z, (4.2b)

where
Rij(∆x, y) = 〈ui(x, y, z, t)uj(x+ ∆x, y, z, t)〉x,z,t, (4.2c)

Rij(∆z, y) = 〈ui(x, y, z, t)uj(x, y, z + ∆z, t)〉x,z,t. (4.2d)

Here, kx and kz denotes the streamwise and spanwise wavenumbers respectively, and 〈·〉x,z,t is
the average in time and in the streamwise and spanwise directions. Once the spatial spectra
are computed, we plot the spectra premultiplied by the spatial wavenumber in the logarithmic
coordinate of the wavelength (or the wavelength): kxΦij(kx; y) and kzΦij(kx; y). The use of
the premultiplied spectra is to be identi�ed with the energy containing length scales because
the area under the premultiplied spectra in the logarithmic coordinate represents the energy
of the corresponding length scales.

2 The reference simulation
To begin with, a reference simulation is carried out by choosing Cs = 0.05. According to
(Härtel & Kleiser, 1998), this value of the Smagorinsky constant provides the statistics in the
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Figure 4.1. The mean �ow and velocity �uctuations at Reτ = 955: (a) U+(y+) ; (b) u′+(y+),
v′+(y+), w′+(y+). Here, , the present LES (reference case); , DNS of Hoyas &
Jiménez (2006).

best agreement with direct numerical simulations. In the reference simulation atRem = 38133,
the friction Reynolds number is obtained as Reτ = 955. Fig. 4.1 (a) and (b) report the mean-
velocity pro�le and turbulent �uctuations from the reference simulation respectively, and
both of them show the good agreement with direct numerical simulation by Hoyas & Jiménez
(2006). An instantaneous �ow �eld of the streamwise velocity �uctuation for the reference
case is also presented in 4.2 (a). The structures in the �ow �eld is very similar to those from
direct numerical simulations (see e.g. Jiménez, 2007): the large-scale streaks embedded in
clouds of smaller-scale eddies are found with λz = 1.5 ∼ 2h and they are highly elongated in
the streamwise direction. The premultiplied spanwise spectra for the reference case are also
computed and reported in 4.3 (a). The spectra shows the peak in the bu�er layer (y+ . 30
or y/h . 0.03) with λ+

z ' 100 corresponding to the spanwise spacing of the near-wall streaky
structures (�g. 4.3 a). In the outer region around y/h ' 0.2, there is an another peak with
λz ' 1.5h, and this spanwise spacing is also in good agreement with the one corresponding to
the bulge and the large-scale streaky motions (del Álamo & Jiménez, 2003). The streamwise
spectra for the reference case are also reported in 4.3 (b). Similarly to the spanwise spectra,
two spectral peaks are clearly visible at λ+

x ' 1000 and λx/h ' 3 ∼ 4 respectively (�g. 4.3
b). The peak at λ+

x ' 1000 is located in the bu�er layer, and it corresponds to the mean
streamwise length of the near-wall streaky structures. On the other hand, the outer region for
y/h > 0.2 shows the peak around λx/h ' 3h corresponding to the large-scale motion (Kim &
Adrian, 1999; Guala et al., 2006; Monty et al., 2009), but it also has the long tail in streamwise
spectra extending up to λx ' 10 ∼ 20h at y/h ' 0.2. This long tail has been understood as
the re�ection of the long outer streaky structures (del Álamo et al., 2004; Monty et al., 2009).

3 The numerical experiment with increased Smagorinsky
constant

3.1 Instantaneous �ow �eld
To quench the small-scale structures from the �ow �eld, the Smagorinsky constant Cs is
gradually increased from the reference value Cs = 0.05. Five higher Smagorinsky constants
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Figure 4.2. Iso-surface of instantaneous streamwise velocity �uctuation (u+ = −2) at Rem =
38133: (a) Cs = 0.05 (reference case); (b) Cs = 0.10; (c) Cs = 0.20; (d) Cs = 0.30.
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Figure 4.3. One-dimensional premultiplied spanwise and streamwise spectra of the streamwise
velocity for (a, b) Cs = 0.05, (c, d) Cs = 0.10, (e, f) Cs = 0.20 and (g, h) Cs = 0.30: (a, c, e, g)
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τ .
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Cs = 0.1, 0.2, 0.3, 0.4 and 0.5 are considered. All the coherent motions are completely stabi-
lized when Cs = 0.5. While Cs is increased, the friction Reynolds number does not change
signi�cantly: e.g. Reτ = 887 for Cs = 0.1, Reτ = 953 for Cs = 0.2, Reτ = 1051 for Cs = 0.3,
and Reτ = 1137 for Cs = 0.4. Figs 4.2 (b), (c) and (d) report the instantaneous �ow �elds of
the streamwise velocity �uctuation for several larger Cs. It is clearly seen that the small-scale
turbulent motions are gradually quenched as Cs is increased (�gs. 4.2a, b and c), and only the
long large-scale streaky motions are left for Cs = 0.3 (�g. 4.2d). Interestingly, the size and
shape of the surviving large-scale streaky structures for the large Cs are extremely similar to
the ones in the reference simulation (compare �gs. 4.2a and d).

3.2 Premultiplied one-dimensional spectra
Figs. 4.3 (c), (e) and (g) show one-dimensional premultiplied spanwise spectra of the stream-
wise velocity for several large Cs. As Cs is increased, a signi�cant change in the spectra is
observed at y/h < 0.2. For Cs = 0.1, the spectral peak of the near-wall streaky structure
has almost disappeared (�g. 4.3c), but the outer part of the spectra still remains almost un-
changed. This is consistent with the recent numerical experiments by Flores & Jiménez (2006)
and Flores et al. (2007) where the large-scale outer structures are found to be independent of
the presence of the rough wall disturbing the bu�er-layer cycles. We further increase Cs, and
the corresponding changes of the spectra in the logarithmic region are reported in 4.4. With
constantly increasing Cs, the spectra in the logarithmic region also gradually diminish along
the λz ' 14y (4.4a), whereas the remaining part does not change signi�cantly. For Cs = 0.30,
only a spanwise peak remains at λz ' 1.5h, implying that the outer mode is sustaining by
itself in this case.

The streamwise spectra reveal a tendency similar to the spanwise spectra, but some inter-
esting di�erences are also found. The streamwise spectra for several Cs are reported in Figs.
4.3 (d), (f) and (h). Similarly to the spanwise spectra, a signi�cant change is observed below
y/h ' 0.2 while no signi�cant di�erence is found in the outer region. The near-wall streaky
structure seems to completely disappear for Cs = 0.1 (�g. 4.3 d), and the spectra diminish
along λx ' 170y in the logarithmic region as Cs is further increased (4.4b). The streamwise
spectra for Cs = 0.3 shows two peaks. The �rst one corresponding to the large-scale motion



3. THE NUMERICAL EXPERIMENT WITH INCREASED SMAGORINSKY CONSTANT 43�
x=3h

hy /

hy /

)(a

)(c

)(e

)(b

)(d

)( f

PHIuu

3
2.4
1.8
1.2
0.6
0

100 101 102
10-3

10-2

10-1

100
PHIuu

3
2.4
1.8
1.2
0.6
0

100 101 102
10-3

10-2

10-1

100

PHIvv

0.6
0.45
0.3
0.15
0

100 101 102
10-3

10-2

10-1

100

PHIvv

0.6
0.45
0.3
0.15
0

100 101 102
10-3

10-2

10-1

100

PHIww
100

PHIww
100

y+=10

y+=10

hx /λ hx /λ

hy /

hy /

)(e

)(g )(h

0.9
0.75
0.6
0.45
0.3
0.15
0

100 101 102
10-3

10-2

10-1

Phiuv

0.28
0.24
0.2
0.16
0.12
0.08
0.04
0

100 101 102
10-3

10-2

10-1

100

0.9
0.75
0.6
0.45
0.3
0.15
0

100 101 102
10-3

10-2

10-1

Phiuv

0.28
0.24
0.2
0.16
0.12
0.08
0.04
0

100 101 102
10-3

10-2

10-1

100

y+=10

y+=10

Figure 4.5. Premultiplied streamwise spectra for (a, c, e, g) Cs = 0.05 and (b, d, e, f) Cs = 0.30 in
the logarithmic wall-normal coordinate: (a, b) kxhΦuu(kx; y)/u2
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is located at λx/h ' 4h without signi�cant amplitude for y/h < 0.2. The second peak at
λx ' 10 ∼ 20h is found near y/h ' 0.1 ∼ 0.2; in the reference simulation this is masked by
peak related to the near-wall and logarithmic layer structures. The location of the second
peak is similar to the average length of the very large-scale streaky structure experimentally
observed, implying that it is statistical re�ection of the large-scale streaks.

It is also worth mentioning that two curves λz ' 14y and λx ' 170y found in the log-
arithmic region (see �g. 4.4) characterize the spanwise and streamwise length scales of the
streamwise-velocity eddies in the logarithmic region. These two curves roughly satisfy the
spectral relation of the logarithmic region λ2

z = 2κλxy in del Álamo et al. (2004): for instance,
at y/h = 0.1, λ2

z ' (14y)2 = 1.96h2 and this is comparable to 2κλxy = 1.4h2 with κ = 0.41 at
the leading order. Note that this level of agreement is not obtained using λx ' 12y suggested
by Jiménez & Hoyas (2008), where the linear scaling in the logarithmic layer is performed
based on the outer peak λx ' 3h.

3.3 The spectra and �ow structure of the large-scale outer mode
The premultiplied streamwise spectra of all the velocity �uctuations (uu, vv, ww) and the
Reynolds stress (uv) for Cs = 0.3 are also compared with those for Cs = 0.05 in Fig. 4.5. All
the spectra for Cs = 0.3 seem to well represent the contribution of the outer modes comparing
to those in the outer region for Cs = 0.05, although they tend to be slightly longer in the
streamwise direction and carry slightly more energy than those for Cs = 0.05 due to the
arti�cial over-di�usion. For Cs = 0.3, while the streamwise velocity reveals two peaks as also
indicated in Fig. 4.3 (b), the energy peaks of the wall-normal and spanwise velocities are found
for λx ' 2 ∼ 4h at y/h > 0.2 corresponding to the large-scale motion. This implies that the
large-scale motion contains the signi�cant fraction of vortical structures being able to drive
the streaks according to the linear analysis in chapter 2 and 3. It is also interesting to note
that the streamwise and spanwise components of the outer modes carry appreciable energy
even at y+ = 10 (�gs. 4.5b and f), consistently with the results of chapter 2 and those in
Pujals et al. (2009) where it was shown that optimal large-scale streaks strongly penetrate to
the near-wall region. Contrary to these two components, the wall-normal components reveal
little energy in the near-wall region (�gs. 4.5d). For this reason, the Reynolds stress related
to the outer modes gives very little in�uence to the near-wall region because the streamwise
and wall-normal velocities are hardly correlated due to the very small wall-normal velocity.
This suggests that in the near-wall region the outer modes are essentially `inactive' in the
sense that they do not carry the Reynolds stress. However, the penetration of the streamwise
and spanwise velocity structures to the near-wall region can a�ect the dynamics in there,
and this kind of the e�ect has been indeed observed by Hutchins & Marusic (2007a) and
Hutchins & Marusic (2007b) where the large-scale streaky structures are shown to modulate
the near-wall cycles. Finally, it is worth mentioning that the near-wall contribution of each
velocity component and the Reynolds stress of the outer modes enable to distinguish whether
they are `attached' or `detached' eddies in the sense of Townsend (1976). According to the
spectra in Fig. 4.6, the streamwise and spanwise velocities are attached because they have
appreciable values in the near-wall region, whereas the wall-normal velocity and Reynolds
stress are detached or more precisely `�oated'. Note that this classi�cation is also consistent
with the �ndings of Jiménez & Hoyas (2008).

The presence of two peaks in the streamwise spectra is now investigated by inspecting the
instantaneous �ow �eld for Cs = 0.3. Figs. 4.6 (a) and (b) show side and top views of a
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is also drawn together with colors indicating its wall-normal distance (the more red is, the further
the wall-normal distance is from the wall). In (d), experimental data by PIV measurement for
the streamwise velocity �uctuation is also presented for the comparison (from Nickels, 2010).
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large-scale streak for Cs = 0.3, respectively. The side view shows that the streak is connected
through the region below y/h ' 0.2 and that its length is approximately λx ' 13 ∼ 14h, that
corresponds well to the peak in the streamwise spectra at y/h < 0.2 (see also �g. 4.3 h). At
y/h > 0.2, the streak is found to be inclined to the wall with 10◦, and this angle is strikingly
similar to the experimental results in turbulent boundary layer (see e.g. Adrian et al., 2000;
Nickels, 2010). The streamwise spacing of these outer-layer structures in a streak is roughly
λx = 4 ∼ 5h (�g. 4.6a), and the top view clearly shows that it is closely associated with the
sinuous oscillation of the streak (�g. 4.6b). Note that this spacing is comparable to the peak
at y/h > 0.2 in the streamwise spectra (�g. 4.3h), thus this peak can be interpreted as a
signature of the streak sinuous mode. More interesting feature related to this inclination is
also found in Fig. 4.6 (c), where the vortical structures along this streak are drawn together.
It is seen that compact vortex packets are intensively aligned at the top of the streak reaching
to the channel center. This suggests that the vortex packets are closely related to the streak
sinuous mode. This coherent alignment of the vortex packets along the streaky motions is
consistent with the experimental observation by Kim & Adrian (1999) and Guala et al. (2006).
However, in this case, it does not require the small-scale hairpin vortices in the near-wall and
logarithmic regions because all the energy containing eddies in the scales of those regions have
been completely removed. Therefore, we show that large-scale motions (bulges) located at
least above y/h ' 0.2 are not necessary formed by the growth and/or merger of the small-
scale vortices from the wall, but are probably originated by the sinuous motions of large-scale
streaks.

4 Dynamics in the minimal box
Although tuning the Smagorinsky constant in the subgrid-scale stress model of LES makes
the outer modes isolated from the smaller-scale structures in the near-wall and logarithmic
regions, their dynamics is still complicated due to the interaction of the two outer modes.
In this section, we try to understand the detailed dynamics between the large-scale motions
(λx ' 3 ∼ 5h) and the very large-scale motions (λx ' 10 ∼ 20h). The main question addressed
here is: does one of these motions force the other one? or do they mutually support each other?
In order to answer to this question, we follow the box minimization approach that has also
been used for the near-wall streaky structure (Jiménez & Moin, 1991; Hamilton et al., 1995).
The box minimization is conducted for Cs = 0.4 which is the highest Smagorinsky constant
sustaining turbulence in the large box. Note that the spectra obtained in the large box with
Cs = 0.4 are not signi�cantly di�erent from those with Cs = 0.3. Also, the simulation for
Cs = 0.4 has a bene�t that the vortical structures in instantaneous �ow �eld are observed in
a well-organized form due to the higher di�usion. For Cs = 0.4, the minimal box size is found
approximately Lx × Lz ' 3h × 1.5h. In computational boxes smaller than this size either in
the streamwise or spanwise directions, coherent motions do not sustain. It is interesting to
note that this box size well corresponds to the size of the large-scale motion with λx ' 3 ∼ 5h
(see also �gs. 4.3a and b). This implies that the length scale of the large-scale motion with
λx ' 3 ∼ 5h are the fundamental element of the outer mode.

The energies of the streamwise velocity �uctuation Eu and the wall-normal and span-
wise velocity �uctuations Ev+w integrated over the lower half of the computational box are
introduced as

Eu ≡ 1
2VhU2

e

∫

Vh

|u′|2 dV, (4.3a)
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Ev+w ≡ 1
2VhU2

e

∫

Vh

|v′|2 + |w′|2 dV, (4.3b)

where Vh denotes the volume of the lower half of the computational domain, and the super-
script ′ is the �uctuation of the variables. The energy of the wall-normal velocity is found to
be highly correlated to that of the spanwise velocity, consistent with the spectra in Fig. 4.5.
Therefore, they are considered together as in (4.3b). From these quantities, the amplitude
of streaky motion is roughly represented by Eu, while that of the related streamwise vortical
structures is approximated by Ev+w.

Fig. 4.7 shows the time trace of Eu and Ev+w for Cs = 0.4 in the minimal box Lx ×Lz =
πh × 1.5h. Both of them oscillate quasi-periodically with TUe/h ' 50 ∼ 70, and they are
clearly seen to be anti-correlated. When Eu reaches the highest value, Ev+w almost becomes
the lowest. Inversely, when Eu becomes the lowest value, Ev+w is almost the highest. This
anti-correlation between Eu and Ev+w implies that the outer modes sustains in the form of a
cycle consisting of `vortices-streaks-vortices'. This cycle is very similar to the observations in
the minimal Couette �ow by Hamilton et al. (1995), suggesting that the outer mode sustains
with a process the bears some similarity to the one of the near-wall cycle.

The nature of the self-sustaining process at large scale is also seen from a series of the
instantaneous snapshots of the streak and vortical structures in Fig. 4.8. When Ev+w reaches
the highes value (�g. 4.8 b), the strong quasi-streamwise vortices are found extending roughly
up to the half of the streamwise computational domain. The vortical structures are gradually
damped as the time passes by, and they are transformed to the streak (�g. 4.8c). When the
streak reaches a su�ciently large amplitude, it begins to oscillate as shown in Fig. 4.8 (d). At
this moment, the streak has very similar to the traveling waves computed in Wale�e (1998),
Wale�e (2001) and Wale�e (2003): i.e. the sinuously oscillating streak with the streamwise
vortices at its �ank. After the streak breakdown, the streamwise vortices are regenerated (�g.
4.8e). In the minimal box, this whole process repeats permanently and individual process
forms the large-scale `bursting', suggesting that the outer mode self-sustains with a similar
process to the near-wall cycle.



Chapter 5

Arti�cial forcing of streaks:
application to turbulent drag
reduction

The ampli�cation of streaks is a crucial element in the self-sustaining cycle, and through
this process the turbulent kinetic energy is directly extracted from the mean shear. From
the viewpoint of �ow control, this ampli�cation is a fruitful feature providing high-amplitude
actuation with small amounts of energy input. For laminar �ows, arti�cially forced streaks
have been shown to stabilize Tollmien-Schlichting waves (Cossu & Brandt, 2002, 2004) and
delay transition in the boundary layer (Fransson et al., 2006). Recently, Pujals et al. (2010a)
have experimentally proved that streaks are also highly ampli�ed in turbulent boundary layers,
and Pujals et al. (2010b) have used this feature to suppress separation on an Ahmed body.
The possible usefulness of the ampli�ed streaks to reduce turbulent skin-friction drag has,
however, not yet been explored. The purpose of this chapter is to track this issue.

1 Motivation
Reducing turbulent skin-friction drag is an important issue promising a wide range of engi-
neering application. An important contribution to the high turbulent skin friction has been
�rmly established in the presence of near-wall streamwise vortices (Kravchenko et al., 1993;
Choi et al., 1994), which are also important elements of the near-wall self-sustaining process.
Therefore, many e�orts have been oriented to directly tackle the near-wall streamwise vortices
at their characteristic length scales (i.e. l+ = O(10 ∼ 102)). Fig. 5.1 (a) and (b) show two
well-known examples, the `opposition control' and the `riblet', respectively. The opposition
control is a way to modify boundary conditions at the wall to suppress the near-wall stream-
wise vortices using the �ow-�eld information at y+ = 10 ∼ 20 (Choi et al., 1994). This method
has been reported to reduce the turbulent skin friction up to 20 ∼ 30%, but it is di�cult to
implement in practical situations because the information inside the �ow �eld is necessary.
On the other hand, riblets are practical passive devices, which do not require active energy
input (Walsh, 1983). The performance of the riblets is known to be dependent on its tip-to-tip
spanwise size. The riblets having the large tip-to-tip size (left in Fig. 5.1b) increase the skin
�ction because the contact area with the streamwise vortices is increased. However, riblets
with su�ciently small tip-to-tip spanwise size reduce the contact area (right in Fig. 5.1b). In
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Figure 5.1. Control of the near-wall streamwise vortices for the turbulent skin-friction reduction:
(a) the opposition control strategy (from Choi et al., 1994); (b) �ows over drag increasing (left)
and reducing (right) riblets (from Choi et al., 1993)

this case, skin friction is reduced up to 8%. Nevertheless, the practical implementation of the
riblet is hampered due to its small size. For example, the relevant tip-to-tip spanwise spacing
of riblet is O(10µm) for commercial airplanes. With this small size, the riblet valley is easily
�lled by dust in the air, resulting in very little drag reduction.

To overcome these di�culties, it has been suggested to act `indirectly' on the near-wall
cycle via large-scale control. A representative example of this approach has been suggested by
Schoppa & Hussain (1998) who showed that a pair of large-scale streamwise vortices spanning
L+
z ≈ 400 in the �ow �eld reduces the skin-friction drag by quenching the near-wall streamwise

vortices. This method has been implemented in laboratory experiments using wall jets (Iuso
et al., 2002).

Motivated by these studies, the scope of our investigation is to examine the feasibility, using
optimal perturbations, to implement control at large scale. The shape of optimal perturbations
corresponding to the outer peak is almost independent of the Reynolds numbers, and their
ampli�cation increases with the Reynolds number. In this respect, they are ideal candidates
to use for controlling wall-bounded �ows at large Reynolds numbers.

First, the ampli�cation of streak is tested in turbulent �ows using direct numerical simu-
lation, and the reduction of skin friction is then studied. Signi�cant amount of skin-friction
drag is achieved by forced streaks. We also investigate the power consumption of the present
control strategy, which was not examined in Schoppa & Hussain (1998). This chapter mainly
focuses on the results in turbulent channel �ow. Basically the same results are also found for
turbulent pipe �ow in Willis et al. (2010) as also discussed in section 5.
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Rem Reτ Lx/h Lz/h ∆x+ ∆y+
max ∆z+ TavgUm/h

2867 100 12π 4π 29.2 3.2 9.74 1267
5600 180 6π 4π/3 17.7 5.8 5.9 800
5300 180 15 − 9.4 4.4 5.9 1400

Table 5.1. Computational parameters used in the direct numerical simulation of the turbulent
channel (�rst two rows) and pipe (the last rows). For pipe �ows, h the radius of pipe, ∆y+ the
grid spacing in the radial direction and ∆z+ is the grid spacing in the azimuthal direction at the
wall.

2 Direct numerical simulation
For the plane channel �ow, direct numerical simulations are performed using the channelflow
code (Gibson et al., 2008) (the main features of this code are summarized in appendix). A
constant mass �ux is imposed during the simulations, and two Reynolds numbers are con-
sidered (Reτ = 100 and 180). The simulation parameters are summarized in table 5.1. To
reduce computational cost, extensive parametric studies are conducted at Reτ = 100, and
only several important cases are validated at Reτ = 180. The large spanwise computational
domain is chosen so that the e�ect of spanwise wavelength of optimal forcing can be tested.
A long streamwise domain is also considered to resolve at least one wavelength of the natural
very large-scale streaky structures.

For the turbulent pipe �ow, the code described in Willis & Kerswell (2008) has been used
for direct numerical simulations. In this code, the Fourier-Galerkin method is applied to the
axial (x) and azimuthal (θ) directions, and a �nite di�erence scheme with 9-point stencil is
used. Time integration is conducted using a second-order predictor-corrector method (for
further details, refer to Willis & Kerswell, 2008). The streaks are also driven by the same
method with channel case. The simulation parameters are summarized in table 5.2. Similarly
to turbulent channel �ow, a su�ciently long streamwise domain is considered.

3 Response to �nite amplitude optimal forcing
A reference simulation has �rst been conducted without any forcing. The mean �ow in the
reference case is denoted as U0(y) with its centerline velocity Ue0. Then, a steady body force
has been added to the right-hand side of the Navier-Stokes equation. The body force consists
of optimal linear forcing computed in chapter 21. The amplitude of forcing is de�ned as its
L2-norm:

‖f‖ ≡
[ 1
V

∫

V
f · f dV

]1/2
, (5.1)

where V is the volume of the computational box. The forcing term induces large-scale streaks
in the �ow. The forced large-scale streaks can be characterized with U(y, z) = 〈u(x, y, z, t)〉x,t.

1Since the Cess expression for Reτ < 200 is not di�erentiable at the channel center, the optimal forcing is
computed at a higher Reynolds number. However, this is not a severe approximation since the spatial structure
of optimal perturbations is almost independent of the Reynolds number.
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Fig. 5.1 shows the instantaneous streamwise velocity �uctuation for several amplitudes of
the forcing with the spanwise spacing λz = 2.1h in the plane channel. In the reference �ow �eld
(�g. 5.6a), the near-wall streaky structures are clearly visible with λ+

z ' 100 (λz ' 0.5 ∼ 0.6),
while the large-scale streaky motions are di�cult to identify due to the low Reynolds number.
As the forcing amplitude is gradually increased, the �ow �eld clearly reveals the streaks with
λz = 2.1h ampli�ed by the forcing (�g. 5.1b, c and d). For su�ciently large amplitudes of the
forcing (e.g. �g. 5.1c and d), the forced streaks become the most prominent feature of the
�ow.

The in�uence of the optimal forcing is measured by the variation of the averaged streaky
mean �ow by ∆U(y, z) ≡ U(y, z)−U0(y). The mean amplitude of the forced streaks is de�ned
as (Andersson et al., 2001)

As =
[maxy,z∆U(y, z)−miny,z∆U(y, z)]

2 Ue0
. (5.2)

The response to the forcing can also be de�ned as the norm of the di�erence between unforced
and forced mean �ows: ‖us‖ where us ≡ (U(y, z)− U0(y), V (y, z),W (y, z)).

Fig. 5.2 reports the streak amplitudes As and the corresponding responses to forcing
‖u‖ for several spanwise wavelengths as the forcing amplitude is increased. For small forcing
amplitudes (‖fh/U2

e0‖ . 2.0× 10−4), both of them almost linearly grow as the forcing ampli-
tude is increased. When the forcing amplitude is su�ciently large (‖fh/U2

e0‖ & 5.0 × 10−4),
they begin to saturate due to nonlinear e�ect. The streak amplitudes are almost saturated at
As ' 20 ∼ 30%, and the responses to forcing also stay approximately at ‖u/Ue0‖ ' 0.05 ∼ 0.1.

The dependence of the ampli�cation in the range of linear growth on the spanwise wavenum-
bers is reported in Fig. 5.4 based on the responses to the smallest considered forcing amplitude.
Here, the results from two Reynolds numbers are reported for the plane channel together to
check the role of the Reynolds number. Large ampli�cations are found for all the considered
spanwise wavelengths, and the maximum ampli�cation by direct numerical simulation is ob-
served at λz ' 2.1h. Interestingly, this spanwise spacing from direct numerical simulation
agrees well with that of the natural large-scale streaky motion (λz ' 1.5 ∼ 2h). However, this
spanwise spacing is slightly di�erent from the value λz ' 5.5h obtained from the eddy-viscosity
model in chapter 2. This suggests that the prediction of larger ampli�cations for λz & 4h is
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Figure 5.5. Cross-streamwise view of the streaky mean �ow U(y, z) (U(r, θ)) in turbulent (a, b)
channel and (c, d) pipe �ows at Reτ = 180 with respect to the forcing amplitude: (a) ‖fh/U2

e0‖ =
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e0‖ = 1.5 × 10−3; (c) ‖fh/U2
e0‖ = 8.0 × 10−5; (d) ‖fh/U2

e0‖ = 8.0 × 10−4.
In (a, b), the contour lines denote isoline of the streamwise velocity with increment of 0.1 of its
maximum. In (c, d), vectors are the cross-stream components of the forced �eld, and colored
contour denotes the the streamwise velocity (white, fast-streaks; red/dark, slow-streaks).
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probably due to the crudeness of the eddy viscosity model. The ampli�cation ratio ‖u‖/‖f‖
computed in the present direct numerical simulations are found to be comparable to the ones
predicted by the linear model: for example, the ampli�cation ratio computed with the linear
model in chapter 2 is typically ‖u/Ue0‖/‖fh/U2

e0‖ ' O(102) at similar Reynolds numbers,
and this is comparable to the present result. However, if we recompute the ampli�cation
ratio using the linear model without eddy viscosity (e.g. Butler & Farrell, 1993), two order of
magnitude larger values are found than those from the present simulation. This con�rms that
the use of the eddy viscosity is essential to describe dynamics of the small perturbations in
turbulent �ows. Very similar results are found for the pipe �ow.

Fig. 5.5 shows the forced streaky pro�les U(y, z) for both the plane channel and the
pipe. For su�ciently small forcing amplitudes, the low- and high-momentum regions in both
turbulent channel and pipe �ows occupy the almost same spanwise spacing (�g. 5.5a and c),
consistently with the results in chapter 2. However, as the forcing amplitude increases, the
low-momentum region becomes narrower and more intense than the high momentum region
(�g. 5.5 b and d). This feature, typical of turbulent �ows, is also observed in laminar �ows,
thus it is presumably originated from the nonlinearity related to the large amplitude of the
streaks.

4 Skin-friction drag reduction
In this section, we examine whether the streak forcing reduces the skin-friction drag. Note
that the large-scale streamwise vortices used by Schoppa & Hussain (1998) are quite similar
to the optimal forcing we use, and therefore we also expect the certain amount of the drag
reduction. Fig. 5.6 (a) compares the time trace of the ratio of the total wall-shear stress to
the mean reference case value in two forced simulations with the one for the reference case
for the plane channel. After some initial transient, the skin-friction drag is sustained at lower
values than that in the reference case.

The dependence of the mean drag on forcing amplitude is reported in Fig. 5.6 (b). For
small forcing amplitudes, the skin-friction drag is gradually reduced as the forcing amplitude is
increased. The minimum drag is achieved when ‖fh/U2

e0‖ ' 1× 10−3, and the corresponding
drag reduction is approximately 10.3%. As the forcing amplitude is further increased, the
skin-friction drag slowly increases. These results agree well with those in Schoppa & Hussain
(1998). Essentially the same tendency is found for the pipe �ow (Willis et al., 2010).

For this control strategy to be interesting for applications, the net-power saving should be
considered as well as the drag reduction. The net power consumption per unit volume is

Pnet =
1
V

∫

V
−∇p · udV +

1
V

∫

V
f · udV. (5.3)

Here, the �rst term in the right-hand side is the power consumption to maintain the constant
mass �ux by the pressure gradient. This term is easily found to correspond to the total skin
friction. The second term represents the power consumption by the forcing, necessary to drive
streaks into the �ow �eld. The net-power saving is reported in Fig. 5.6 (b). Even for the largest
amplitude of the forcing, the power consumption by the forcing is only 1.4% of Pnet,0. The
maximum net power saving is is 9.9% where the maximum skin friction reduction is obtained,
and the corresponding power consumption to drive the streaks is only 0.4% of Pnet,0. This
suggests that driving optimally large-scale streaks can become a promising strategy to reduce
the skin-friction drag. Similar conclusion apply to the pipe �ow case.
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Figure 5.6. Drag and net power consumption reduction by streak forcing in turbulent channel
�ow at Reτ = 180. (a) time trace of the normalized skin friction τw/τw0 by the value in the
reference case: , ‖fh/U2

e0‖ = 0 (the reference case); , ‖fh/U2
e0‖ = 8.5×10−4; ,

‖fh/U2
e0‖ = 1.06 × 10−3. (b) normalized wall-shear stress and net power spent with respect to

the forcing amplitude: , τw/τw0; , Pnet/Pnet0.

We now consider the mechanism explaining the observed drag reduction. Fig. 5.7 shows
the instantaneous streamwise vorticity �elds of unforced and forced cases in both plane channel
and pipe �ows. In the unforced �ow �eld (�g. 5.6a and c), the near-wall streaky structures
and the streamwise vortices are clearly visible with λ+

z ' 100. For the forced cases, most of
the streamwise vortices in the high-speed regions of the streaks are quenched, and streamwise
vortices are found only low-speed regions in the form of localized packets of smaller intensity.
This suggests that the present drag reduction is directly associated with disappearance of the
streamwise vortices, consistently with the explanation by Schoppa & Hussain (1998).

5 Discussion
The direct numerical simulations discussed in this chapter clearly show that small amplitude
steady optimal forcing computed by the linear theory strongly is ampli�ed into the large-scale
streaks. It is also found that the use of proper eddy viscosity is essential to describe the
dynamics of the driven small perturbations in turbulent �ows. This large sensitivity to steady
forcing has also been observed in recent experiments on Couette and boundary layer �ows
(Kitoh et al., 2005; Kitoh & Umeki, 2008; Pujals et al., 2010a).

The drag reduction observed in the present study can be attributed to the mechanism
reported by Schoppa & Hussain (1998). In fact, the large-scale vortices driven in their DNS
are probably the large-scale streaks even if these streaks are not studied by those authors.
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Figure 5.7. Unforced and forced �ow �eld in turbulent (a) channel and (b) pipe �ows at Reτ =
180: (a) green is iso-surface of the streamwise velocity �uctuation with u′/Um = −0.11, and red
and blue denote streamwise vorticity �uctuation with ω′xh/Um = ±1.5; (b) cross-streamwise view
of instantaneous streamwise vorticity contour (blue/dark intense vorticity; white no vorticity)
with iso-levels of the streamwise averaged velocity.
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Moreover, the spanwise spacing of the vortices L+
z ' 400 in their study is roughly Lz ' 2h at

Reτ = 180, which almost coincides with the optimal spanwise spacing for streak ampli�cation.
However, in the present study, the e�ective large-scale forcing is predict to scale with the outer
units instead of the inner units since the largest ampli�cation are found at λz = 2h for two
di�erent Reynolds numbers.

The results in the present study are limited to relatively low Reynolds numbers. However,
if this outer-unit scaling property is con�rmed at the high Reynolds numbers, this would
represent a great bene�t in developing `practical' actuators because the outer length scale in
boundary layer on the wings of commercial airplanes is O(1cm). Reminding the typical size
of the riblet O(10µm), such control actuators would be much easier to develop. Moreover, the
ampli�cation ratio is also expected to increase with the Reynolds number, thus high e�ciency
may be achieved at the high Reynolds numbers where the practical engineering problem is often
situated. These attractive features remains to be con�rmed by the laboratory experiments in
the future.



Chapter 6

Conclusion and outlook

The main goal of this thesis was to understand the origin and nature of large-scale streaky
motions in wall-bounded turbulent �ows. To achieve this goal, the work has been divided into
distinct parts that are discussed below.

Linear non-normal ampli�cation of coherent streaks
As a �rst step, we have extended the previous analyses of optimal temporal transient growth
by del Álamo & Jiménez (2006), Pujals et al. (2009) and Cossu et al. (2009) to the compu-
tation of the optimal response to harmonic and stochastic forcing. Three cases have been
considered: turbulent Couette �ow at low Reynolds number, turbulent channel and pipe �ows
at high Reynolds numbers. The input-output analysis shows that streaks can be e�ciently
ampli�ed by harmonic forcing, and stochastic excitation through the lift-up e�ect. Only
streamwise-elongated perturbations (λx & λz) are strongly ampli�ed, and the maximum am-
pli�cation is always found for streamwise uniform perturbations. While the optimal transient
growth reveals two peaks in the spanwise wavelengths scaled by the outer and inner units,
the responses to optimal and stochastic forcing are found to have such peaks in the responses
premultiplied by the spanwise wavenumber and its square respectively. The spanwise spacings
supporting the maximum ampli�cation are found to be scaled by the outer units, and they
show fair agreement with those of the large-scale streaky motions observed in the laboratory
and numerical experiments. The secondary peak scaled by the inner units is also found at
λ+
z ' 80 ∼ 100 in the premultiplied curves. The associated optimal perturbations are sim-

ilar to the typical near-wall structures. In the intermediate range between the outer and
inner peaks, a power-law dependence is observed: Gmax ∼ β0, Rmax ∼ β−2 and V ∼ β−1.
Such power-law dependence is originated from the geometrically similar nature of the optimal
perturbations in the logarithmic layer.

The input-output analysis using the present linear model may be improved quantitatively
by introducing more realistic models for the turbulent stresses. However, we believe that
the qualitative conclusion found in the present study will not change if more re�ned models
are used. Interpretation of the input-output analysis requires caution because studying the
lift-up e�ect seems to provide only the spanwise length-scale selection. The spanwise power-
spectral densities obtained from stochastic responses shows an encouraging agreement with
those of real �ows. However, this kind of approach may not be valid for the streamwise spectra
because the streamwise length-scale selection is probably dominated by the streak instability
or secondary transient growth process.



60 CHAPTER 6. CONCLUSION AND OUTLOOK

Secondary instability of �nite-amplitude coherent streaks

The stability analysis of the ampli�ed large-scale streaks for turbulent Couette and Poiseulle
�ows has been performed using a crude model that used the eddy viscosity associated with the
spanwise homogeneous mean �ow. The base �ow is computed by solving a two-dimensional
eddy-viscosity simulation. As the amplitude of initial optimal vortices increases, the amplitude
of streaks also increases. It is shown that su�ciently ampli�ed streaks become secondarily
unstable with a most ampli�ed fundamental sinuous mode. The critical streak amplitudes of
the onset of instability are found to be lower than those in laminar �ows. However, this does
not mean that the streak instability in turbulent �ows can be more easily triggered than that
in laminar �ows because initial vortices in turbulent �ows are also found to be more energetic
to drive streak instability than those in laminar �ows.

In spite of the crudeness of the considered assumptions, the streamwise wavelengths attain-
ing the maximum growth rate show good agreement with the streamwise length scale of the
experimentally observed large-scale motions. The longest wavelengths revealing the marginal
stability also corresponds well to the typical streamwise lengths of the very large-scale streaky
structures in the outer region.

There is plenty of room to improve the stability analysis of the �nite ampli�ed streaks.
Maybe the most important future goal is to �nd the evidences of the streak instability from
laboratory and numerical experiments. A promising way is to introduce the streak through
the external forcing as in chapter 5, and to seek statistical evidences of the large-scale streak
instability. This kind of approach has been used to study the streak instability in laminar
�ows (Elosfsson et al., 1999; Andersson et al., 2001). The streamwise instability wavelength of
the streaky structures in the logarithmic layer could also be a interesting issue to be studied.
Similarly to the streaks in the near-wall region and transitional �ows (Schoppa & Hussain,
2002; H÷p�ner et al., 2005; Cossu et al., 2007), investigating the secondary transient growth
of the large-scale streaks may also be a good idea.

Self-sustaining process at large scale

Even if the existence of a coherent lift-up e�ect and instability of streaks at large scale has been
proven, the current wisdom is that large-scale outer motions are sustained by the bottom-up
process where smaller-scale coherent structures merge and grow to form the large-scale ones.
We have asked the questions: can large-scale outer motions sustain in the absence of any
bottom-up process? We have therefore designed a conceptual numerical experiment with the
static Smagorinsky model to quench the small-scale energetic eddies populating the near-wall
and logarithmic regions. As the Smagorinksy constant is increased, the eddies in the near-
wall and logarithmic regions are gradually quenched. We have found that the large-scale
outer structures can indeed sustain without the presence of the small-scale near-wall and
logarithmic-layer eddies. The `surviving' structures consists of two modes: the detached part
of the large-scale motions and the long streaky structures. The detached part of the large-scale
motions is aligned at the top of the streaky structures in the sinuous manner, suggesting that
it is a re�ection of sinuous mode of the streak instability. The long streaky motions are mainly
located at y/h . 0.2 and they strongly penetrate into the near-wall region. However, they do
not carry the Reynolds stress in the near-wall region, and therefore they essentially remain to
be `inactive' in there. The minimal computational box size sustaining such outer structures
is found to be Lx×Lz ≈ 3h× 1.5h, corresponding well to the typical spatial size of the large-
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scale motions. The dynamics in the minimal box shows that the self-sustaining process of the
large-scale streaky structures bears some similarity to the near-wall self-sustaining cycle.

Probably, the most important �nding in this thesis is the discovery of this self-sustaining
cycle supported only at large scale. The natural extension of the present study is probably
to look for the nonlinear traveling waves (Wale�e, 1998, 2001, 2003; Faisst & Eckhardt, 2003;
Wedin & Kerswell, 2004) and the unstable periodic orbits (Kawahara & Kida, 2001; Jiménez
et al., 2005) embedded in this turbulent process. Also, since two similar self-sustaining process
have been found in the near-wall and outer regions, the next focus should be taken for the
structures scaled by the length scales of the logarithmic layer. The logarithmic layer has been
thought as the place where the merger and growth of hairpin vortices occur in a self-similar
way (Perry et al., 1986; Tomkins & Adrian, 2003; Adrian, 2007). However, the discovery of an
independent self-sustaining cycle in the outer regions now challenges this argument. Recalling
the self-similarity of the logarithmic region, assuming the presence of self-sustaining cycles in
this region is not a crude approximation. This idea also begins to be supported very recently
by Flores & Jiménez (2010), where the bursting process of the logarithmic-layer structures
is found. However, more evidences need to be accumulated and this remains for the future
studies.

Turbulent skin-friction drag reduction by arti�cially driven streaks
To verify the predictions of the linear theory, the ampli�cation of the linear optimal forcing
has been computed in a direct numerical simulation. As the forcing amplitude is increased, the
large amplitude streaks are clearly observed. At two di�erent Reynolds numbers Reτ = 100
and Reτ = 180, the most ampli�ed spanwise spacing is found at λz ' 2h which agrees well
with that of the large-scale streaky structures. The driven large-scale streaks are found to
attenuate the near-wall streamwise vortices with the same mechanism deserved by Schoppa
& Hussain (1998), and this results in up to 10.3% of skin-friction drag reduction. The largest
ampli�cation involving the signi�cant amount of drag reduction seems to be scaled by the
outer units. Also, the examination the control e�ciency, which was not addressed in Schoppa
& Hussain (1998), shows that the power spent by the forcing is less than 1% of the total drag.
This clearly suggests that driving large-scale streaks could be promising method to reduce the
skin friction for high Reynolds number turbulent �ows. The large ampli�cation of the streaks
found here is also applicable to many engineering situations in which the e�cient modulation
of base or mean �ows in the spanwise direction is useful to manipulate �ows.
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Appendix

1 Numerical simulations

The work of the present thesis has required to perform stability analyses, direct numerical
simulations, and large-eddy simulations of the incompressible Navier-Stokes equation. The
followings are the details of the numerical methods used for the present work. The choice has
been, where possible, to use already existing codes.

1.1 The channel �ow code
The channelflow code is used to conduct direct numerical simulations at low Reynolds num-
bers in chapter 2 and 5. The code is originally developed by J. F. Gibson (Gibson et al., 2008),
and the further details are found in http://www.channelflow.org/dokuwiki/doku.php. The
code solves the Navier-Stokes equation with the base �ow U(x2) and the rotational form of
nonlinear term:

∂ui
∂x

= 0, (1a)

∂ui
∂t

+∇q = ν
∂2ui
∂xj∂xj

−Ni +Gi, (1b)

where
Ni ≡ εijk(εjik ∂uk

∂xi
)uk + U

∂ui
∂x2

+ u2
dU

dx2
δi1, (1c)

Gi ≡ (ν
d2U

dx2
2

− dP

dx1
)δi1 + fi, (1d)

q ≡ p

ρ
+

1
2
uiui. (1e)

Here, dP/dx1 is the mean pressure gradient that drives the �ow in the channel and fi is the
body forcing term. It has been necessary to implement the body force in the code because the
feature is not available in the distributed version. For the spatial discretization, the Fourier-
Galerkin method is used for the streamwise and spanwise directions and the Chebyshev-tau
method is used for the wall-normal direction. Dealiasing is implemented in the streamwise
and spanwise directions using with the 2/3 rule. Time integration is conducted semi-implicitly
using a third-order backwards-di�erentiation time-stepping method. During the simulation,
the time step is chosen by keeping the CFL number between 0.2 and 0.4.
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1.2 The diablo code
The diablo code has been used to carry out large-eddy simulations described in chapter 4,
and it has been originally developed by T. R. Bewley and J. Taylor (Bewley et al., 2001).
This code integrates the conservative form of the �ltered Navier-Stokes equation with the the
static Smagorinsky model:

∂ui
∂x

= 0, (2a)

∂ui
∂t

+
∂uiuj
∂xj

= ν
∂2ui
∂xj∂xj

− ∂τ ij
∂xj

+
1
ρ

∂q

∂xi
, (2b)

where
q ≡ p+

1
3
τ ij , (2c)

τ ij − δij
3
τkk = −2νtSij , with νt = D(CS∆)2S. (2d)

Here, the overbar denotes the �ltering action, S = (2SijSij)1/2, ∆ = (∆1∆2∆3)1/3 is the
average length scale of the �lter and CS is the Smagorinsky constant. The van Driest damping
function D = 1 − e−(y+/A+)3 with A+ = 25 is also imposed to describe the proper physical
behavior near the wall.

The �ltered �ow variables are discretized on the staggered grid system to avoid mesh-
related instabilities. The Fourier-Galerkin method is used for the streamwise and span-
wise directions and the second-order central di�erence is used for the wall-normal direction.
Dealiasing is implemented in the streamwise and spanwise directions with the 2/3 rule. The
wall-normal coordinate is stretched using hyperbolic tangent so that the near-wall region are
su�ciently resolved. The �ltering is implicitly implemented by the numerical truncation.
Therefore, the spectral cut-o� �lter is applied to the streamwise and spanwise directions, and
the box �lter is adopted to the wall-normal direction.

Time integration is semi-implicitly conducted using the fractional step method in Kim &
Moin (1985). All the terms with the wall-normal derivative are implicitly integrated using
the second-order Crank-Nicolson method, and the rest of terms are advanced using the third-
order Runge-Kutta method. The CFL number is chosen as 0.5, which ensures the numerical
accuracy and stability.

All the numerical simulations are conducted by imposing the constant mass �ux across the
channel. The constant mass is kept by updating the desired mean pressure gradient dP/dx1

at each Runge-Kutta substep in the following manner:

dP

dx1
=

1
Lx × Lz

∫ Lz

0

∫ Lx

0
τw dxdz + κ

( 1
V

∫

V
ρu1dV −Qtarget

)
, (3)

where Qtarget is the desired mass �ux, and κ is the proportional feedback gain. By several
trial and error, the proportional gain is chosen as κ = 1.5.

2 The optimal ampli�cation

The optimal perturbations are e�ciently computed by combining the methods described in
Schmid & Henningson (2001). The wall-normal direction of the generalized Orr-Sommerfeld-
Squire system is discretized using the Chebyshev-collocation method (Weideman & Reddy,



2000) in which the di�erentiation matrices implicitly includes the boundary conditions. The
discretized eigenvalue problem is solved using the LAPACK library. The code has been validated
in the laminar case (e.g. Lauga & Cossu, 2005).

For the optimal transient growth and harmonic responses, the optimization problems
are solved by projecting the physical space solution onto SN = span{Cq̆1,Cq̆2, ..., q̆N},
where q̆1, q̆2, ..., q̆N are the eigenfunctions of the generalized Orr-Sommerfeld-Squire oper-
ator. Therefore, the general solution is constructed as

û(t) = CXa(t), (4)

where X ≡ [q̆1, q̆2, ..., q̆N ] and a = [a1, a2, ..., aN ]T is the set of the expansion coe�cients.

2.1 Optimal transient growth
The solution for any initial condition û0 is given as û(t) = CXetΛa0 where a0 is the projection
of the initial condition onto SN . Using the standard procedure, the optimization problem
(2.10) is then converted into the following eigenvalue problem:

(ρXHCHMCX−XHCHetΛ
H

MetΛCX)a0 = 0. (5)

Here, M is the weight matrix for the numerical integral in the wall-normal direction, and ρ
is the eigenvalue corresponding to the Lagrange multiplier. The maximum transient growth
G(t) is then given by the largest eigenvalue ρ in (5), and the corresponding eigenvector a0

becomes the optimal initial condition projected onto SN . The largest eigenvalue in (5) is found
using the power iteration, which signi�cantly reduces the computational cost compared with
the singular value decomposition. The code for solving this optimization problem has been
validated by Lauga & Cossu (2005), Pujals et al. (2009) and Cossu et al. (2009).

2.2 Optimal harmonic forcing
The response to harmonic forcing f̂(t) = f̌eiωf t is obtained as û(t) = CX(iωf − Λ)−1afeiωf t,
where af is the projection of f̌ onto SN . Similarly to the optimal transient growth, the
computation of the optimal harmonic response becomes the following eigenvalue problem:

(ρXHCHMCX−XHCH [(iωf − Λ)−1]HM[(iωf − Λ)−1]CX)af = 0. (6)

The optimal harmonic response Rmax is obtained as the largest eigenvalue ρ, and the corre-
sponding eigenvector af is the optimal harmonic forcing projected onto SN . The eigenvalue
problem (6) is also solved using the power iteration. The code for this case has also been de-
veloped priori to this thesis, but it has been validated in this thesis by comparing the results
of Reddy & Henningson (1993).

2.3 Stochastic forcing
The stochastic responses are computed by directly solving the dual algebraic Lyapunov equa-
tions with the discretized operators:

AX∞ + X∞A† + BB† = 0, (7a)

A†Y∞ + Y∞A + C†C = 0. (7b)
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The solutions of these algebraic Lyapunov equations are solved using the lyap function
in matlab. The adjoint operators are de�ned with the standard inner product (û, v̂) =∫ h
−h ûH v̂dy, and they are given as follows:

A† =
[

∆−1LOS† iβU ′

0 LSQ†
]
, B† =



−iαD∆−1 −iβ
−ik2∆−1 0
−iβD∆−1 iα


 , (8a)

C† =
1
k2

[
iαD k2 iβD
iβ 0 −iα

]
,

with
LOS† = iαU∆ + 2iαU ′D + νT∆2 + 2ν ′T∆D + νT ”(D2 + k2), (8b)
LSQ† = iαU + νT∆ + ν ′TD. (8c)

The code for computing the stochastic response has been entirely developed and validated
by the author. In particular, the results have been validated by comparing with the ones of
Jovanovi¢ & Bamieh (2005).

3 Stability of �nite amplitude streaks

3.1 Two-dimensional eddy-viscosity simulation
A two-dimensional eddy-viscosity simulation code has been written by the author to compute
the �nite amplitude streaks used as base �ow in chapter 3. The code solves the incompressible
Reynolds-averaged Navier-Stokes equation with the eddy viscosity dependent only on wall-
normal direction, and it is written in the following form of wall-normal velocity and vorticity:

∂

∂t

( ∂2u2

∂xk∂xk

)
= hv +

∂2

∂xk∂xk

( ∂

∂xj
νT

(∂u2

∂xj
+
∂uj
∂x2

))
, (9a)

∂ω2

∂t
= hωy + νT

∂2ω2

∂xj∂xj
+
∂νT
∂x2

∂ω2

∂x2
, (9b)

where
hv =

( ∂2

∂x1∂x1
+

∂2

∂x3∂x3

)
H2 − ∂

∂x2

(∂H1

∂x1
+
∂H3

∂x3

)
, (9c)

hωy =
∂H1

∂x3
− ∂H3

∂x1
(9d)

with
Hi = εijkεijkUjωk + ujΩk + εijkujωk. (9e)

Here, ui the perturbation velocity, ωi the perturbation vorticity, Ui = (U(y), 0, 0) the base �ow
and Ωi is the vorticity related to base �ow. The spatial discretization of (9) is conducted using
the Fourier-Galerkin method for the streamwise and spanwise directions and the Chebyshev-
collocation method for the wall-normal direction. Dealiasing is implemented in the streamwise
and spanwise directions with the 3/2 rule. Time-integration is performed using the third-
order Runge-Kutta method. The code is carefully validated in the laminar case (νT = ν)
by comparing the results with those by the channelflow code and it also shows very good
agreement with the results in Reddy et al. (1998).



3.2 Stability of the streaks
The stability of the nonlinearly developed streaks is studied using the code developed in
Cossu & Brandt (2004). The code computes the temporal eigenvalue ω of the following lin-
earized Navier-Stokes equation for the perturbation (û(y, z), v̂(y, z), ŵ(y, z))ei(αx−ωt) around
the streaky base �ow (U(y, z), 0, 0):

(−iω + iαU)∇2v̂ + iα(Uzz − Uyy + 2Uz∂z)v̂ − 2iα(Uz∂y + Uyz)ŵ (10a)
−νT∇4v̂ − 2ν ′T∇2∂y + νT ”(∇2 − 2∂2

y)v̂ = 0,

(−iω + iαU)η̂ + (Uy∂z + Uyz − Uz∂y)v̂ + Uzzŵ − (νT∇2 + ν ′T∂y)η̂ = 0, (10b)
(α2 − ∂2

z )ŵ = iαη + ∂y∂z v̂, (10c)
where ∇2 = ∂2

y +∂2
z −α2, v̂ the wall-normal velocity, and η̂ is the wall-normal vorticity. If the

streaky base �ow is periodic in the spanwise direction, the Floquet theory is applied to (10).
Then, the following expansion is admitted with the periodicity λz = 2π/β0 of the base �ow
for the fundamental varicose mode:

v̂(y, z) =
Nz∑

n=0

ṽn(y) cosnβ0z, η̂(y, z) =
Nz∑

n=0

η̃n(y) sinnβ0z. (11)

Similarly, the fundamental sinuous mode is expanded as

v̂(y, z) =
Nz∑

n=0

ṽn(y) sinnβ0z, η̂(y, z) =
Nz∑

n=0

η̃n(y) cosnβ0z. (12)

For the subharmonic case, the same consideration is applicable, but the spanwise periodicity
of the disturbances should be twice that of base �ow. Therefore, the subharmonic varicose
mode is written as

v̂(y, z) =
Nz∑

n=0

ṽn(y) cos
(n+ 1

2

)
β0z, η̂(y, z) =

Nz∑

n=0

η̃n(y) sin
(n+ 1

2

)
β0z, (13)

while the sinuous mode becomes as

v̂(y, z) =
Nz∑

n=0

ṽn(y) sin
(n+ 1

2

)
β0z, η̂(y, z) =

Nz∑

n=0

η̃n(y) cos
(n+ 1

2

)
β0z. (14)

In order to solve the temporal eigenvalue problem (10) numerically, the Chebyshev series
expansion is used for the wall-normal direction. Also, the terms requiring convolution in the
spanwise spectral space are computed in the physical space. Finally, the resulting matrix
eigenvalue problem is solved using ARPACK library, which implements the implicitly restarted
Arnoldi method.
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We compute the optimal response of the turbulent Couette mean flow to initial
conditions, harmonic and stochastic forcing at Re =750. The equations for the
coherent perturbations are linearized near the turbulent mean flow and include
the associated eddy viscosity. The mean flow is found to be linearly stable but it has
the potential to amplify steamwise streaks from streamwise vortices. The most
amplified structures are streamwise uniform and the largest amplifications of the
energy of initial conditions and of the variance of stochastic forcing are realized
by large-scale streaks having spanwise wavelengths of 4.4h and 5.2h respectively.
These spanwise scales compare well with the ones of the coherent large-scale streaks
observed in experimental realizations and direct numerical simulations of the turbulent
Couette flow. The optimal response to the harmonic forcing, related to the sensitivity
to boundary conditions and artificial forcing, can be very large and is obtained with
steady forcing of structures with larger spanwise wavelength (7.7h). The optimal
large-scale streaks are furthermore found proportional to the mean turbulent profile
in the viscous sublayer and up to the buffer layer.

Key words: large-scale structures, optimal perturbations, streaks, turbulent flows

1. Introduction
Streamwise streaks, i.e. narrow regions where the streamwise velocity is larger or

smaller than the average, are ubiquitous in wall-bounded turbulent flows. Kline et al.
(1967) observed them in the near-wall region of turbulent boundary layers where they
have a characteristic spanwise spacing of about one hundred wall units (Moin & Kim
1982; Smith & Metzler 1983). These streaks are now understood as a part of self-
sustained processes playing a key role in the production of near-wall turbulence and
skin friction (Jang, Benney & Gran 1986; Jiménez & Moin 1991; Hamilton, Kim &
Waleffe 1995; Waleffe 1995; Schoppa & Hussain 2002). Further investigations have
revealed the existence of coherent large-scale streaks extending in the outer layer and
scaling with outer units. The turbulent Couette flow is one of the first cases where
these large-scale streaks have been observed. Lee & Kim (1991) found large-scale
quasi-steady coherent streaks in the direct numerical simulation (DNS) of the fully

† Email address for correspondence: carlo.cossu@ladhyx.polytechnique.fr
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developed turbulent Couette flow at Re = 3000 (where Re is based on the channel
half-width h and half of the velocity difference between the walls). These streaks, of
spanwise wavelength λz ≈ 4h, occupied half of the spanwise size (Lz =8πh/3) of the
computational domain and its whole streamwise extension (Lx = 4πh). The existence
of these large-scale streaks was then confirmed by the experiments of Tillmark &
Alfredsson (1994). In order to understand whether the characteristics of these large-
scale structures were affected by the size of the computational box, Komminaho,
Lundbladh & Johansson (1996) repeated the computations in a large domain
(Lx = 28π/h and Lz =8πh) at Re = 750. They found large-scale coherent streaks
with the same spanwise wavelength ( ≈ 4 h) of those of Lee & Kim (1991) but more
unsteady and extending more than 30h in the streamwise direction. They also found
that resolving these large-scale structures is essential to obtain accurate turbulent
statistics. Kitoh, Nakabayashi & Nishimura (2005), Tsukahara, Kawamura & Shingai
(2006), Tsukahara, Iwamoto & Kawamura (2007) and Kitoh & Umeki (2008) also
found large-scale streaky structures at higher Reynolds numbers with typical size
λz ≈ 4.2h–5h. Large-scale coherent streaks have also been observed in the turbulent

pipe (Kim & Adrian 1999), in the turbulent plane Poiseuille flow (del Álamo &
Jiménez 2003) and in the turbulent boundary layer (Tomkins & Adrian 2003, 2005;
Hutchins & Marusic 2007a). At high Reynolds numbers, these large-scale structures
dominate the streamwise turbulent kinetic energy throughout the logarithmic region
(Tomkins & Adrian 2003, 2005), and modulate the cycles of near-wall structures
(Hutchins & Marusic 2007b).

In free shear layers, the appearance of large-scale coherent structures has been
related to the linear inflectional instability of the turbulent mean profile (Ho &
Huerre 1984). This explanation is, however, not applicable to the large-scale coherent
streaks observed in wall-bounded turbulent shear flows, such as the Couette, Poiseuille
and boundary layer flows, because the mean velocity profiles of these flows are all
linearly stable. For all these flows, the related mechanism observed in the laminar case
is the ‘lift-up’ effect (Moffatt 1967; Ellingsen & Palm 1975; Landahl 1980, 1990), by
which low-energy streamwise vortices are converted into high-energy streaks in the
presence of shear. The growth of the streaks by lift-up is algebraic and unbounded in
inviscid flows, but is only transient in viscous flows (Gustavsson 1991). The streaks
transient growth is related to the non-normality of the Navier–Stokes operator and
can be maximized by using optimal vortices as initial conditions (see e.g. Trefethen
et al. 1993; Farrell & Ioannou 1996; Schmid & Henningson 2001). Streaks of large
enough amplitude undergo inflectional instabilities (Waleffe 1995; Reddy et al. 1998;
Andersson et al. 2001) playing a crucial role in subcritical transition to turbulence. The
optimal perturbations leading to the largest growth of streaks have been computed for
virtually all canonical laminar shear flows such as the Couette, Poiseuille or Blasius
solutions (Butler & Farrell 1992; Reddy & Henningson 1993; Trefethen et al. 1993;
Schmid & Henningson 1994).

Butler & Farrell (1993) transposed the computation of optimal perturbations to
turbulent flows using the turbulent mean flow profile as base flow and the molecular
viscosity in the equations for the perturbations. For the turbulent Poiseuille flow, they
found an optimal spanwise wavelength λz = 3h close to the one found in the laminar
case. They were able to retrieve the optimal spanwise wavelength λ+

z ≈ 100 typical
of the near-wall streaks by constraining the optimization time to an appropriate
value. The use of the molecular viscosity and the subsequent necessary enforcement
of characteristic time scales also appear in the investigations of the response to
stochastic forcing by Farrell & Ioannou (1993a, 1998). Later, del Álamo & Jiménez
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(2006) and Pujals et al. (2009) have recomputed the optimal growths sustained by
the turbulent Poiseuille flow including an effective turbulent viscosity in the linearized
equation according to the approach used by Reynolds & Hussain (1972). Without
any additional constraint on the optimization time, they find that at sufficiently high
Reynolds numbers two locally optimal spanwise wavelengths exist respectively scaling
with outer and inner units. The maximum growth was obtained for λz = 4 h, in good
agreement with the observations of large-scale streaks. The secondary maximum of
the growth was found to scale in inner units and it was reached for λ+

z =92, which
corresponds well to the spanwise spacing of the near-wall streaks. These findings
suggest that a strong relation exists between the large-scale streaks patterns selected
by the optimal transient energy growth and those observed in turbulent wall-bounded
shear flows. Considering turbulent boundary layer profiles, Cossu, Pujals & Depardon
(2009) have also found the two peaks of energy amplification respectively related to
near-wall and large-scale streaks. However, in that case the spanwise wavelength
optimizing the energy growth of large-scale streaks was found to be larger than the
one of the large-scale coherent streaks actually observed.

No investigation of the optimal energy amplifications sustained by the turbulent
Couette flow is currently available, even if the presence of large-scale coherent
streaks with a spanwise spacing of 4h–5h is a well-established feature of this flow.
Furthermore, del Álamo & Jiménez (2006), Cossu et al. (2009) and Pujals et al.
(2009) have only considered the optimal temporal energy growth whereas the optimal
response to harmonic and stochastic forcing may be equally relevant and their
computation is now routine for the canonical laminar flows (Farrell & Ioannou
1993a ,b; Bamieh & Dahleh 2001; Jovanović & Bamieh 2005; Fontane, Brancher &
Fabre 2008). In this respect, some relevant questions are still unanswered: What are
the streamwise and spanwise scales most amplified by the turbulent Couette flow in
the initial value and in the harmonic and stochastic forcing problems? How do they
compare between them and with analogous results found in laminar flows? What
is the shape of the corresponding optimal perturbations? How do these structures
relate to the large-scale coherent structures observed in experiments and DNS?
Do their spanwise scales relate well to the most energetic ones, as found in the
turbulent Poiseuille flow, or are they larger, as found in the turbulent boundary
layer?

In order to answer these questions, we have conducted an input–output analysis
of the turbulent Couette mean flow by considering its optimal response to an initial
condition and to harmonic forcing, and its response to stochastic forcing. In the latter
case, the structures that contribute most to the variance of the response have also
been computed. The turbulent mean flow is computed by DNS. Our results have been
obtained at the low Reynolds number Re = 750 corresponding to Reτ ≈ 52, which is
a well-documented case with respect to both the large scale structures characteristics
and the convergence of the mean profile with respect to the size of the computational
box. Well converged, but less documented, results from DNS are currently only
available for Reτ � 200, which is well below the regime (Reτ � 500 according to
Pujals et al. 2009) where the primary and secondary peaks begin to be well separated
and where well-defined asymptotic scalings in Reτ can be obtained. There is therefore
not great advantage in considering slightly larger Reynolds numbers.

The paper is organized as follows: In § 2, we briefly introduce the mathematical
problem to be solved and describe the tools used to numerically solve it. The main
results are reported and compared with previous findings in § 3. A summary of the
main findings and a discussion of their implications are given in § 4.
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2. Background
2.1. Turbulent mean flow and eddy viscosity

We consider the plane Couette flow of a viscous fluid of kinematic viscosity ν and
constant density ρ between two parallel plates located at y = ±h, where we denote
by x, y and z the streamwise, wall-normal and spanwise coordinates respectively.
The plates move in opposite directions with velocity (±Uw, 0, 0). For sufficiently high
values of the Reynolds number Re =hUw/ν, the flow is turbulent. DNS is used to
compute the turbulent mean velocity profile U (y) that is obtained by averaging the
instantaneous fields in space (over horizontal planes in the computational box) and
in time. Once that U (y) is known, it is straightforward to compute the mean shear
stress at the wall τw/ρ = νdU/dy|w , the friction velocity uτ =

√
τw/ρ and the friction

Reynolds number Reτ = uτh/ν. Since the mean pressure gradient is zero in the Couette
flow, the mean shear stress τ = −ρu′v′ +ρνdU/dy (where u′ and v′ are the streamwise
and the wall-normal velocity fluctuations, respectively) is constant and equal to its
value at the wall τw . By introducing the eddy viscosity νt (y) = −u′v′/(dU/dy), it is
found that [

νt (y)

ν
+ 1

]
d(U/uτ )

d(y/h)
= Reτ . (2.1)

The (total) effective viscosity is then defined as νT = νt + ν.

2.2. Generalized Orr–Sommerfeld–Squire equations

Following the approach of Reynolds & Hussain (1972), del Álamo & Jiménez (2006),
Cossu et al. (2009) and Pujals et al. (2009), we consider the linearized equations
satisfied by small coherent perturbations in the presence of the associated effective
viscosity νT (y):

∇ · u = 0, (2.2a)

∂u
∂t

+ ∇u · U + ∇U · u = − 1

ρ
∇p + ∇ · [νT (∇u + ∇uT )] + f , (2.2b)

where U = (U, 0, 0) and u = (u, v, w) are the mean and the perturbation velocities
respectively, p is the perturbation pressure and f = (fu, fv, fw) is a forcing term. The
streamwise and spanwise homogeneity of the problem allow to consider separately

each in-plane Fourier mode û(y, t; α, β)ei(αx+βz) and f̂ (y, t; α, β)ei(αx+βz), where α

and β are the streamwise and spanwise wavenumbers respectively. The following
generalized Orr–Sommerfeld–Squire system is obtained from (2.2):

∂

∂t

[
v̂

η̂

]
=

[
	−1LOS 0

−iβU ′ LSQ

]
︸ ︷︷ ︸

A

[
v̂

η̂

]

+

[
−iα	−1D −k2	−1 −iβ	−1D

iβ 0 −iα

]
︸ ︷︷ ︸

B

⎡
⎢⎢⎣

f̂u

f̂v

f̂w

⎤
⎥⎥⎦ , (2.3a)

with the generalized Orr–Sommerfeld–Squire operators, given by (e.g. Reynolds &
Hussain 1972; Cossu et al. 2009; Pujals et al. 2009):

LOS = −iα(U	 − U ′′) + νT 	2 + 2ν ′
T 	D + ν ′′

T (D2 + k2),

LSQ = −iαU + νT 	 + ν ′
T D. (2.3b)
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Here, D and ′ denote ∂/∂y, 	= D2 − k2, k2 = α2 + β2 and η̂ is the wall-normal
vorticity Fourier mode. The system is completed by the initial condition û|t = 0 = û0

and homogeneous boundary conditions for the velocity perturbations on the walls,
which result in v̂(y = ±h) = 0, Dv̂(±h) = 0 and η̂(±h) = 0. The velocity components
can be retrieved from the wall-normal variables with⎡

⎢⎣
û

v̂

ŵ

⎤
⎥⎦ =

1

k2

⎡
⎢⎣

iαD −iβ

k2 0

iβD iα

⎤
⎥⎦

︸ ︷︷ ︸
C

[
v̂

η̂

]
. (2.4)

2.3. Optimal perturbations

We consider the optimal response of the system (2.3) to initial conditions, harmonic
forcing and stochastic forcing. The definition of these optimals, briefly recalled below,
is quite standard and can be found, for example, in the monographs by Farrell &
Ioannou (1996) and Schmid & Henningson (2001). The optimal temporal energy
growth of (α, β) modes is found by optimizing over the shape of the initial condition
the ratio of the energy of the response at a given time t to the energy of the initial
condition:

G(t; α, β) ≡ max
û0 �=0

‖û(t; α, β)‖2

‖û0(α, β)‖2
, (2.5)

where ‖û‖2 =
∫ h

−h
ûH û dy =

∫ h

−h
|û|2+|v̂|2+|ŵ|2dy. The maximum growth is defined by

further maximizing in time Gmax(α, β) ≡ maxt G(t; α, β) and it is attained at t = tmax .

When harmonic forcing f̂ (y, t) = f̃ (y)e−iωf t is applied with frequency ωf , the
response û(y, t) = ũ(y)e−iωf t is observed after the switch-on transients have decayed,
assuming that the system is stable. In this case, the optimal response is the one
having the maximum ratio of the energy of the response to the energy of the
forcing:

R(ωf ; α, β) = max
f̃ �=0

‖ũ(ωf ; α, β)‖2

‖ f̃ (ωf ; α, β)‖2
. (2.6)

The optimal response R(ωf ) is given by the norm of the resolvent operator along
the imaginary axis ζ = − iωf (e.g. Trefethen et al. 1993). The maximum response
Rmax(α, β) = maxωf

R(ωf ; α, β) is obtained with ωf,max , and is also referred to as H∞
norm of the transfer function relating the forcing to the response (Zhou, Doyle &
Glover 1996).

The response to the stochastic forcing f̂ (t, y) ei(αx+βz) with Gaussian probability

distribution and zero mean value 〈 f̂ 〉 = 0 is finally considered. The forcing is assumed

to be delta-correlated in time: 〈 f̂ (y, t)⊗ f̂ ∗(y ′, t ′)〉 = Rδ(t−t ′) where ∗ denotes complex
conjugation and δ(t) is the Dirac’s delta function. We also assume, without loss of
generality, that R = I . The variance of the response, V (α, β) = 〈‖û‖2〉, also referred
to as H2 norm of the transfer function relating the forcing to the output (Zhou et al.
1996), is given by

V (α, β) = trace(C X∞C†), (2.7)

where the superscript † denotes the adjoint with respect to the standard inner product
(after discretization C† would simply be the Hermitian of C). X∞ is the solution of
the following algebraic Lyapunov equation:

AX∞ + X∞ A† + B B† = 0. (2.8)
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Since C X∞C† is a self-adjoint operator, it has real eigenvalues σj and a set of mutually
orthogonal eigenfunctions that are usually referred to as ‘empirical orthogonal
functions’ (EOF) or Karhunen–Loève (KL) or ‘proper orthogonal decomposition’
(POD) modes. The variance being V =

∑
σj , the ratio σj/V represents the

contribution of the j th mode to the (total) variance. The mode corresponding to
the largest σj is the optimal one in the sense that it contributes most to the total
variance of the system. The part of the stochastic forcing accounting for that optimal
mode is computed by solving the dual Lyapunov problem. For further details, the
interested reader is referred to the papers by Farrell & Ioannou (1993a,b), Zhou et al.
(1996), Bamieh & Dahleh (2001) and Jovanović & Bamieh (2005) and Schmid (2007).

2.4. Numerical tools

The DNS of the turbulent channel flow, necessary to compute the mean flow, has been
performed using the channelflow code (Gibson, Halcrow & Cvitanovic 2008) that
integrates the incompressible Navier–Stokes equation using a spectral method based
on the Fourier–Galerkin discretization in the streamwise and spanwise directions,
and the Chebyshev-tau discretization in the wall-normal direction. The solution is
advanced in time using a third-order semi-implicit time-stepping. Dealiasing with the
2/3 rule is implemented in the streamwise and spanwise directions.

The generalized Orr–Sommerfeld–Squire system (2.3) is discretized using a
Chebyshev-collocation method with Ny collocation points in the wall-normal
direction. The differentiation operators are discretized using the Chebyshev
differentiation matrices of Weideman & Reddy (2000) that include the appropriate
boundary conditions for v̂ and η̂. The optimal transient growth and the
optimal harmonic response are computed using standard methods described, for
example, in Schmid & Henningson (2001) which are implemented in the well
validated code used in the channel and boundary layer computations of Pujals
et al. (2009) and Cossu et al. (2009). The Lyapunov equation (2.8), discretized by the
same method, was solved using the lyap function in matlab. The algorithms used
to compute the optimal harmonic and stochastic responses have been validated by
comparing the results obtained for laminar Couette and Poiseulle flows with those of
Reddy & Henningson (1993), Schmid & Henningson (2001) and Jovanović & Bamieh
(2005). The results in the present study are obtained with Ny = 257. We have verified,
for some selected case, that the results do not change in any appreciable way if the
number of collocation points is doubled to Ny = 513.

3. Results
3.1. Turbulent mean flow and the Reynolds stress

The turbulent mean flow and the associated Reynolds shear stress computed by
DNS at Re = 750 are reported in figure 1. To obtain well-converged results we have
used the same computational box (Lx × Ly × Lz = 28πh × 2h × 8πh) and resolution
(Nx × Ny × Nz = 340 × 55 × 170 after dealiasing) used by Komminaho et al. (1996).
The turbulent flow is allowed to develop up to t = 800h/Uw and then the mean
quantities are obtained by averaging in the symmetric horizontal planes ±y and
in time for t ∈ [800, 1500]h/Uw . Reτ converges to the same Reτ = 52 found by
Komminaho et al. (1996) and shows also good agreement with the experimental
value Reτ = 50 reported by Kitoh et al. (2005). The mean shear rate at the centreline
d(U/Uw)/d(y/h)|y =0 = 0.1865 is also in good accordance with the 0.18 value found
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Figure 1. Turbulent mean velocity profile and shear stress from DNS. (a) Mean velocity
profile expressed in outer units: present DNS ( ) compared with the profiles found
by Komminaho et al. (1996) ( ) and Tsukahara et al. (2006) ( ); the curves are
almost undistinguishable. (b) Same profile from the DNS ( ) expressed in inner units
U+ ≡ (U + Uw)/uτ and y+ = (y + h)uτ /ν and compared to the curves U+ = y+ ( ) and
U+ = (1/0.4) log y++4.5 ( ). (c) Turbulent mean shear stress −u′v′/uτ

2 from the present
DNS ( ) and from the data of Komminaho et al. (1996) ( ) and Tsukahara et al.
(2006) ( ); the curves are almost undistinguishable.

by Komminaho et al. (1996) and the experimental value of 0.2 (Tillmark 1995; Kitoh
et al. 2005). As shown in figure 1, the computed mean flow and the associated
Reynolds shear stress are almost undistinguishable from from the ones computed by
Komminaho et al. (1996) and by Tsukahara et al. (2006).

3.2. Optimal response to initial conditions, harmonic and stochastic forcing

As a preliminary step, the eigenvalues of the Orr–Sommerfeld–Squire operator
equation (2.3) have been computed and found to be stable. The optimal response to
initial condition, harmonic and stochastic forcing have then been computed for a set
of wavenumbers α and β ranging from 0 to 5/h and from 0 to 20/h respectively. The
optimal temporal energy growths G(t, α, β) are computed up to t =100h/Uw with
the resolution 	t = 0.05h/Uw allowing the extraction of the respective Gmax(α, β)
reported in figure 2. Only elongated structures, roughly the ones with α <β , are
significantly amplified, the most amplified ones being streamwise uniform (α =0
i.e. λx = ∞). The energy growths Gmax are not very large, attaining a maximum
value of 6.49. For streamwise uniform perturbations, the most amplified spanwise
wavenumber is β = 1.43/h corresponding to the spanwise wavelength λz =4.4h. As
α increases, the most amplified β slightly increases: e.g. β =1.46/h (λz = 4.3h) for
α = 0.1/h (λx = 63h), β = 1.57/h (λz =4.0h) for α = 0.25/h (λx = 25h) and β = 1.75/h

(λz =3.6h) for α =0.5/h (λx = 12.5h).
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Figure 2. Dependence of the maximum temporal energy growth Gmax on the dimensionless
spanwise wavenumber βh for selected streamwise wavenumbers (top to bottom: αh =
0, 0.1, 0.25, 0.5, 1, 2).
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Figure 3. (a) Dependence of the maximum energy amplification of harmonic forcing Rmax on
the dimensionless spanwise wavenumber βh for selected streamwise wavenumbers α (top to
bottom: αh = 0, 0.1, 0.25, 0.5, 1, 2). (b) Dependence of the optimal energy amplification R on
the dimensionless harmonic forcing frequency ωf h/Uw for the optimal wavenumbers (α = 0,
βh =0.82).

The optimal response to harmonic forcing R(ωf , α, β) is computed for the same
set of wavenumbers. A set of forcing frequencies ωf ranging from −10Uw/h to
10Uw/h with resolution 	ωf = 0.1Uw/h is considered, and the maximum response
Rmax(α, β) extracted from these data is reported in figure 3(a). Similarly to the
optimal transient growth, only elongated structures are appreciably amplified. For
streamwise uniform structures, the largest response (Rmax = 40269) is obtained for
β = 0.82/h (corresponding to λz = 7.7h). The dependence of the optimal response on
the forcing frequency is shown in figure 3(a) for the most amplified wavenumbers
(α = 0, β = 0.82/h). From this figure it is seen that the largest response is obtained
when the forcing is steady (ωf,max =0) and that the frequency response is strongly
concentrated near ωf =0. This indicates that the system behaves like a strongly
selective low-pass frequency filter.

Finally, the variance V (α, β) of the response maintained by the stochastic forcing
is computed, always for the same set of wavenumbers and it is shown in figure 4(a).
The selection of elongated structures appears also in this case. The maximum
amplification of the variance (V =377) is obtained with streamwise uniform structures
and the spanwise wavenumber β =1.21/h (corresponding to λzmax = 5.2h). The
structures with the largest contribution to the variance are then identified using the
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Optimal λz/h

Flow Gmax Rmax V Re

Turbulent Couette 4.4(∗) 7.7(∗) 5.2(∗) 750
Laminar Couette 3.9(a) 5.3(a) 4.5(b) Re � 1
Turbulent Poiseulle 4.0(c) − − Re � 1
Laminar Poiseulle 3.1(a) 3.9(a) 3.5(b) Re � 1

Table 1. Optimal spanwise wavenumbers of the maximum responses to initial perturbation,
harmonic forcing, and stochastic excitation. Results from: (*) the present investigation,
(a) Trefethen et al. (1993), (b) Jovanović & Bamieh (2005) and (c) Pujals et al. (2009).
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Figure 4. (a) Dependence of the variance V of the response to stochastic forcing on the
dimensionless spanwise wavenumber βh for selected streamwise wavenumbers α (same values
as in figures 2 and 3: top to bottom αh = 0, 0.1, 0.25, 0.5, 1, 2). (b) Contribution of the leading
20 Karhunen–Loève modes to the total variance.

Karhunen–Loève decomposition. The twenty largest ratios σj/V , representing the
contribution of the j th mode to the total variance, are reported in figure 4(b) for
the wavenumbers associated to the largest variance (α = 0, β = 1.21/h). We find that
the most energetic mode contributes to 85 % of the total maintained energy variance,
implying that a unique coherent structure strongly dominates the stochastic response
in this case.

3.3. Comparison with previous results

The fact that for all the three types of response, the maximum energy amplification
is obtained by streamwise uniform structures (α = 0) is in accordance with the similar
analyses of other turbulent and laminar flows except possibly only the maximum
temporal growth of the laminar Couette flow that is obtained with perturbations
non-streamwise uniform, but having a very large streamwise wavelength (λx = 180h).
The most amplified spanwise wavelength is not the same for the different types
of problem: The largest (λz =7.7h) is found for the harmonic forcing whereas the
shortest (λz = 4.4h) is found for the initial value problem, the stochastic forcing
one being located in between (λz = 5.2h). The same ordering of spanwise optimal
wavelengths is observed for the laminar Couette and Poiseuille flows (see table 1).
Moreover, the spanwise wavelength maximizing Gmax in the turbulent Couette case is
slightly larger than the one found for the laminar case. This is also in accordance with
what is observed, for example, for the turbulent Poiseuille flow (as reported in table 1).

At the very low Reynolds number considered here (Reτ =52), the small temporal
energy growths that we find (Gmax � 6.5) are not surprising if compared, for example,
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Figure 5. Cross-stream (y–z plane) view of the optimal input (a, c, e) and output (b, d, f )
perturbation fields of the initial value problem (a, b), the response to harmonic (c, d)
and stochastic (e, f ) forcing problems. Each field corresponds to the respective optimal
wavenumbers α = 0 and βh =1.43 (λz = 4.4h) for the initial value problem βh =0.82 (λz = 7.7h)
for the response to harmonic forcing, and βh =1.21 (λz = 5.2h) for the response to stochastic
forcing. In all the plots the solid and dashed contours denote respectively positive and negative
values of the streamwise component (with increment of 0.1 the maximum value of the output)
while the cross-stream components are represented as vectors (same scales in input and output
plots).

to the turbulent Poiseulle flow case where a maximum growth of the order of 10 is
observed for Reτ = 500 (Pujals et al. 2009). The low Reynolds number also explains
that the Gmax curves do not show any sign of the secondary peak associated with
near-wall structures with λ+

z ≈ 90 − 100, contrary to what is found by del Álamo &
Jiménez (2006) and Pujals et al. (2009) for the plane Poiseuille flow. In these studies,
the secondary peak appeared separated from the primary peak only for sufficiently
large Reynolds numbers (typically Reτ larger than ≈ 500), i.e. when the inner and
outer scales are sufficiently separated. The two scales are not separated in the present
case (Reτ = 52) where the expected inner peak value λ+

z ≈ 100 corresponds to λz ≈ 2h,
which is well in the range of the primary peak.

3.4. Spatial structure of the optimal input and output perturbations

The optimal inputs and outputs respectively associated to the maximum energy
amplification in time and to the maximum response to harmonic and stochastic
forcing are shown in figure 5. The optimals displayed are all uniform in the streamwise
direction but their spanwise wavelength is not the same. The physical meaning of
each input or output is also different. For the case of the optimal temporal energy
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growth the input (figure 5a) is the optimal initial condition (it is a velocity field) given
at t = 0 and the optimal output (figure 5b) is the velocity field of maximum energy
obtained at tmax (here tmax = 22.8h/Uw). For the harmonic forcing problem, the input
(figure 5c) is the optimal harmonic forcing term f while the output (figure 5d ) is the
velocity field of the corresponding harmonic response at the same frequency in the
permanent regime. As here the optimal frequency is ωf = 0, only a plot of the input
and of the output is needed, as they do not change in time. Finally, for the stochastic
forcing problem, the optimal input (figure 5e) and output (figure 5f ) are respectively
the forcing term and the associated response corresponding to the most energetic
Karhunen–Loève mode representing 85 % of total variance of the stochastically
forced system. What is however similar in these three different cases is that for all
the considered outputs most of the energy lies in the streamwise velocity component
while for all the input fields most of the energy is in the cross-stream components.
This implies that the dominant physical mechanism at work in the three cases is
the lift-up effect by which streamwise vortices efficiently induce streamwise streaks.
This is also in accordance with previous results such as, e.g. the ones of Gustavsson
(1991) and Butler & Farrell (1992) for the optimal temporal response, Trefethen et al.
(1993) and Reddy & Henningson (1993) for the optimal harmonic response (including
complex frequencies) and Farrell & Ioannou (1993b) and Jovanović & Bamieh (2005)
for the optimal stochastic response of laminar channel flows (see also e.g. Schmid &
Henningson 2001; Schmid 2007, for a review), and the results of del Álamo & Jiménez
(2006) and Pujals et al. (2009) for the optimal temporal response of the turbulent
Poiseuille flow.

The wall-normal Fourier components (v̂ and f̂ v) of the optimal inputs and the
streamwise Fourier component (û) of the optimal outputs shown in figure 5 are
reported in figures 6(a) and 6(b) respectively. The wall-normal components of
the optimal inputs have almost the same shape (figure 6a). The streak shapes
of the corresponding optimal outputs show two maxima at y/h = ±0.72 for the
optimal temporal response, y/h= ±0.68 for the leading KL mode while the streaks
corresponding to the (deterministic) harmonic forcing are almost uniform in the bulk
region (|y/h| � 0.5).

In the case of the turbulent Poiseuille and boundary layer flows, Pujals et al. (2009)
and Cossu et al. (2009) have found that the optimal streaks (output) of the initial
value problem are proportional to the mean velocity profile U+(y+) in the near-wall
region up to the overlap region (y+ � 100) for large Reynolds numbers (typically
larger than Reτ = 500 for the turbulent Poiseuille flow). In the present study, this
extension to the outer layer cannot be observed due to the low Reynolds number
considered here Reτ =52 (the channel centreline corresponds to y+ = 52). We anyway
replot in inner units (in figure 6c) the profile of the optimal streaks of the temporal
problem but also those of the harmonic and stochastic forcing problems already
reported in figure 6(b). All the optimal output streaks profiles are proportional to the
mean velocity profile U up to the buffer layer (y+ � 8 − 10). This partially extends
to the optimal large-scale streaks of the forced problems the similitude observed for
optimal large-scale streaks of the initial value problem.

4. Summary and discussion
In the present study, we have computed the optimal energy amplifications of

coherent structures sustained by the turbulent Couette mean flow at Re = 750. The
turbulent mean flow has been obtained by DNS and the dynamics of the coherent
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Figure 6. Wall-normal dependence of (a) the wall-normal Fourier component v̂(y/h), f̂y(y/h)
corresponding to the optimal input fields (figure 5a,c,e) and of (b) the streamwise Fourier
component û(y/h) corresponding to the optimal output velocity fields (figure 5b,d,f ). (c) Same
as in (a) but in wall units: Cû+(y+) with the constant C chosen so as to match the mean
velocity field U+(y+) reported in the same figure ( ). In (a) and (b), the maximum values
have been normalized to 1 to allow for comparison. Data from the initial value problem
( ) and from the stochastic ( ) and harmonic ( ) forcing problems.

perturbations has been modelled with the Orr–Sommerfeld–Squire system generalized
to include the variable eddy viscosity following Reynolds & Hussain (1972), del
Álamo & Jiménez (2006), Pujals et al. (2009) and Cossu et al. (2009). The main
results are as follows:

(a) The computed turbulent mean flow at Re = 750 is well converged for averaging
times of the order of 700h/Uw where it displays Reτ = 52. The mean velocity profile
and the associated turbulent shear stress show good agreement with previous results
of Komminaho et al. (1996) and Kitoh et al. (2005).

(b) The turbulent mean flow is asymptotically stable (it has stable eigenvalues).
(c) The maximum temporal energy growth is small (less than 6.5 at this low

Reynolds number) but the responses to the external forcing are larger. The energy
amplification of the optimal deterministic forcing is two orders of magnitude larger
than the maximum amplification of the variance induced by stochastic forcing.

(d) In the case of stochastic forcing with the wavenumbers inducing maximum
variance, almost 85 % of the variance is due to the first Karhunen–Loève mode.

(e) Only structures elongated in the streamwise direction are significantly amplified,
and the most amplified ones are streamwise uniform (α = 0, λx = ∞).

(f) For streamwise uniform perturbations, the spanwise wavelength maximizing
the temporal energy growth is λz = 4.4h, the one maximizing the amplification of
the variance of stochastic forcing is λz =5.2h while the maximum amplification of
harmonic forcing is obtained for the larger spanwise wavelength λz = 7.7h and with
steady forcing (ωf = 0).
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(g) For all the three types of input–output problems, the optimal output velocity
fields have a dominant streamwise component (streaks) while the input has dominant
cross-stream components (streamwise vortices).

(h) The wall-normal profile of the wall-normal component of the three considered
optimal inputs is essentially the same, even if the physical significance of each input
is different from the others.

(i) The profiles of the optimal (output) large-scale streaks pertaining to the three
considered problems are proportional to the turbulent mean profile up to buffer layer
(y+ � 8 − 10 for this very low Reynolds number).

These results are consistent with previous input–output analyses of laminar and
turbulent wall-bounded flows. In particular: (i) the maximum growths Gmax sustained
by the turbulent mean flow are small compared to the ones sustained by the laminar
flow at the same Re; the associated optimal λz in the turbulent case is larger than
the optimal value in the laminar case. (ii) Only streamwise elongated structures
are amplified with the optimal output given by streaks and the optimal input by
streamwise vortices indicating that in all three cases (initial value problem, stochastic
and harmonic forcing) a ‘mean’ lift-up mechanism is responsible for the energy
amplifications. (iii) The ordering of the optimal spanwise wavelengths (the largest
optimal corresponding to harmonic forcing, the shortest to the initial value problem
with the one corresponding to the stochastic forcing lying in between) is also consistent
with previous findings in laminar flows (no result is currently available for any other
turbulent flow). (iv) The proportionality of the optimal large-scale streak profiles to
the mean velocity profile near the wall is consistent with previous findings for the
initial value problem in the turbulent Poiseuille and boundary layer flows. We prove
that this feature also extends to the responses to harmonic and stochastic forcing.

The scales of the optimal streamwise uniform structures having the largest response
to initial conditions (λz = 4.4h) and stochastic forcing (λz = 5.2h) show good agreement
with those of the most energetic coherent structures observed in the numerical
simulations of Komminaho et al. (1996) (λz = 4.2h and λx > 30h at Re =750),
Tsukahara et al. (2006) (λz = 4.2 − 5h and λx ≈ 42 − 64h at Re = 750 and 2150)
and in the experiments of Tillmark & Alfredsson (1994), Tillmark (1995) (λz ≈ 4 − 5h

and λx > 30h at Re = 3300) and Kitoh & Umeki (2008) (λz =4h and λx ≈ 40 − 60h

at Re = 3750). Furthermore, Tsukahara et al. (2006) have found that at Re = 750
the most energetic POD modes have scales λz = 4.2 − 5.1h and λx ≈ 45h. These most
energetic POD modes show a striking resemblance with the most energetic mode of
the response to stochastic forcing reported in our figure 6(f ); the position of the peak
in the u response, at y+ = 15 − 20, is also similar. In all these cases, the observed
coherent streaks were not artificially forced, so that it is not surprising that the
relevant scales come from the response to stochastic forcing and to initial conditions
if one assumes that the effect of the nonlinear terms and of the small-scale fluctuations
can be treated either as a stochastic forcing or as random initial conditions.

From the viewpoint of flow control and sensitivity to boundary conditions, where
the forcing is deterministic and correlated over all times, then, the relevant scales
should come from the harmonic forcing analysis. In this case, the present results
indicate that the optimal response is obtained with the spanwise spacing λz = 7.7h,
larger than the one arising in the (unforced) observed large-scale coherent streak
(λz =4h–5h). Furthermore, the very large response to harmonic forcing indicates
good controllability of the large-scale structures even at low Reynolds numbers.
This extreme sensitivity of the turbulent Couette flow to steady forcing has also
been reported by Kitoh et al. (2005) and confirmed by Kitoh & Umeki (2008) who
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artificially forced the large-scale streaks using vortex generators. If such a strong
sensitivity of large-scale streaks to deterministic forcing is confirmed, then one could
imagine to use them to modify the mean flow properties with specific targets. This
kind of approach has already proven successful in the laminar boundary layer where
optimal laminar streaks have been used to stabilize Tollmien–Schlichting waves and
delay transition (Cossu & Brandt 2002; Fransson et al. 2006).

Our results confirm the strong relation between the optimally amplified streaks
and the large-scale coherent streaks measured in experiments and in DNS already
reported for the turbulent Poiseuille flow (del Álamo & Jiménez 2006; Pujals et al.
2009). The reasons of this strong correlation might however be more complex than
they appear. In fact, the optimal perturbation approach provides a measure of the
maximum amplification of streaks with given streamwise and spanwise scales but this
amplification is only part of more complicated processes leading to the ‘refuelling’
of the vortices that induce the streaks. Mechanisms like the secondary instability
of the streaks (Waleffe 1995; Reddy et al. 1998) or the transient amplification of
streak bending (Schoppa & Hussain 2002) are primordial to generate streamwise
non-uniform perturbations leading to the refuelling of the quasi-streamwise vortices
in the models of self-sustained turbulent cycles. These additional processes select
particular streamwise and spanwise scales in the flow. The self-sustained scales that
are actually observed, are therefore selected by the different mechanisms embedded
in the self-sustained process. The correspondence, observed in the turbulent Couette
and Poiseuille flows, of the scales of the large-scale streaks in the actual turbulent
flows with the scales most amplified by the mean lift-up probably means that the
scale selection from the additional processes is weak. It is important to remind that
this situation could be not general. For instance, Cossu et al. (2009) found that in
the turbulent boundary layers the optimal scale (λz ≈ 8δ) selected by the initial value
problem is larger than the scale (λz ≈ δ) actually observed for the coherent large-scale
streaks (e.g. Jiménez et al. 2007). The search for self-sustained cycles of the large-
scale coherent structures in turbulent wall-bounded flows and the investigation of the
mechanisms selecting their scales are the subject of current intensive investigation.

Y. Hwang acknowledges funding from the French Ministry of Foreign Affairs
through a Blaise Pascal Scholarship. Partial support of DGA the use of
the channelflow code (see http://www.channelflow.org) are also gratefully
acknowledged.
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del Álamo, J. C. & Jiménez, J. 2006 Linear energy amplification in turbulent channels. J. Fluid
Mech. 559, 205–213.

Andersson, P., Brandt, L., Bottaro, A. & Henningson, D. 2001 On the breakdown of boundary
layers streaks. J. Fluid Mech. 428, 29–60.

Bamieh, B. & Dahleh, M. 2001 Energy amplification in channel flows with stochastic excitation.
Phys. Fluids 13, 3258–3269.

Butler, K. M. & Farrell, B. F. 1992 Three-dimensional optimal perturbations in viscous shear
flow. Phys. Fluids A 4, 1637–1650.

Butler, K. M. & Farrell, B. F. 1993 Optimal perturbations and streak spacing in wall-bounded
turbulent shear flow. Phys. Fluids 5, 774–777.

Cossu, C. & Brandt, L. 2002 Stabilization of Tollmien–Schlichting waves by finite amplitude
optimal streaks in the Blasius boundary layer. Phys. Fluids 14, L57–L60.



Amplification of coherent streaks in the turbulent Couette flow 347

Cossu, C., Pujals, G. & Depardon, S. 2009 Optimal transient growth and very large scale structures
in turbulent boundary layers. J. Fluid Mech. 619, 79–94.

Ellingsen, T. & Palm, E. 1975 Stability of linear flow. Phys. Fluids 18, 487–488.

Farrell, B. F. & Ioannou, P. J. 1993a Optimal excitation of three-dimensional perturbations in
viscous constant shear flow. Phys. Fluids 5, 1390–1400.

Farrell, B. F. & Ioannou, P. J. 1993b Stochastic forcing of the linearized Navier-Stokes equation.
Phys. Fluids A 5, 2600–2609.

Farrell, B. F. & Ioannou, P. J. 1996 Generalized stability theory. J. Atmos. Sci. 53, 2025–2053.

Farrell, B. F. & Ioannou, P. J. 1998 Perturbation structure and spectra in turbulent channel flow.
Theor. Comput. Fluid Dyn. 11, 237–250.

Fontane, J., Brancher, P. & Fabre, D. 2008 Stochastic forcing of the Lamb–Oseen vortex. J. Fluid
Mech. 613, 233–254.

Fransson, J., Talamelli, A., Brandt, L. & Cossu, C. 2006 Delaying transition to turbulence by a
passive mechanism. Phys. Rev. Lett. 96, 064501.

Gibson, J. F., Halcrow, J. & Cvitanovic, P. 2008 Visualizing the geometry of state space in plane
Couette flow. J. Fluid Mech. 611, 107–130.

Gustavsson, L. H. 1991 Energy growth of three-dimensional disturbances in plane Poiseuille flow.
J. Fluid Mech. 224, 241–260.

Hamilton, J. M., Kim, J. & Waleffe, F. 1995 Regeneration mechanisms of near-wall turbulence
structures. J. Fluid Mech. 287, 317–348.

Ho, C. M. & Huerre, P. 1984 Perturbed shear layers. Annu. Rev. Fluid Mech. 16, 365–424.

Hutchins, N. & Marusic, I. 2007a Evidence of very long meandering features in the logarithmic
region of turbulent boundary layers. J. Fluid Mech. 579, 1–28.

Hutchins, N. & Marusic, I. 2007b Large-scale influences in near-wall turbulence. Phil. Trans. R.
Soc. A 365, 647–664.

Jang, P. S., Benney, D. J. & Gran, D. L. 1986 On the origin of streamwise vortices in a turbulent
boundary layer. J. Fluid Mech. 169, 109–123.
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The linear response to stochastic and optimal harmonic forcing of small coherent
perturbations to the turbulent channel mean flow is computed for Reynolds numbers
ranging from Reτ = 500 to 20 000. Even though the turbulent mean flow is linearly
stable, it is nevertheless able to sustain large amplifications by the forcing. The
most amplified structures consist of streamwise-elongated streaks that are optimally
forced by streamwise-elongated vortices. For streamwise-elongated structures, the
mean energy amplification of the stochastic forcing is found to be, to a first
approximation, inversely proportional to the forced spanwise wavenumber while it is
inversely proportional to its square for optimal harmonic forcing in an intermediate
spanwise wavenumber range. This scaling can be explicitly derived from the linearized
equations under the assumptions of geometric similarity of the coherent perturbations
and of logarithmic base flow. Deviations from this approximate power-law regime
are apparent in the pre-multiplied energy amplification curves that reveal a strong
influence of two different peaks. The dominant peak scales in outer units with the
most amplified spanwise wavelength of λz ≈ 3.5h, while the secondary peak scales
in wall units with the most amplified λ+

z ≈ 80. The associated optimal perturbations
are almost independent of the Reynolds number when, respectively, scaled in outer
and inner units. In the intermediate wavenumber range, the optimal perturbations
are approximatively geometrically similar. Furthermore, the shape of the optimal
perturbations issued from the initial value, the harmonic forcing and the stochastic
forcing analyses are almost indistinguishable. The optimal streaks corresponding to
the large-scale peak strongly penetrate into the inner layer, where their amplitude
is proportional to the mean-flow profile. At the wavenumbers corresponding to the
large-scale peak, the optimal amplifications of harmonic forcing are at least two orders
of magnitude larger than the amplifications of the variance of stochastic forcing and
both increase with the Reynolds number. This confirms the potential of the artificial
forcing of optimal large-scale streaks for the flow control of wall-bounded turbulent
flows.
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1. Introduction

The understanding of the dynamics of wall-bounded turbulent flows is an interesting
topic in its own right, but it is also relevant for applications ranging from flow control
to atmospheric dynamics. For these applications, the high-Reynolds-number regime
is of particular interest. In this regime, it is generally accepted that the dissipation
of energy is associated with structures at very small scales, while there is much less
consensus on the mechanisms by which energy is extracted from the mean flow and
injected in the turbulent motions. In this respect, much attention is currently given
to the dynamics of streamwise streaks which are narrow regions, elongated in the
streamwise direction, of excess or deficit of streamwise velocity. There is a growing
body of numerical and experimental evidence of the existence of streamwise streaks
ranging from small to very large scales. It has been known for a while that streaky
motions with a mean spanwise spacing of about 100 wall units exist in the buffer
layer (Kline et al. 1967; Smith & Metzler 1983). These streaky motions have been
shown to be able to self-sustain even in the absence of outer-layer motions and to
substantially contribute to the production of turbulent kinetic energy in the near-wall
region (Jiménez & Moin 1991; Jiménez & Pinelli 1999). The self-sustained mechanism
is now understood to be based on the strong amplification of the streaks from
quasi-streamwise vortices followed by the breakdown of the streaks leading to the
‘refuelling’ of the quasi-streamwise vortices (Hamilton, Kim & Waleffe 1995; Waleffe
1995; Schoppa & Hussain 2002).

Streaky motions also exist at larger scales and have been observed recently in most
wall-bounded flows such as plane Couette flow (Komminaho, Lundbladh & Johansson
1996; Kitoh, Nakabayashi & Nishimura 2005), pipes (Kim & Adrian 1999; Guala,
Hommema & Adrian 2006), plane Poiseuille flow (Jiménez 1998; del Álamo & Jiménez
2003; del Álamo et al. 2004) and flat-plate boundary layers (Tomkins & Adrian 2003,
2005; Hutchins & Marusic 2007a ,b). These streaky motions, called ‘very large-scale
motion’ or ‘global mode’ or ‘superstructure’, extend up to a few outer length units, h,
in the spanwise direction, and they carry a significant amount of the turbulent kinetic
energy and Reynolds stress in the outer region (Komminaho et al. 1996; Tomkins &
Adrian 2005; Guala et al. 2006). Moreover, the influence of these energetic structures
is felt even in the buffer layer, leading to the modulation of the near-wall cycles
(Hunt & Morrison 2000; Hutchins & Marusic 2007b; Mathis, Hutchins & Marusic
2009).

The understanding of the physical mechanism by which energy could be extracted
from the turbulent mean flow and, in particular, the mechanism leading to the
amplification of the streaks, has long been elusive because the mean velocity profiles
of the wall-bounded turbulent flows are linearly stable (Malkus 1956; Reynolds &
Tiederman 1967). However, in the more tractable case of laminar base flows, it has
been shown that large shear can support the strong amplification of streamwise
vortices into streamwise streaks via the lift-up effect (Moffatt 1967; Ellingsen & Palm
1975; Landahl 1980, 1990). This amplification is associated with the non-normality
of the linearized Navier–Stokes operator (for a review see e.g. Trefethen et al. 1993;
Farrell & Ioannou 1996; Schmid & Henningson 2001). In the initial-value problem
framework, of interest for the understanding of subcritical transition, the optimal
amplification of streaks has been shown to be proportional to the square of the
Reynolds number (Gustavsson 1991) and has been computed for virtually all the
canonical laminar shear flows (Butler & Farrell 1992; Reddy & Henningson 1993;
Schmid & Henningson 1994).
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It is tempting to transpose the lift-up mechanism to the case of turbulent flows.
In this case, however, one has to deal with the unsteadiness and randomness of
the local shear promoting the lift-up. Progress has been made by considering the
Reynolds-averaged Navier–Stokes equations linearized in the neighbourhood of the
turbulent mean flow. These equations rule the dynamics of small-amplitude coherent
perturbations, while all the effects of the other perturbations, which have a zero
statistical average, are captured by the Reynolds shear-stress tensor. Reynolds &
Hussain (1972) have shown that a formulation where the Reynolds shear stress is
modelled with an eddy viscosity is much better adapted to the description of the
motion of small-amplitude coherent perturbations than the one where the Reynolds
shear stress is simply neglected. Del Álamo & Jiménez (2006) and Pujals et al. (2009)
have adopted this modelling for the computation of the optimal temporal transient
growths supported by the turbulent channel flow. They find that only streamwise-
elongated structures are noticeably amplified. For these structures, at sufficiently high
Reynolds numbers, two locally optimal spanwise wavelengths exist that, respectively,
scale in outer and inner units. The global maximum growth is associated to the
main peak at λz ≈ 4 h, in fair agreement with the spanwise spacing of large-scale
streaky motions in the outer region. The secondary peak of the growth was found at
λ+

z ≈ 100, which corresponds well to the average spanwise spacing of the buffer-layer
streaks. These results strongly suggest that a ‘coherent lift-up’ mechanism plays a
crucial role in the selection of the spanwise scales of streaky structures in turbulent
flows.

In turbulent flows, structures of a given scale are permanently forced by structures
of different scales via nonlinear interactions. In this context, a modelling of the
streaks’ amplification based on the response to stochastic forcing would seem
more appropriate than the optimal initial-value problem considered in previous
investigations. Furthermore, in the perspective of flow control, it is also of interest
to compute the optimal response of the turbulent flow to deterministic forcing. In
the case of laminar flows the computation of the response to optimal harmonic
(deterministic) forcing (Reddy & Henningson 1993; Reddy, Schmid & Henningson
1993; Trefethen et al. 1993) and to stochastic forcing (Farrell & Ioannou 1993a ,b,
1996; Bamieh & Dahleh 2001; Jovanović & Bamieh 2005) is routine, but this is not
the case for turbulent flows.

In this study, we compute the response of the turbulent channel flow to both
stochastic and optimal harmonic forcing for Reynolds numbers ranging from Reτ =
500 to 20 000. We anticipate that the amplification of the forcing is found to always
decrease with the scale of the forced structures, contrary to what has been found
for the optimal growth of initial perturbations. In particular, we show that for
streamwise uniform and geometrically similar structures living in the log layer, the
energy amplification of stochastic forcing and of harmonic forcing scale like β−1 and
β−2, respectively, where β is their spanwise wavenumber. This scaling is actually found
to approximatively apply to the numerical results in an intermediate wavenumber
range. The use of pre-multiplied energy amplifications allows us then to analyse
the deviations from the β-power-law behaviour and to identify the spanwise scales
associated to the most amplified structures in the near wall and at large scales.
Previous similar investigations have not detected the approximate β-power scaling
of the amplifications of log-layer structures, either because the molecular viscosity
instead of the turbulent eddy viscosity was used in the linearized equations (Farrell
& Ioannou 1998) or because a too low Reynolds number was considered (Hwang &
Cossu 2010).
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This paper is organized as follows: in § 2, we briefly introduce the considered
turbulent mean base flow, the associated eddy viscosity and the equations satisfied by
small coherent perturbations to the base flow. We then recall the standard framework
adopted for the computation of the response to stochastic forcing and for the
optimal response to harmonic forcing. The amplifications of the forcing computed
for Reτ =10 000 are analysed in § 3 and their dependence on the Reynolds number is
detailed in § 4. The scaling with the wavenumber of the amplification of geometrically
similar log-layer structures is derived from the linear model in § 5 with some of the
details reported in the Appendix. The results are discussed in § 6, while the main
findings are summarized in § 7.

2. Background
2.1. Linear model for the evolution of small-amplitude coherent structures

We consider a pressure-driven turbulent channel flow of incompressible viscous fluid
with density ρ, kinematic viscosity ν and mean centreline velocity Ue between two
infinite parallel walls located at y = ±h. Here, we denote streamwise, wall-normal
and spanwise coordinates by x, y and z, respectively. In the following, we will also use
the distance from the wall scaled in wall (inner) units and defined as y+ = (y + h)uτ/ν

when the lower wall is considered. Following Reynolds & Hussain (1972), del Álamo
& Jiménez (2006) and Pujals et al. (2009) and others, we introduce the linearized
equations for ‘small coherent perturbations’ in the presence of the total eddy viscosity
νT (y) = ν + νt (y)

∇ · u = 0, (2.1a)

∂u
∂t

+ ∇u · U + ∇U · u = − 1

ρ
∇p + ∇ · [νT (∇u + ∇uT )] + f , (2.1b)

where U is the base mean velocity, u = (u, v, w) and p are the coherent perturbation
velocity and pressure, respectively, and f = (fu, fv, fw) is the forcing term. These
equations can be derived from the Reynolds-averaged Navier–Stokes equations by
the standard, if crude, modelling of the Reynolds stress term with an isotropic eddy
viscosity and by a linearization near the base flow U . The base flow should be
understood as the turbulent mean flow obtained for f = 0 in the absence of any
statistically correlated initial condition. In that case, the temporal and horizontal
statistical invariance of the mean solution gives U = (Ub(y), 0, 0). In the following
we will refer to ‘coherent perturbation’ as a perturbation u of the base flow U that
has a non-zero ensemble average. Note that u does not need to be steady or spatially
uniform. In an experiment or a direct numerical simulation (DNS) these coherent
perturbations would typically be realized using artificial forcing (see e.g. Reynolds
& Hussain 1972), ensuring that their spatial and temporal phases are always the
same in each realization or by locating and tracking (with same phase) the same
kind of event over multiple realizations. The linearized equations (2.1) apply to these
coherent perturbations if their amplitude is sufficiently small, which does not seem too
unreasonable. Indeed, the amplitudes of natural or artificially forced output streaks
are typically not larger than ≈O(10−1Ue). Furthermore, as the input–output energy
amplifications are typically large, the amplitude of the optimal input vortices needed
to force streaks at the observed small amplitudes are even smaller. This supports
the idea that an optimal coherent lift-up process mainly acts at small perturbation
amplitude levels, where the linear approximation applies.
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For the total eddy viscosity, we adopt the semi-empirical expression proposed by
Cess (1958), as reported by Reynolds & Tiederman (1967):

νT (η) =
ν

2

{
1 +

κ2Reτ
2

9
(1 − η2)2(1 + 2η2)2 × {1 − exp[(|η| − 1)Reτ /A]}2

}1/2

+
ν

2
,

(2.2)
where η = y/h and Reτ = uτh/ν is the Reynolds number based on the friction
velocity uτ . We set the von Kármán constant κ = 0.426 and the constant A = 25.4
as in del Álamo & Jiménez (2006) and Pujals et al. (2009). Note that these values
were obtained from fits based on a DNS performed at Reτ = 2000 (Hoyas & Jiménez
2006), thus they may not be reliable far from this Reynolds number. The mean
velocity profile is obtained by integrating dU+

b /dη = −Reτ η/ν+
T (η), where ν+

T = νT /ν.
Since the mean flow is homogeneous in the streamwise and spanwise directions,

we consider the plane Fourier modes û(y, t; α, β)ei(αx+βz) and f̂ (y, t; α, β)ei(αx+βz) of
streamwise and spanwise wavenumbers α and β for which the following system is
obtained (Pujals et al. 2009; Hwang & Cossu 2010) from (2.1):

∂ q̂
∂t

= Aq̂ + B f̂ . (2.3a)

The state vector is formed with the wall-normal components of the velocity and
vorticity Fourier modes q̂ = [v̂, ω̂y]

T. The operators A and B are defined as

A =

[

−1LOS 0

−iβU ′ LSQ

]
, B =

[
−iα
−1D −k2
−1 −iβ
−1D

iβ 0 −iα

]
, (2.3b)

with the generalized Orr–Sommerfeld and Squire operators:

LOS = −iα(U
 − U ′′) + νT 
2 + 2ν ′
T 
D + ν ′′

T (D2 + k2), (2.3c)

LSQ = −iαU + νT 
 + ν ′
T D. (2.3d )

Here, 
 = D2 − k2, k2 = α2 + β2, D and ′ denote ∂/∂y. Homogeneous boundary
conditions are enforced on both walls: v̂(±h) = Dv̂(±h) = ω̂y(±h) = 0. Otherwise,
when it is not specified, we will assume that homogeneous initial conditions û0 = 0
are used for the system. The velocity can be obtained from the state vector with

û = Cq̂, C =
1

k2

⎡
⎢⎣

iαD −iβ

k2 0

iβD iα

⎤
⎥⎦, (2.3e)

and vice versa

q̂ = Dû, D =

[
0 1 0

iβ 0 −iα

]
. (2.3f )

The forcing term f driving the system will be referred to as ‘input’ and the driven
motions u as ‘output’.

2.2. Optimal harmonic and stochastic energy amplification

When an harmonic forcing f̂ (y, t) = f̃ (y)eiωf t of real frequency ωf drives the linearly
stable system (2.3), for sufficiently large times, the response is û(y, t) = ũ(y)eiωf t .
Making use of (2.3) it is easily found that ũ = H f̃ , where the transfer function is
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H = C(iωf I − A)−1B. In this case, the optimal harmonic amplification is defined
by optimizing the ratio of the energy of the output to the energy of the input and
coincides with the square of the norm of the transfer function, i.e. the pseudospectrum
evaluated on the imaginary axis (see e.g. Reddy et al. 1993; Trefethen et al. 1993)

R(ωf ; α, β) = max
f̃ �=0

‖ũ‖2

‖ f̃ ‖2
= ‖H‖2, (2.4)

where the standard energy norm is used, ‖û‖2 =
∫ h

−h
ûH û dy. The maximum response

Rmax(α, β) = maxωf
R(ωf ; α, β), obtained with ωf,max , is also referred to as the H∞

norm of the transfer function (Zhou, Doyle & Glover 1996).
When a stochastic forcing drives the system (2.3), the response is also stochastic,

and we are interested in its variance V = 〈‖û‖〉, where 〈·〉 is the ensemble average.
The variance can also be retrieved as the trace of the covariance tensor 〈ûûH 〉. We

follow previous investigations in considering a zero-mean (〈 f̂ 〉 = 0) delta-correlated
forcing with Gaussian probability density distribution which, for convenience, we

also assume to be isotropic 〈 f̂ (t) f̂ H (t ′)〉 = Iδ(t − t ′). In this case the variance can be
obtained in the frequency or in the temporal domain as

V (α, β) =
1

2π

∫ ∞

−∞
trace(HH†)dω = trace(CX∞C†), (2.5)

where the adjoints † are defined with respect to the inner product (û, v̂) =
∫ h

−h
ûH v̂ dy.

The variance represents the H2 norm of the transfer function (Zhou et al. 1996).
Following the temporal domain approach, one has to compute the solution X∞ of the
algebraic Lyapunov equation:

AX∞ + X∞A† + BB† = 0. (2.6)

The covariance of the response is then retrieved as 〈ûûH 〉 = CX∞C†. The covariance
is self-adjoint and has real eigenvalues σj with V =

∑
σj , and a set of mutually

orthogonal eigenfunctions often referred to as ‘empirical orthogonal functions’,
Karhunen–Loève (KL) or ‘proper orthogonal decomposition’ (POD) modes. The
ratio σj/V represents the contribution of the j th mode to the variance, and the
corresponding eigenfunction provides the associated spatial structure in the response.
The eigenfunction corresponding to the largest σj is the optimal mode in the sense
that it contributes most to the variance. The forcing profiles associated with each
KL mode are obtained by solving the dual Lyapunov problem. For further details,
the reader is referred to Farrell & Ioannou (1993a ,b), Zhou et al. (1996), Bamieh &
Dahleh (2001), Jovanović & Bamieh (2005) and Schmid (2007).

The response to optimal harmonic forcing and the variance maintained by stochastic
forcing are computed based on the generalized Orr–Sommerfeld-Squire system (2.3). A
Chebyshev-collocation method is used to discretize the above equations in the wall-
normal direction. The discretized differentiation operators of Weideman & Reddy
(2000), which include the appropriate boundary conditions, are used, and standard
methods described in Schmid & Henningson (2001), for example, are used to compute
the optimal harmonic response. The stochastic response is obtained by solving the
Lyapunov equation (2.6) with the lyap function in MATLAB. The codes for computing
the optimal harmonic and stochastic responses have been validated in Hwang & Cossu
(2010). The results in this study are obtained by using from 129 to 513 collocation
points as in Pujals et al. (2009).
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Figure 1. Energy amplifications and corresponding pre-multiplied energy amplifications of
optimal harmonic and stochastic forcing at Reτ = 10 000: (a) Rmax(α, β), (b) V (α, β),
(c) β2Rmax(α, β) and (d ) βV (α, β). Here, αh = 0.0, 0.1, 0.2, 0.5, 1.0, 2.0, 5.0, 10.0, outer to
inner curves.

3. Energy amplifications at Reτ = 10 000

3.1. Wavenumber dependence of the energy amplifications

We begin by considering the single Reynolds number Reτ = 10 000. Rmax and V have
been computed for a set of selected streamwise and spanwise wavenumbers and are
reported in figures 1(a) and 1(b), respectively. In both cases, the largest amplifications
are reached for streamwise uniform perturbations (α = 0). Only streamwise-elongated
perturbations (α � β) are significantly amplified. Rmax and V have a peak at β =
1.25/h (λz = 5.0h) and β = 1.14/h (λz = 5.5h), respectively, and they monotonously
decrease as β increases, with a noticeable change of slope near λ+

z ≈ 80. For spanwise
wavenumbers roughly in the range 15 < βh < 400 (and for α 	 β), however, both
Rmax and V show an approximate linear dependence on β in log–log coordinates
denoting a power-law dependence. A best fit in this range reveals a β−2 scaling for
Rmax and a β−1 scaling for V . A detailed discussion of these scalings is deferred to
§ 5, where we will show that they are associated to geometrical similarity of optimal
structures in the log layer. The deviations from the approximate β−2 and β−1 scalings
are revealed by a pre-multiplication of Rmax and V with β2 and β , respectively. The
pre-multiplied amplification curves, reported in figures 1(c) and 1(d), reveal the same
double-peaked structure already observed for the optimal transient growth by del
Álamo & Jiménez (2006) and Pujals et al. (2009). For both Rmax and V , the peak
associated with the streamwise uniform large-scale structures is found at βh 
 1.8
(λz/h 
 3.5), while that associated with near-wall streaks is found at β+ 
 0.079
(λ+

z 
 80). These two optimal wavelengths delimit the range where the approximate
power law can apply. From figures 1(c) and 1(d), it is also seen how, however, even at
this very large Reτ , the influence of the inner and outer scales is also felt well inside
the intermediate wavenumber range.
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Figure 2. (a) Optimal harmonic amplification, R, plotted versus the forcing frequency,
ωf , in correspondence to the outer peak at λz = 3.5h and to the inner peak at λ+

z = 80.
(b) Contributions σj/V of the first 10 KL modes to the variance of the stochastic response
in correspondence to the outer peak at λz = 3.5h (◦) and to the inner peak at λ+

z = 80 (•).
Streamwise uniform perturbations (α = 0) are considered.

3.2. Optimal structures

In figure 2, we analyse the ‘selectivity’ of the amplifications obtained in correspondence
to the outer and inner peaks of the pre-multiplied amplifications for λx = ∞ (α = 0),
λz = 3.5h and λ+

z = 80. For the structures associated to both the inner and the outer
peak, the system behaves like a low-pass frequency filter, as seen from figure 2(a),
where the dependence of the optimal response R on the forcing frequency ωf is
reported. The maximum amplification is reached with steady forcing (ωf,max = 0); the
corresponding optimal structures are reported in figures 3(a) and 3(c), respectively.
As expected, the optimal forcing represents streamwise vortices, while the optimal
responses are streamwise streaks. The structures associated with the near-wall peak
are located in the buffer layer, where they have a maximum amplitude at y+ ≈ 10,
as for the experimentally observed near-wall streaks. The optimal forcing associated
with the outer peak extends to the whole channel width and induces alternated high-
and low-speed streamwise streaks on both walls.

The most energetic KL (POD) modes have been computed to seek the structures
with the largest contribution to the variance V of the stochastic response in
correspondence to the inner and outer peaks. From figure 2(b), where the contributions
of the first 10 KL modes are reported, we see that for the outer peak, the dominant
mode contributes to 64 % of the total variance. This mode fills the whole wall-normal
domain (see figure 3b). For the wavenumbers associated to the inner peak, two
dominant modes are found, each contributing to 23 % of the total variance. These
two modes are associated to identical near-wall structures, respectively, located on
the upper and the lower walls (see also figure 3d). Each mode can be obtained by the
other one via a y → −y transformation.

The optimal perturbations reported in figure 3, corresponding to harmonic and
stochastic forcing, respectively, are very similar. We further examine this resemblance
by comparing in figure 4 their optimal inputs and outputs for wall-normal profiles.
We also include, for comparison, the optimal perturbations computed by Pujals et al.
(2009) for the initial-value problem. The optimal inputs and outputs of the three
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Figure 3. Cross-stream (y–z plane) view of the normalized optimal forcing and the
corresponding response for spanwise wavenumbers corresponding to (a, b) the outer peak
(λz = 3.5h) and (c, d) inner peak (λ+

z =80) for harmonic forcing (a, c) and stochastic forcing
(b, d). The solid and dashed contours denote the positive and negative streamwise velocity of
the responses with increment of 0.2 from −0.9 to 0.9, respectively, and the vectors represent
the cross-streamwise fields of the forcing. The perturbations are streamwise uniform (α = 0).

different problems are almost identical. The optimal wall-normal input components
(vortices) associated to the outer peaks have their maxima at the channel centre
(figure 4a), and those associated to the inner peaks have their maxima at y+ 
 15
(figure 4c). The maxima of the output streaks for the outer peaks are located at
|y/h| = 0.8 (i.e. at a distance of 0.2h from the walls, figures 4b and 4d), while those
for the inner peaks reach a maximum amplitude at y+ 
 10 (figures 4b and 4d).

The resemblance of the optimal harmonic and stochastic forcing optimals is also
observed for spanwise wavenumbers situated in the intermediate range between the
two peaks of the pre-multiplied amplification curves reported in figures 4(b) and 4(e).
The wall-normal maxima of these optimals are situated in the log layer (between
y+ ≈ 50 and y ≈ 0.2h) and their amplitude is negligible in the outer layer.

For the initial-value problem, del Álamo & Jiménez (2006) have found that,
in the intermediate range, the optimal structures are, to a first approximation,
geometrically similar. We have therefore plotted their profiles in the similarity variable
y+/λ+

z = (y + h)/λz for three representative wavenumbers in the intermediate range.
From figures 4(b) and 4(e), we see that the optimal input and output for the stochastic
and harmonic forcing are, to a first approximation, geometrically similar. Their re-
scaled shape is also not very different from that of the buffer-layer structures if those
ones are re-scaled on their wavelength λ+

z =80.
The results found for streamwise uniform structures (α = 0) extend to the α 	 β case

with only minor modifications. When α �= 0, the optimal forcing frequency is different
from zero in the harmonic forcing case, and the real and imaginary part of the optimal
perturbations display a slight tilting in the streamwise direction reminiscent of the
Orr effect for purely two-dimensional perturbations (see e.g. Butler & Farrell 1992;
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Figure 4. Profiles of streamwise uniform (α = 0) optimal modes corresponding to the outer
peak (a, d), the intermediate wavenumber range (b, e) and the inner peak (c, f ) of the
pre-multiplied amplifications. (a–c) Wall-normal components of the input (initial condition

v̂in(y) for transient growth and forcing f̂ in
y (y) for harmonic and stochastic forcing); (d–f )

streamwise components of the corresponding outputs ûout (y). Here, , optimal transient
growth; , optimal harmonic forcing; , stochastic excitation. The outer and inner
peaks correspond, respectively, to λz =4h and λ+

z = 92 for transient growth (see also Pujals
et al. 2009), λz = 3.5h and λ+

z = 80 for harmonic and stochastic forcing. In the intermediate
β range between the outer and inner peaks, the wavenumbers β+ = 0.01/h, 0.005/h, 0.003/h
(λ+

z =628, 1257, 2094) are chosen. In (b, d), the profiles are plotted versus y/λz to account for
the geometrical similarity of log-layer structures.

Schmid & Henningson 2001). However, the wall-normal amplitude of the optimal
perturbations changes only slightly with respect to the streamwise uniform case, as
shown in figure 5 where wavelengths typical of experimental observations (λz = 3.5h,
λx =20h) and (λ+

z = 100, λ+
x =600) are considered. Also in this case, the optimal inputs

and outputs obtained with the three different analyses (initial value, harmonic forcing
and stochastic forcing) are almost indistinguishable (not shown).

4. Dependence on the Reynolds number
The optimal amplifications have been computed for selected values of Reτ ranging

from 500 to 20 000. For the Reτ considered, it is found that the streamwise uniform
(α = 0) perturbations are the most amplified ones (not shown). The respective inner
and outer scaling of the inner and outer peaks for both the response to harmonic
and to stochastic forcing is clearly seen in figure 6, where the pre-multiplied optimal
amplifications for α = 0 are reported versus the spanwise wavenumber β scaled in
outer and inner units. The maximum amplifications associated with the outer peak
clearly increases with Reτ , as already found by Pujals et al. (2009) and Cossu,
Pujals & Depardon (2009) in the optimal transient growth case. The amplifications
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Figure 5. Solid lines: profiles of optimal modes with λx ≈ 6λz (α = 0.167β) for (a, c)
wavelengths in the neighbourhood of the outer peak (λz = 3.5h, λx = 20h) and (b, d) wavelengths
in the neighbourhood of the inner peak (λ+

z = 100, λ+
x = 600). (a, b) Wall-normal components

of the optimal input |f̂ in
y |(y) amplitude for harmonic forcing; (c, d) streamwise components

of the amplitude of the corresponding output |û|(y). The streamwise uniform perturbations
(α = 0, λx = ∞) with the same spanwise wavelength are also reported for comparison as dashed
lines. Only the perturbations for the optimal harmonic forcing are reported; those for the
optimal initial-value problem and for stochastic forcing are almost indistinguishable.

associated with the inner peak do not sensibly change with Reτ , when re-scaled in
inner units.

The shape of the optimal input and output harmonic forcing profiles for,
respectively, the inner and outer peaks already reported in figure 4 are re-plotted
in figure 7 for the considered Reynolds numbers Reτ ranging from 500 to 20 000.
From this figure, it is apparent that their shape does not change with the Reynolds
number when it is plotted in, respectively, inner and outer units. This extends to the
harmonic forcing case the results for the initial-value problem found by Pujals et al.
(2009) for the turbulent channel and by Cossu et al. (2009) in the turbulent boundary
layer. Exactly the same results are found when considering the maximum energy KL
(POD) modes for the stochastic forcing case. Pujals et al. (2009) and Cossu et al.
(2009) also observed that when the wall-normal profile û(y) of the optimal streaks
corresponding to the outer peak are scaled in inner units, they coincide in the inner
layer (y <≈0.1h), where they are proportional to the mean-flow profile Ub(y). Here,
we find that the same applies to the optimal responses to forcing, as can be seen
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Figure 7. Profiles of the wall-normal component f̂ in
y (y) of the optimal harmonic forcing and

the streamwise component ûout (y) of its response at (a) the outer peak (αh = 0, βh =1.8) and
(b) the inner peak (α+ = 0, β+ =0.079) for Reτ = 500, 1000, 2000, 5000, 10 000 and 20 000. Note

that all the curves are almost indistinguishable. Here, , f̂ in
y ; , ûout . (c) Outer peak

streamwise velocity response ûout (y) scaled with a factor U+
e (Reτ )/U+

e (5000) for the selected
Reynolds numbers. The re-scaled mean flow profile at Reτ = 5000 (dashed line) is also shown
for comparison.

in figure 7(c) where the optimal outer-peak streak amplitudes û are plotted in inner
units. From figure 7(c), it is also seen that the optimal streaks associated to the outer
peak deeply penetrate into the buffer layer; as in the optimal transient growth case,
the streaks at y+ = 12 still exhibit half of their maximum amplitude.
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5. Scaling of optimal amplifications of geometrically similar log-layer structures
The numerical results reported in § 3 have shown that the amplifications Rmax

and V of the most amplified streamwise-elongated perturbations (α 	 β) exhibit an
approximate β−2 and β−1 scaling, respectively, in the intermediate β range. The
data reported in figures 4(b) and 4(e) also show that the associated optimal input
and outputs are, to first order, geometrically similar, consistent with the previous
findings of del Álamo & Jiménez (2006). Furthermore, these optimal perturbations
have maximum amplitude in the log layer, and have negligible amplitudes in the outer
layer. In § 5, we show that the observed β−2 and β−1 scalings can be directly deduced
from the generalized Orr–Sommerfeld–Squire model (2.3) under the assumptions
of log-layer behaviour of the base-flow profile and of geometric similarity of the
perturbations. We consider streamwise uniform (α = 0) perturbations that, besides
being the most amplified ones, are also easily tractable.

Spanwise periodic, geometrically similar streamwise uniform velocity and forcing
fields are identical in the variables y+/λ+

z =(y +h)/λz, z
+/λ+

z = z/λz. As a consequence,
their Fourier amplitudes at different λz are given by the same function of the re-scaled

wall-normal coordinate y̌ = β̄(y + h) with β̄ =(β/β̌) so that (y + h)/λz = y̌/λ̌z, where
the reference spanwise wavenumber β̌ can be arbitrarily chosen. The re-scaled state
vector is defined as q̌ = [v̂, ω̂y/β̄]T(y̌, t). The re-scaling of the wall-normal vorticity is
due to the fact that, for streamwise uniform perturbations, ω̂y = iβû, and therefore
the similarity is obtained on ω̂y/β instead of ω̂y . In the Appendix we detail how,
assuming a logarithmic behaviour for the base flow and reformulating system (2.3)

in terms of re-scaled variables, the following system is obtained: ∂ q̌/∂t = β̄Ǎq̌ + B̌ f̂ ,
with û = Čq̌ and for the initial conditions q̌0 = Ďû0. The operators Ǎ, B̌, Č and Ď are
obtained by simply evaluating A, B, C and D at the reference β̌ and α = 0. These
operators therefore do not depend on β .

The solution of the initial-value problem without forcing ∂ q̌/∂t = β̄Ǎq̌ is q̌ = et β̄Ǎq̌0

and depends on time only via β̄t . We therefore define the re-scaled time t̄ = β̄t and
rewrite the system as

∂ q̌
∂t̄

= Ǎq̌ + β̄−1B̌ f̂ . (5.1)

In the case of the initial-value problem without forcing, the solution in terms

of velocity is û = Čet̄ǍĎû0. The optimal energy growth is G = maxû0
‖û‖2/‖û0‖2 =

‖Čet̄ǍĎ‖2. The dependence of the optimal growth on β appears only through the
re-scaled time and therefore

G(β, t) = G(β̌, t̄ β̌/β). (5.2)

The optimal growth for a given β is given by the optimal growth computed at the
reference β̌ re-scaled in time with a factor β̌/β . The time at which the maximum
growth is attained, tmax = t̄maxβ̌/β , is therefore proportional to the wavelength λz of
the perturbation, while the maximum growth Gmax = maxt G(t) does not depend on β .
These properties have indeed been observed in the computations of optimal transient
growth (del Álamo & Jiménez 2006; Cossu et al. 2009; Pujals et al. 2009) for the
range of spanwise wavenumbers associated with log-layer structures.

In the case of harmonic forcing, the re-scaled forcing frequency ω̄f = ωf /β̄ can
be defined such that ωf t = ω̄f t̄ . From (5.1) it then follows that the harmonic

response û = ũ eiω̄f t̄ to the harmonic forcing f̂ = f̃ eiω̄f t̄ is ũ = β̄−1Ȟ f̃ , where
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Ȟ= Č(iω̄f I − Ǎ)−1B̌. The optimal amplification is R = β̄−2‖Ȟ‖2 which implies that

R(β, ωf ) =

(
β̌

β

)2

R(β̌, ω̄f β/β̌). (5.3)

The maximum optimal harmonic amplification Rmax therefore scales like β−2 and
is found for ωf,max = ω̄f,maxβ/β̌ . These predictions agree with what is observed, to
a first approximation, for the optimal harmonic amplification in the intermediate
wavenumber regime.

Finally, the variance V of the response to stochastic forcing can be obtained in
the frequency domain as V = (1/2π)

∫ ∞
−∞ trace(HH†) dω. Under the assumptions of § 5,

H = β̄−1Ȟ so that, changing the integration variable to ω = β̄ω̄, it is found that
V =(β̄−1/2π)

∫ ∞
−∞ trace[(ȞȞ†)dω̄ and therefore

V (β) =

(
β̌

β

)
V (β̌). (5.4)

The variance therefore scales like β−1, as found from the numerical results reported
in § 3.

6. Discussion
6.1. Remarks on the scaling of geometrically similar log-layer perturbations

The numerical results reported in § 3 have shown that in an intermediate β range, the
optimal perturbations exhibit an approximate geometrical similarity in the log layer,
which is completely compatible with the concept of geometrically similar ‘attached’
eddies proposed by Townsend (1976) and further developed in the theory of Perry &
Chong (1982) and many others, and with the experimental findings of Morrison &
Kronauer (1969).

In the intermediate β range, where the approximate geometrical similarity is
observed, the amplification of the optimal harmonic and stochastic forcing displays
an approximate β−2 and β−1 scaling. Exactly the same β scalings are predicted
by assuming geometrically similar perturbations and a log-layer form for the base
flow and the associated eddy viscosity in the generalized Orr–Sommefeld–Squire
operators, as shown in § 5. The examination of the pre-multiplied amplification curves,
however, reveals that the power-law dependence is only a first-order approximation
and that the influence of the outer and inner scales is important even in the
intermediate wavenumber regime, where a sort of plateau would be expected. A
possible explanation for this, among others, is that the considered Reynolds numbers
are not sufficiently high for a well-defined plateau to exist. The examination of
figure 6 reveals that, actually, a sort of plateau seems to develop when the Reynolds
number is increased, even if no definite conclusion can be drawn from these results.
However, an order of magnitude of the minimum Reynolds number necessary to
observe the hypothetical plateau, can be evaluated from the existing data. From
figure 4(e) it is seen that in the geometrically similar regime the optimal response
(streaks) amplitude û(y) becomes negligible for y+ > ≈ 0.6λ+

z , while it is maximum at
y+ ≈ 0.05λ+

z . Let us assume that the log layer extends from y+ ≈ 50 to (y + h) ≈ 0.2h.
If the maximum of the geometrically similar streaks has to be in the log layer
then 0.05λ+

z > 50, i.e. λ+
z > λ+

z,min = 1000 and in outer units λz,min =1000h/Reτ . If
it is further required that the streak amplitude is negligible outside the log layer
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then 0.6λz < 0.2h, i.e. λz < λz,max =h/3. The condition λz,max/λz,min > 1 leads to
the requirement Reτ > O(103). If it is required that a plateau exist on at least two
wavelength (or wavenumber) decades then the condition is Reτ > O(105), which
suggests that the considered Reynolds numbers may not be sufficiently high to
observe a well-defined plateau in the pre-multiplied amplification curves. However,
other possible explanations for the absence of a well-defined plateau may exist, such
as a structural lack of exact similarity of the log-layer structures even at large Reτ .
This issue therefore has to be considered unsolved.

6.2. Non-normality and the large influence of large-scale optimal perturbations
on the near-wall velocity field

A noteworthy feature of the optimal streaks at large scale is that, even if they scale
in outer units, they strongly penetrate into the inner layers where they still posses
a large fraction of their maximum amplitude (as seen e.g. in figures 4d, 5c, 7a and
7c). These optimal output streaks are induced by optimal inputs (initial condition or
forcing) that are located essentially in the outer layer (see e.g. figures 4a, 5a and 7a).
The forcing of optimal input vortices in the outer layer therefore leads to a large
response in the inner layer. This is the case even when the input g is not optimal.
The input can, indeed, be decomposed in a part parallel to the optimal input and
another part orthogonal to it as g = A f (opt) + g⊥ (where parallel and orthogonal are
meant in the sense of the inner product used to define the energy norm, f (opt) is
normalized to unit energy and A is the amplitude of the projection of g on f (opt)).
As the system is linear, the response to g is the sum of the responses to A f (opt) and
g⊥, respectively. As the response to f (opt) is very large, the global output streak will
have a large component proportional to the optimal large-scale streak, except in the
very special case where A is negligible. As, furthermore, the maximum amplification
associated to the peak scaling in outer units increases with the Reynolds number
Reτ , the influence of the outer-layer motions on the inner-layer streamwise velocity
is predicted to increase with Reτ . This is what is observed in the real turbulent
flows.

The fact that outer-layer motions can influence the near-wall region has been
known at least since the seminal study of Townsend (1976). This influence has usually
been interpreted ‘kinematically’ in terms of the velocity field directly induced by the
outer motions. What is revealed by this study, and the previous ones in the same
spirit, is that the large influence of outer-layer motions on the near-wall streamwise
velocity is mainly ‘dynamic’, and based on the strong non-normality of the underlying
linearized operator. The increase of the outer-layer influence with the Reynolds
number is also naturally embedded in this non-normal dynamic mechanism. This
interpretation also predicts that, when an integral over all spanwise wavelengths
is performed, the total streamwise variance near the wall does not scale only in
inner units, when components from motions at large scale are considered, and
that an inner units scaling will be less and less accurate when Reτ is increased.
These qualitative predictions are compatible with the observations of De Graaff
& Eaton (2000), Hunt & Morrison (2000), Metzger & Klewicki (2001), del Álamo
et al. (2004) and Hutchins & Marusic (2007a). However, note that recent studies
reveal that large-scale outer motions are also able to modulate the amplitude of
the near-wall cycle (see, e.g. Hutchins & Marusic 2007b; Mathis et al. 2009). This
effect, which is probably nonlinear, is not taken into account by the present linear
analysis.
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Figure 8. Pre-multiplied spectral density at each wall-normal location for the streamwise
uniform case βûû∗(y; α = 0, β) based on the response to stochastic forcing (a) without
wall-damping function and (b) with wall-damping function fd (y) = 1 − exp(−(y+/A+)3),
where A+ = 25. Here, the wall-normal location is chosen to be y+ =5, 15, 29, 48, 71, 98, 155,
202, 309, 402, 500 and each pre-multiplied spectral density is normalized by its area to
emphasize its contents in spanwise wavenumbers. The considered Reynolds number is
Reτ = 500 to allow comparison with Jiménez (1998).

6.3. Relevance of the stochastic forcing analysis

When trying to relate the results of the present analysis to experimental observations
of unforced turbulent flows, considering stochastic forcing is probably more relevant
than considering harmonic forcing. In the spirit of Farrell & Ioannou (1994)
and Farrell & Ioannou (1998), the stochastic forcing can be assumed to be a
surrogate for the nonlinear terms that are neglected in the linearized model. The
distribution V (α, β) would then represent the linear amplification of the variance
of the nonlinear terms, where the whole variance integrated in the wall-normal
direction is considered. More detailed information can, however, be extracted from
the operator CX∞C†, which gives the spatial spectral density amplification tensor of
the correlations of û∗

i (y, t)ûj (y
′, t). This tensor has been computed assuming that

the forcing variance is uniform in y, which is not a realistic or even qualitatively
correct assumption, especially near the wall. This can be seen in figure 8(a), where
we report the normalized spanwise pre-multiplied spectra βEuu(α = 0, β) at selected
distances y from the wall for Reτ =500. The agreement of these curves with those
reported by Jiménez (1998) and based on DNS data (at Reτ =590) is obviously
only qualitative: the outer-layer spanwise peak predicted at λz ≈ 3.5h is found at
1.5–2h in the DNS. Furthermore, at y+ = 5 the peak is found at values well below
the expected λ+ ≈ 100. Upgrading the simple Gaussian probability distribution to
something more refined would probably not have a large effect on the presented
results, as only low-order statistics are considered. However, a better modelling of
the wall-normal distribution of the forcing can probably improve the results. For
instance, it is not likely that the nonlinear terms at y+ =5 have the same amplitude
as, for instance, in the buffer layer, where the near-wall self-sustaining cycle is
located. If, then, the operator CX∞C† is recomputed, enforcing that the variance of
the forcing decreases in the viscous sublayer, then the pre-multiplied amplification
spectra at y+ = 5 are improved, as shown in figure 8(b).

More realistic forcing distributions have not been considered, on purpose. Actually,
the most relevant result of the presented stochastic response analysis is that, even
with this extremely unrealistic input (Gaussian isotropic flat spectrum, uniform in
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the wall-normal direction), the output displays properties observed in real turbulent
flows (strongly anisotropic velocity field with a dominant streak component, strongly
non-flat spectrum with spanwise scales in the range of those observed in the real
flows, approximate geometric similarity for intermediate wavenumbers). The fact
that qualitatively ‘realistic’ spanwise scales are selected by the non-normal linear
amplification mechanism suggests that this mechanism plays an important role in the
real turbulent flows. However, the linear theory alone probably does not say much
about the scale selection in the streamwise direction. In self-sustained processes, both
the linear amplification and the nonlinear refuelling of the amplification process are
necessary to select specific structures. The modelling of these additional nonlinear
processes is completely absent from the present investigation. The exploration of
these additional processes in fully turbulent flows is the object of current intensive
investigation.

6.4. Relevance of the harmonic forcing analysis

Even if information on the spatio-temporal energy spectral densities for stochastic
forcing can be extracted from the operator [HH†](α, β, ω), the main use of the
harmonic forcing analysis is in its prediction of the optimal response to deterministic
forcing. The deterministic forcing analysis has, for instance, been recently used by
McKeon (2008) to analyse the effect of ‘dynamic roughness’ at Reτ = 500.

Our results indicate that the largest response to forcing is expected for the steady
or very-low-frequency forcing of large-scale structures with λz ≈ 2–6h and that the
associated amplification can be very large, if compared to stochastic forcing, for
example. A large sensitivity to steady forcing has indeed been observed in recent
experiments on Couette and boundary layer flows (Kitoh et al. 2005; Kitoh & Umeki
2008; Pujals, Cossu & Depardon 2010a) where the large-scale streaky motions are
artificially forced by passive devices.

The strong amplification of the harmonic forcing can be exploited to efficiently
manipulate the turbulent mean flow. As the forced streaks must reach a finite
amplitude in order to modify the mean flow at leading order, nonlinear effects
must in principle be taken into account in the analysis. However, a series of previous
investigations has shown that if the amplitude of the forced streaks is not too large
(≈10–15 % of Ue), the main nonlinear effects essentially reduce to a saturation of
the streaks’ amplitude, whose amplification, however, remains large. Indeed, Willis,
Hwang & Cossu (2009, 2010) have forced large-scale linearly optimal α = 0 vortices,
computed with the same approach used in this study, in a DNS of the turbulent
pipe flow. A large amplification of the forcing is observed and the induced large-scale
finite-amplitude streaks modify the flow at leading order and induce a reduction of
the turbulent drag consistently with the results of Schoppa & Hussain (1998) (plane
channel flow, DNS) and Iuso et al. (2002) (boundary layer, experimental results).

The above results more generally confirm the conclusions obtained in related
studies, where the framework is spatial transient growth, that the large amplifications
associated with the coherent lift-up effect can be successfully exploited for flow control
applications. In the experiments of Fransson et al. (2004), finite-amplitude streamwise
streaks with the optimal spanwise wavelength predicted by the linear optimal spatial
transient growth analysis of Andersson, Berggren & Henningson (1999) have been
artificially forced in the laminar Blasius boundary layer. These streaks display large
spatial amplifications, with amplitudes up to ≈13 % of Ue, and the leading-order effect
on the base flow is instrumental in improving its stability with respect to Tollmien–
Schlichting waves (Cossu & Brandt 2002, 2004; Fransson et al. 2005) and in delaying
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transition to turbulence (Fransson et al. 2006). In a similar way, Pujals et al. (2010a)
have forced steady large-scale coherent streamwise streaks in the flat-plate turbulent
boundary layer, also showing that in this case the large-scale coherent streaks display
a non-normal amplification at finite amplitude. Furthermore, Pujals et al. (2010a)
show that the most amplified spanwise wavelengths correspond well to the optimal
values predicted in the optimal transient growth analysis of Cossu et al. (2009) despite
the fact that this latter prediction is based on a temporal analysis (for α = 0) and not
on a spatial analysis. Pujals, Depardon & Cossu (2010b) have used the same type of
forcing of Pujals et al. (2010a) to induce coherent streaks on the roof of an Ahmed
body, which is relevant for industrial applications. In this latter case the forced streaks
are no more optimal and the base flow is strongly non-parallel, but nevertheless the
streaks are sufficiently amplified to modify the base flow at leading order. This mean
flow modification has been shown to suppress the separation on the rear end of the
Ahmed body.

7. Summary and conclusions
The main objective of the present investigation was to understand how small

coherent perturbations to the turbulent channel flow respond to stochastic and
deterministic forcing. Following Reynolds & Hussain (1972), del Álamo & Jiménez
(2006), Pujals et al. (2009), Cossu et al. (2009) and Hwang & Cossu (2010), we
have used a linear model including eddy viscosity for the dynamics of coherent
perturbations. The main results are as follows.

(a) Only structures elongated in the streamwise direction are significantly amplified,
and the most amplified ones are streamwise uniform (α = 0; λx = ∞). The optimal
outputs are strongly anisotropic, with a dominant streamwise component (streaks),
while the optimal inputs have dominant cross-stream components (streamwise
vortices).

(b) The energy amplification by the optimal harmonic forcing is more than two
orders of magnitude larger than the amplification of the variance induced by stochastic
forcing.

(c) The amplification of the optimal harmonic and stochastic forcing of streamwise
uniform structures are found to approximatively scale with the spanwise wavenumber
as β−2 and β−1, respectively, in an intermediate β range where the optimal structures
are found to be, to a first approximation, geometrically similar.

(d) We show that the numerically observed β−2 and β−1 approximate scalings can
be formally derived from the linearized system assuming geometric similarity for the
coherent perturbations and a logarithmic base flow. Following this approach, it is also
shown that, in the same regime, the optimal transient growth of initial perturbation
does not depend on β and that the time of maximum growth scales linearly with λz.

(e) To detect the deviations from the log-layer regime, the optimal harmonic (Rmax)
and stochastic (V ) amplifications obtained for α = 0 have been pre-multiplied by
β2 and β , respectively. The pre-multiplied amplification curves clearly show two
peaks. For both the harmonic and the stochastic forcing cases, the dominant (outer)
peak scales in outer units with a most-amplified wavelength of λz =3.5h, while the
secondary peak scales in inner units with an optimal wavelength of λ+ =80.

(f) The amplifications associated with the outer (dominant) peak increase with the
Reynolds number, while those associated with the inner (secondary) peak and those
in the log-layer scaling region are almost independent of the Reynolds number if
scaled in inner units.
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(g) The shapes of the optimal input and outputs associated to the outer and inner
peaks of the pre-multiplied amplifications are almost independent from the Reynolds
number when plotted in outer and inner units, respectively. Furthermore, the optimal
inputs and outputs of the three different optimal frameworks (harmonic forcing,
stochastic forcing, initial-value problems) all have the same shapes. The profiles of
the streak amplitude û(y) corresponding to the outer peak are proportional to the
turbulent mean flow profile in the inner layer.

These results extend and complete the previous analyses of del Álamo & Jiménez
(2006) and Pujals et al. (2009), which considered the optimal response to initial
conditions in the turbulent channel. In accordance with these studies we find that
the optimal inputs and outputs are streamwise uniform and are quasi-geometrically
similar in the intermediate β range where they scale with their spanwise wavelength,
which is also in accordance with the idea of geometrically similar attached eddies
proposed by Townsend (1976). The two peaks in the ‘pre-multiplied’ amplification
curves are also found at wavelengths λ+

z ≈ 80–100 and λz/h ≈ 3–4 very similar to those
found for the optimal initial-value problem. Optimal growths and perturbations with
α 	 β are very similar to those found for α = 0. The optimal structures associated to
the inner and outer peaks (possibly with α 	 β) correspond qualitatively, in size and
shape, to the most energetic streamwise streaks, respectively, observed in the buffer
layer (Kline et al. 1967; Smith & Metzler 1983; Robinson 1991) and at very large
scales in the channel (del Álamo et al. 2004; Jiménez 2007), as already discussed
by del Álamo & Jiménez (2006) for example. This correspondence can only be
qualitative because of the crude assumptions used in the present analysis, like the
linear approximation, or the modelling of the Reynolds stress with an isotropic eddy
viscosity.

The near-coincidence of the optimal perturbations pertaining to the three
different analyses (initial-value problem, harmonic and stochastic forcing) is,
however, unexpected and currently unexplained. This issue certainly deserves further
investigation to understand whether this result is general and to provide a sound
explanation for it.

The most important difference between the three different linear input–output
analyses comes from the different scaling of the optimal amplifications in the
intermediate β range: β−2 for the optimal harmonic forcing, β−1 for the stochastic
forcing and β0 (no dependence) for the initial-value problem. We have shown how this
different behaviour directly stems from the β scaling of the whole linear generalized
Orr–Sommerfeld–Squire operator obtained when perturbations are assumed to be
geometrically similar and a base flow profile and eddy viscosity with log-layer
properties are assumed. The same arguments explain the proportionality to λz of

the time of maximum temporal growth of log-layer structures observed by del Álamo
& Jiménez (2006) and Pujals et al. (2009).
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funding from the French Ministry of Foreign Affairs through a Blaise Pascal
Scholarship and from École Polytechnique through a Gaspard Monge Scholarship.
Partial support by DGA is also kindly acknowledged.

Appendix. Re-scaled operators in the log-layer approximation
The Fourier amplitudes of spanwise periodic, geometrically similar streamwise

uniform fields are given by the same function of the re-scaled wall-normal coordinate
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y̌ = β̄(y + h), where β̌ is taken as the reference spanwise wavenumber, and the
wavenumber re-scaling factor is defined by β̄ = (β/β̌). The chain rule immediately gives

D = β̄Ď with Ď = ∂/∂y̌, and therefore 
= β̄2
̌ and 
−1 = β̄−2
̌−1 with 
̌= Ď2 − β̌2.
As in the log layer the shear of the base flow is U ′ = uτ/κ(y + h) = β̄uτ /κy̌, we

assume that U ′ = β̄Ǔ ′, where Ǔ ′ = ĎU (y̌). Furthermore, in the log region the Reynolds
stress is to a first approximation constant and equal to u2

τ , which gives for the eddy
viscosity introduced in § 2 νT (y) = uτκ(y + h) = β̄−1uτκy̌. We therefore also assume
that νT = β̄−1ν̌T , where ν̌T = νT y̌. From the above assumptions replaced in system (2.3)
and further assuming α = 0, the following re-scaled system is found:

∂ q̌
∂t

= β̄Ǎq̌ + B̌ f̂ , (A 1a)

where q̌ =[v̌, ω̌y]
T with v̌ = v̂, ω̌y = ω̂y/β̄ . As already mentioned in § 2.1, the wall-

normal vorticity had been re-scaled with β̄ to preserve the self-similarity on the
velocity field u when β is changed. The operators Ǎ and B̌ are

Ǎ =

[
∆̌−1ĽOS 0

−iβ̌Ǔ ′ ĽSQ

]
, B̌ =

[
0 −β̌2∆̌−1 −iβ̌∆̌−1Ď
iβ̌ 0 0

]
, (A 1b)

with

ĽOS = ν̌T 
̌2 + 2ν̌ ′
T 
̌Ď + ν̌ ′′

T (Ď2 + β̌2), (A 1c)

ĽSQ = ν̌T 
̌ + ν̌ ′
T Ď. (A 1d )

The velocity components are obtained from the wall-normal variables with

û = Čq̌, Č =
1

β̌2

⎡
⎢⎢⎣

0 −iβ̌

β̌2 0

iβ̌D 0

⎤
⎥⎥⎦. (A 1e)

The re-scaled state vector q̌ can also be obtained from the velocity with

q̌ = Ďû, Ď =

[
0 1 0

iβ̌ 0 0

]
. (A 1f )

The operators Ǎ, B̌, Č, Ď and ĽOS, ĽSQ do not depend on β̄ (and β), but only on
the reference value β̌ .
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L’instabilité linéaire secondaire des streaks à grande échelle est étudiée dans les écoule-
ments de Couette turbulent à Reτ = 52 et Poiseuille turbulent à Reτ = 300. Les streaks sont
calculés en résolvant les équations de Navier–Stokes moyennées selon Reynolds en utilisant
un modèle de viscosité turbulente. Les conditions initiales optimales, induisant la plus
grande croissance transitoire, sont utilisées; quand l’amplitude des tourbillons optimaux
initiaux est augmentée, l’amplitude des streaks augmente aussi. Les streaks deviennent
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1. Introduction

Understanding the dynamics of coherent motions is a central issue in the research on wall-bounded turbulent flows.
In the near-wall region, streaks, i.e. spanwise alternating patterns of high- and low-momentum regions with mean spacing
about one hundred wall units, have been found as the most prominent feature [1]. These streaks sustain independently
of the turbulent motions in the outer region [2], and the corresponding process has been understood as a cycle involving
amplification of streaks by vortices, breakdown of the streaks via instability and the subsequent nonlinear process gener-
ating new vortices [3,4]. Streaky motions, however, have been also found in the outer region, and they carry a significant
fraction of turbulent kinetic energy and Reynolds stress [5,6]. The origin of these large-scale streaky motions is not clear
yet, but nonmodal stability theory has predicted that they can be significantly amplified by lift-up mechanism [7–9]. This
encouraging result suggests that a self-sustaining process similar to the buffer-layer cycle presumably exists in the outer re-
gion, as confirmed by recent results [10]. However, streaks maximally amplified are found to be uniform in the streamwise
direction, whereas the streaky motions observed in experiments have the finite streamwise wavelengths and meander with
vortex packets (also called large-scale motions) coherently aligned to them [5,6]. Currently, there is no sound explanation
for these features, and only recently it has been conjectured that the vortex packets may be related to the instability of
large-scale streaks [5]. The goal of the present study is to analyze the stability of large-scale streaks and to seek a relation-
ship between the streamwise wavelengths of the instability and the length-scales of the coherent structures in the outer
region. In order to theoretically track this issue, we consider an eddy-viscosity model for the organized waves [11] success-
fully used to study the transient growth of large-scale streaks [7–9], and conduct a secondary stability analysis of the most
amplified streaks in the turbulent Couette flow and in the turbulent Poiseulle flow.

2. Background

We consider the turbulent flow of an incompressible fluid with the density ρ and kinematic viscosity ν in a channel
with walls located at ±h. Here, the streamwise, wall-normal and spanwise directions are denoted as x, y and z respectively.
For Couette flow, the upper and the lower walls move in opposite directions with the same velocity U w . The Poiseulle flow
is driven by a constant pressure gradient across the channel and has centerline velocity Ucl . For both cases, the equation for
organized waves in perturbation form around the mean flow (Ui = (U (y, z),0,0)) is written as [11,7–9]

∂ui

∂t
+ u j

∂Ui

∂x j
+ U j

∂ui

∂x j
+ u j

∂ui

∂x j
= − 1

ρ

∂ p

∂xi
+ ∂

∂x j

[
νT (y)

(
∂ui

∂x j
+ ∂u j

∂xi

)]
(1)

Here, ui = (u, v, w) is the velocity of the organized wave and νT (y) ≡ ν +νt(y), where νt(y) is the turbulent eddy viscosity.
The streaky base flow is computed using a mean profile U (y) issued from DNS for the Couette flow as in [9] and the
Reynolds–Tiederman profile for the Poiseulle flow as in [8]. νT (y) is the total eddy viscosity in equilibrium with U (y)

and the solutions are assumed uniform in the streamwise direction. Once the streaky base flow us(y, z) is computed, the
secondary base flow is defined as Ub(y, z) ≡ U (y) + us(y, z). The stability of Ub(y, z) is then studied by linearizing (1)
with the secondary perturbations u′

i(x, y, z, t). Under the assumption that the base flow Ub(y, z) is periodic in the spanwise
direction, the Floquet theory allows the linearized equation to have the following normal-mode solution:

u′
i(x, y, z, t) = eiαx−iωt

∞∑
n=−∞

ûn
i (y)ei(n+ε)β0z + c.c. (2)

where α is the streamwise wavenumber, ω the complex frequency, β0 the spanwise wavenumber related to the fundamental
period of the base flow, and 0 � ε � 1/2 is the detuning parameter. According to the values of ε , the solutions (2) are
classified into ‘fundamental’ (ε = 0) and ‘subharmonic’ (ε = 1/2) modes. Also, the modes with even and odd symmetries
about base flows are called ‘sinuous’ and ‘varicose’ respectively. For further details on the classification of the modes, the
readers are referred to [12]. In the present study, we focus only on the fundamental sinuous mode, found as the most
unstable one for all the cases considered.

Eq. (1) is discretized using Chebyshev polynomials and Fourier series in the wall-normal and spanwise directions re-
spectively. The time integration used to compute Ub(y, z) is conducted using the Runge–Kutta third-order method. For the
Floquet analysis, the same spatial discretization is applied to the linear operators. The resulting numerical eigenvalue prob-
lem is then solved using the implicitly restarted Arnoldi method (for further details, see [12]). All the computations here
are carried out with N y × Nz = 65 × 32.

3. Results

We consider a turbulent Couette flow at Reτ = 52 and a Poiseulle flow at Reτ = 300. The computation of the streaky
base flows is carried out by using the optimal initial conditions, that consist of pairs of the counter-rotating streamwise
vortices computed in [8,9] (see also Fig. 2). The spanwise spacing is chosen as λz = 4h (β0h = π/2), which is very near
the optimal value [8,9]. The spanwise size of computational box is set to as Lz = λz , so that a single pair of optimal initial
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Fig. 1. Evolution of the streak amplitude in time: (a) Couette flow with Av = 0.08,0.11,0.12,0.16; (b) Poiseulle flow with Av = 0.06,0.078,0.09,0.1. Here,
• denotes the maximum of As at t = tmax.

Fig. 2. Cross-stream (y–z) view of streaky base flow extracted at t = tmax and optimal initial vortices: (a) Couette flow with As = 26% and (b) Poiseulle flow
with As = 25%. Here, the solid and dashed contour lines respectively denote positive and negative parts of the streaky base flow with the increment 0.1 of
its maximum, and the vectors represent the initial vortices.

Fig. 3. Growth rate of fundamental sinuous mode with the streamwise wavenumber α for streaky base flows corresponding to • in Fig. 1: (a) Couette flow
with As = 13,18,20,26%; (b) Poiseulle flow with As = 18,21,23,25%. Here, � indicates the location of maximum ωi of the largest amplitude of streaks
considered.

vortices is driven. The amplitude of the initial vortices is defined as Av = [(2/V )
∫

V (u2 + v2 + w2)dV ]1/2. The amplitude of
the streaks induced by these vortices is defined [14] as

As = [maxy,z �U (y, z) − miny,z �U (y, z)]
2 Uref

(3)

where �U (y, z) ≡ us(y, z). Here, Uref = 2U w and Uref = Ucl for Couette and Poiseulle flows respectively.
Fig. 1 shows the temporal evolution of the streak amplitude for several amplitudes Av of the optimal initial vortices.

Both Couette and Poiseulle flows exhibit large transient amplifications of the streaks through the coherent lift-up effect.
As Av increases, the amplitude of the streaks also increases. However, the ratio of the amplification slightly decays with
increasing Av , and the time for As to reach its maximum (tmax) also becomes shorter. Typical cross-stream views of the
initial vortices and streaks at t = tmax are reported in Fig. 2. It is seen that the low-momentum regions where the fluid
is ejected from the wall by the vortices ((y > 0, z � ±2h) and (y < 0, z � 0) in Fig. 2) are narrow and intense, and this
tendency generally becomes stronger for larger streak amplitudes.

The Floquet stability analysis is performed for the fundamental modes using the streaky base flows extracted at t = tmax.
Fig. 3 shows the growth rate ωi of sinuous modes versus the streamwise wavenumber α for several As . Both Couette and
Poiseulle flows are stable for sufficiently low amplitudes of the streaks (ωi < 0). As the amplitude of streak As increases,
the growth rate gradually increases. Then instability begins to appear (ωi > 0) when As reaches the value: As,c = 18%
at αch = 0.3 for Couette flow (Fig. 3a) and As,c = 21% at αch = 1.2 for Poiseulle flow (Fig. 3b). When As > As,c , a finite
interval of the streamwise wavenumbers is unstable with maximum growth at αmaxh � 0.6 in Couette flow (Fig. 3a) and
αmaxh � 1.4 in Poiseulle flow (Fig. 3b). We have verified that varicose modes are less unstable than sinuous modes in this
range of Av –As .

Fig. 4 shows the spanwise velocity component w of the streak-instability eigenfunction and the line where the mean
velocity is the same as the phase speed cr of instability wave (cr = 0 in Couette flow while cr = 0.87Ucl in Poiseulle flow).
The w-component of the eigenfunction is concentrated in the lifted low-momentum region for both Couette and Poiseulle
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Fig. 4. Cross-stream (y–z) view of the absolute value of the spanwise velocity eigenfunction corresponding to � in Fig. 3: (a) Couette flow; (b) Poiseulle
flow. Here, the contour is normalized by its maximum and the thick dashed line denotes the velocity of streaky base flow which is the same with the
phase speed of the streak instability.

flows. In Couette flow the amplitude of the eigenfunction is appreciable even close to the opposite wall, whereas in Poiseulle
flow it is mainly concentrated on the center of the channel, which is reminiscent of the unstable modes found in the laminar
case.

4. Discussion

We have investigated the instability of finite amplitude streaks in the framework of an eddy viscosity of turbulent
Couette and Poiseulle flows. The nature of the streak instability we find bears same similarity the one observed in the
laminar flows: the instability appears for the high amplitude streaks and it is dominated by the fundamental sinuous mode.
An interesting point is that the critical streak amplitudes in the present model are lower than those in laminar flows:
for example, our own computations in laminar Couette and Poiseulle flows at Reh = 500 give As,c � 23% and As,c � 28%
respectively (see also [13]), whereas for the turbulent Couette and Poiseulle flows it is found As,c � 18% and As,c � 21%
respectively at Reτ = 52 and Reτ = 300. However, this does not mean that the streak instability in turbulent flows can be
more easily triggered than in laminar flows because as the optimal turbulent transient growth is smaller than the laminar
one [8,9], initial vortices in turbulent flows should be more energetic to drive streak instability than those in laminar flows.
For example, in the laminar Poiseulle flow, Av,c ∼ O (10−3) is required to trigger streak instability [13], but the amplitude
of initial vortices in the present model of Poiseulle flow is almost two order of magnitude larger (i.e. Av,c � 0.08).

In the outer region of the turbulent Poiseulle flow, the streamwise length scale of the large-scale motions has been
associated with the peak near the high wavenumber boundary of the α−1 regime in the spectra of the outer region at αh =
1 ∼ 2 (λx = 3.1 ∼ 6.3h), and that is clearly visible for 0 < |y| < 0.6h [15,16]. The range of unstable streamwise wavenumbers
in the present study is also obtained at αh = 0.8 ∼ 1.8 (λx = 3.5 ∼ 7.9h; see Fig. 3b), showing good agreement with the
location of the peak in the streamwise spectra. Moreover, the eigenfunctions obtained here have significant values in 0 <

|y| < 0.6h, also comparable to the spectra. For the turbulent Couette flow, the streamwise wavenumber having the maximum
growth rate (αh � 0.6; λx � 10.5h; see Fig. 3a) also corresponds well to the location of the peak in the streamwise spectra at
the channel center (αh � 0.63; λx � 10h) [17]. This good correlation in the length-scale comparison implies that the large-
scale motion could be formed by instability of much longer streaky motions in the outer region. However, as the Reynolds
numbers considered here are fairly low, this conclusion remains to be confirmed at larger Re. Also, alternative scenario
based on the secondary transient growth as in [18] may also be relevant, and is currently under active investigation.
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Large-scale motions, important in turbulent shear flows, are frequently attributed to the interaction of

structures at smaller scales. Here we show that, in a turbulent channel at Re� � 550, large-scale motions

can self-sustain even when smaller-scale structures populating the near-wall and logarithmic regions are

artificially quenched. This large-scale self-sustained mechanism is not active in periodic boxes of width

smaller than Lz � 1:5h or length shorter than Lx � 3h which correspond well to the most energetic large

scales observed in the turbulent channel.
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Understanding the mechanisms by which turbulence
self-sustains in wall-bounded turbulent shear flows is still
an open challenge that is relevant for applications ranging
from atmospheric dynamics to the design of low drag
vehicles. One of the most robust features of these flows
is the presence of streamwise streaks, i.e., narrow stream-
wise regions where the streamwise velocity is larger or
smaller than the mean velocity at the same distance from
the wall. The existence of streaks in the buffer layer with a
characteristic average spanwise scale �þ

z � 100, in wall
units, has been revealed by early experimental observa-
tions [1,2]. Numerical experiments furthermore reveal that
turbulence is not sustained in periodic domains smaller
than this spacing [3]. There is now a large consensus that
these near-wall structures are generated via a self-sustained
process [4,5] based on the amplification of streaks from the
vortices via the lift-up effect [6], followed by the break-
down of the streaks [7,8] and the regeneration of the
vortices. This buffer-layer process survives when turbulent
structures are artificially removed from the outer layers [9].

Coherent structures, however, exist at larger scales. It
has long been known that streamwise velocity correlations
are important up to lengths of the order of the outer length
scale h of the flow (e.g. the channel half-width, the pipe
radius, or the boundary layer thickness), and have been
related to the presence of ‘‘bulges’’ or ‘‘large-scale mo-
tions’’ [10]. Recently, it has also been realized that coher-
ent streaks exist at even larger scales, with typical spanwise
and streamwise scales �z � OðhÞ and �x � Oð10hÞ, re-
spectively [11–15]. These very-large-scale streaks, also
referred to as very-large-scale motions or global modes
or superstructures, are important because they carry a very
significant fraction of the turbulent kinetic energy and of
the turbulent Reynolds stress [12,13,15,16], contradicting
the early view that the motions at very large scales are
essentially inactive [17].

The fundamental question in which we are interested
here is as follows: What is the origin of the streaky motions
at very large scales? It has been conjectured that these
motions could result from the concatenation of large-scale
motions [13,16]. These large-scale motions are, in turn,
made of the aggregation of a huge number of hairpin
vortices of smaller scales [12,18]. Even from a different
perspective, further numerical experiments [19] support
the idea that very-large-scale motions can be directly
forced and can interact with near-wall structures, at much
smaller scales, via a cosupporting cycle. In this mecha-
nism, while the near-wall cycle would continue to exist
even in the absence of large-scale structures, the reverse
would not happen.
The current wisdom is therefore that large- and very-

large-scale motions would not exist in the absence of
smaller-scale structures. An alternative way of thinking
is, however, emerging from recent findings that extend
recent hydrodynamic stability methodologies to fully de-
veloped turbulent flows. It has recently been theoretically
predicted that very-large-scale streamwise streaks can be
amplified by a coherent lift-up effect which is able to
extract energy from the mean flow at very large scales,
without the mediation of coherent structures at smaller
scales [20–24]. The existence of the coherent lift-up has
been confirmed in experiments where very-large-scale co-
herent streaks have been artificially induced by forcing
coherent streamwise vortices [25–27]. It is therefore tempt-
ing to conjecture that the very-large-scale motions could
result from a self-sustained mechanism bearing some simi-
larity to the processes observed in the buffer layer and in
transitional flows (see, e.g., the discussions in [13,22,28]).
The goal of the present study is to verify whether or not this
conjecture is true.
We proceed by designing a ‘‘conceptual’’ numerical

experiment where we gradually remove the smaller scales
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from the flow while still taking into account the associated
dissipation. The ideal tool to perform such an experiment is
the large eddy simulation (LES), which also has the ad-
vantage of keeping the computations in very-large domains
manageable at high Reynolds numbers. In LES the very-
small-scale motions are not resolved by the grid, and the
residual stress tensor associated with these small-scale
filtered motions is modeled with an eddy viscosity �ij �
�kk�ij=3 ¼ �2�T

�Sij, where �Sij is the symmetric part of

the filtered velocity gradient. From the adopted perspective
it is important to avoid any backward spectral energy
transfer from the smaller to the larger scales. Therefore,
we consider the ‘‘static’’ Smagorinsky model [29], where

the eddy viscosity is simply modeled as �T ¼ DðCS
��Þ2 �S,

with �S ¼ ð2 �Sij �SijÞ1=2 being a measure of the local shear

and CS
�� the local mixing length, given by the product of

the filtering scale �� to the Smagorinsky constant CS. The

van Driest damping function D ¼ 1� e�ðyþ=AþÞ3 is also
used to enforce a physical behavior near the wall (for
further details on properties of the Smagorinsky model,
the reader may refer, e.g., to [30,31]). Dynamic
Smagorinsky models, which are known to perform better
for engineering applications, are not used here because we
want to avoid backscatter. The simulations are performed
using the public domain code DIABLO [32] which imple-
ments the fractional-step method based on a semi-implicit
time integration scheme and a mixed finite-difference and
Fourier discretization in space. The computational domain
is chosen large enough (Lz ¼ 6h) to contain three to four
large-scale streaks in the spanwise direction and long
enough (Lx ¼ 56h) to contain the longest observed stream-
wise wavelengths of the very-large-scale motions. The grid
size of 384� 65� 96 points in, respectively, the stream-
wise (x), wall-normal (y), and spanwise (z) directions is set
up so as to resolve the near-wall cycle properly in the
reference simulations [33]. A grid stretching is applied in
the wall-normal direction with the first grid point at yþ ¼
1:8 and a maximum spacing �þ

y ¼ 40 at the channel

center.
The simulations are performed by enforcing a constant

mass flux corresponding to the constant Rem ¼ 20 133,
where Rem ¼ Um2h=� is the Reynolds number based on
the bulk velocity Um ¼ ð1=2hÞRh

�h Udy, the kinematic

viscosity �, and the channel half-height h. The reference
case is first considered by choosing the Smagorinsky con-
stant CS ¼ 0:05 which was shown to provide the best
accordance with statistics of direct numerical simulations
[30]. The reference solution exhibits an average friction-
based Reynolds number Re� ¼ 550, where Re� ¼ hu�=�
and u� is the friction velocity. The mean streamwise ve-
locity profile and the turbulence intensities agree well with
those from direct numerical simulations at the same Re�
[34] as reported in Fig. 1. A snapshot of the streamwise
velocity fluctuation in the reference case is reported in
Fig. 2(a). The structure of this field is very similar to the

one obtained from direct numerical simulations, with
large-scale streaks embedded in clouds of smaller-scale
structures (see, e.g., [28]). The premultiplied spanwise
and streamwise velocity spectra kzEuuðkzÞ and kxEuuðkxÞ
corresponding to the reference case, reported in Figs. 3(a)
and 3(c), respectively, are also in qualitatively good accor-
dance with those from direct numerical simulation at simi-
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FIG. 1. Comparison of mean statistics of the reference case
(CS ¼ 0:05) with data from the direct numerical simulations in
Ref. [34] at the same Re� ¼ 550: (a) mean streamwise velocity
profile UðyþÞ; (b) turbulence intensity profiles urmsðyþÞ,
vrmsðyþÞ, and wrmsðyþÞ.

FIG. 2 (color online). Isosurface (uþ ¼ �2) of the instanta-
neous streamwise velocity fluctuation for the reference simula-
tion with CS ¼ 0:05 (a) and for simulations performed with
increasing artificial dissipation of the small scales with
CS ¼ 0:1 (b), CS ¼ 0:2 (c), and CS ¼ 0:3 (d).
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lar Re� [11]. In particular, in the premultiplied spectra, the
scales of the buffer-layer cycle �þ

z � 100 and �þ
x � 600

are observed for yþ < 30, while in the outer region the
peaks corresponding to the large-scale motions are ob-
served at �z=h � 1:5–2 and �x=h � 3–4 with long tails
in the range of �x=h > 3–4 that represent the very-large-
scale motions [16,35,36].

To test if the large-scale structures can survive even in
the absence of smaller scales, we progressively damp the
small-scale structures by simply repeating the simulations
with larger values of the Smagorinsky constant CS, which
only affects the diffusion term and not the nonlinear ad-
vective terms. In these additional simulations the Reynolds
number is kept at its reference value Rem ¼ 20 133. The
friction-based Reynolds number is not strongly affected by

the change in CS: Re� ¼ 494 is found for CS ¼ 0:1, Re� ¼
518 for CS ¼ 0:2, and Re� ¼ 560 for CS ¼ 0:3.
For increasing CS values, the small-scale coherent mo-

tions are increasingly damped, as can be seen from the
instantaneous streamwise velocity fluctuation fields re-
ported in Fig. 2. Only large- and very-large-scale streaky
motions survive for CS � 0:3 [Fig. 2(d)]; also, these mo-
tions are quenched for CS ¼ 0:4. The effects observed on
the instantaneous velocity fields are confirmed by the
analysis of the premultiplied spectra reported in Fig. 3.
For CS ¼ 0:1, the buffer-layer peak �þ

z � 100 in the span-
wise premultiplied spectrum kzEuuð�zÞ has been quenched,
meaning that the near-wall cycle has been suppressed.
However, structures with almost constant �z=y survive in
the log layer for CS ¼ 0:1, as seen in Fig. 3(c). For larger
CS, these structures are also quenched. Only one peak
survives with �z � 1:5h for CS ¼ 0:2 and �z ¼ 2h for
CS ¼ 0:3, with �z corresponding well to the large- and
very-large-scale motions ½�z � ð1:5–2Þh� apparent in
Fig. 3(a) and observed in numerical simulations and ex-
periments [11,15].
The analysis of the streamwise premultiplied spectra

kxEuuð�xÞ confirms this scenario. For CS ¼ 0:1 the �þ
x �

600 peak has been replaced by much longer structures
(�x � 7h). In the channel center, structures with �x � 3h
dominate, like in the reference simulation. The typical
streamwise scales in the inner layer, no longer masked by
the near-wall cycle, are now longer than in the outer layer.
These scales grow longer when CS is further increased [see
Figs. 3(d), 3(f), and 3(h)]. The streamwise scales surviving
for CS ¼ 0:3 are larger by a factor of 2 when compared to
the ‘‘natural’’ large-scale and very-large-scale motions,
which can probably be attributed to the very important
artificial dissipation enforced at this CS. The analysis of
the wall-normal structure of the modes associated with
these scales reveals that the modes associated with longer
�x, when compared to shorter �x ones, (a) have turbulence
intensity peaks nearer to the wall, (b) penetrate more to the
wall with a larger turbulence intensity, and (c) have a
smaller ratio of the wall-normal to the streamwise turbu-
lence intensity. These structures remain essentially outer-
layer structures even for the longest �x. We have verified
that the results described above do not depend on the
details of the damping of the small-scale motions by
repeating the simulations with a different form of artificial
extra dissipation.
These findings, especially for the case CS ¼ 0:1, are in

accordance with recent numerical experiments, where it
was shown that large-scale motions in the outer layers are
almost independent of the buffer-layer processes [37,38].
Even more importantly, these results prove that large- and
very-large-scale motions in the turbulent channel do not
necessarily rely on the existence of smaller-scale structures
like buffer-layer streaks and vortices or hairpin vortices.
This is a strong indication that an independent self-

FIG. 3. Spanwise premultiplied power spectrum kzEuuð�zÞ
[(a), (c), (e), and (g)] and streamwise premultiplied power
spectrum kxEuuð�xÞ [(b), (d), (f), and (h)] for, respectively, the
reference simulation with CS ¼ 0:05 [(a) and (b)] and for the
cases CS ¼ 0:1 [(c) and (d)], CS ¼ 0:2 [(e) and (f)], and CS ¼
0:3 [(g) and (h)]. The premultiplied spectra are extracted in the
inner layer (yþ ¼ 16, 30, 70, 108; dashed lines) and in the outer
layer (y=h ¼ 0:38, 0.65, 1; solid lines).
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sustained process at large scales exists in the turbulent
channel and probably in the other turbulent canonical shear
flows such as the pipe and the boundary layer, as was
previously conjectured [13,20,22].

The self-sustained process at large scales is associated
with coherent large-scale streaks that undergo sinuous
oscillations and break down in an apparently random
way. This phenomenology is similar to what is observed
in minimal box realizations of the buffer-layer self-
sustained process and in the subcritical laminar-turbulent
transition in the channel [3,4,7,39]. In these situations, the
process can self-sustain only in periodic boxes sufficiently
large for the streaks to grow by the lift-up effect and
sufficiently long to allow the sinuous streak oscillations
to develop. We have therefore repeated the simulations for
CS ¼ 0:3 in smaller horizontally periodic boxes. A con-
stant spatial resolution (�x, �z) is used so as to maintain
the LES filter width, unchanged. A detailed analysis of
numerous box combinations reveals that the large-scale
process is sustained only if the streamwise and spanwise
box sizes are larger than the minimal values Lx;min � 3h
and Lz;min � 1:5h, respectively. These values are in very

good agreement with the spatial length scales of the most
energetic outer-layer motions [11,15,20,35]. This similar-
ity of the minimal box sizes to the characteristic scales of
the most energetic structures observed in the ‘‘natural’’
turbulent flows is also observed for buffer-layer structures
[3], The minimal spanwise size Lz;min is also well in the

range of scales where streaks are strongly amplified by the
coherent lift-up effect in turbulent channels [20,21].

The analysis of the power input and dissipation, IðtÞ and
DðtÞ, in the minimal box Lx;min � Lz;min for CS ¼ 0:3
reveals pseudoperiodic oscillations with time period T �
ð13–15Þh=Ub associated with sinuous oscillations of the
low speed streaks in the whole channel. These oscillations
are typically followed, in an intermittent way, by a large
excursion in the drag and dissipation that is very similar to
the ‘‘bursting’’ observed in the buffer-layer process [3].

From the minimal box results we also conclude that the
existence of motions at very large scales (�x > 3h) is not
necessary for the survival of the motions at large scales
(�x � 3h). Whether the motions with �x > 3h are active or
are passively forced by the process at �x � 3h is still an
open question that is currently under scrutiny.
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NORDITA, where part of this work was done.

*yongyun@ladhyx.polytechnique.fr
†carlo.cossu@imft.fr

[1] S. J. Kline, W.C. Reynolds, F. A. Schraub, and P.W.
Runstadler, J. Fluid Mech. 30, 741 (1967).

[2] J. R. Smith and S. P. Metzler, J. Fluid Mech. 129, 27
(1983).
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The optimal amplifications of small coherent perturbations within turbulent pipe flow are computed for
Reynolds numbers up to one million. Three standard frameworks are considered: the optimal growth of an
initial condition, the response to harmonic forcing and the Karhunen-Loève �proper orthogonal decomposition�
analysis of the response to stochastic forcing. Similar to analyses of the turbulent plane channel flow and
boundary layer, it is found that streaks elongated in the streamwise direction can be greatly amplified from
quasistreamwise vortices, despite linear stability of the mean flow profile. The most responsive perturbations
are streamwise uniform and, for sufficiently large Reynolds number, the most responsive azimuthal mode is of
wave number m=1. The response of this mode increases with the Reynolds number. A secondary peak, where
m corresponds to azimuthal wavelengths ��

+�70–90 in wall units, also exists in the amplification of initial
conditions and in premultiplied response curves for the forced problems. Direct numerical simulations at Re
=5300 confirm that the forcing of m=1,2 and m=4 optimal structures results in the large response of coherent
large-scale streaks. For moderate amplitudes of the forcing, low-speed streaks become narrower and more
energetic, whereas high-speed streaks become more spread. It is further shown that drag reduction can be
achieved by forcing steady large-scale structures, as anticipated from earlier investigations. Here the energy
balance is calculated. At Re=5300 it is shown that, due to the small power required by the forcing of optimal
structures, a net power saving of the order of 10% can be achieved following this approach, which could be
relevant for practical applications.

DOI: 10.1103/PhysRevE.82.036321 PACS number�s�: 47.27.Rc, 47.20.Pc, 47.27.De, 47.27.N�

I. INTRODUCTION

The nature of laminar-turbulent transition, and of the
structure of turbulence in pipe flow, is a subject that has
interested generations of fluid dynamicists since the pioneer-
ing work of Reynolds �1�. Laminar pipe flow �the Hagen-
Poiseuille flow solution� is linearly stable, but subcritical
transition to turbulence is observed at Reynolds numbers as
low as �2000. A key mechanism in the transition process is
played by the lift-up effect �2,3� consisting of the strong
amplification of the energy of streamwise streaks that evolve
from streamwise vortices. These streaks are narrow elon-
gated regions where the streamwise velocity is larger or
smaller that the average at the same distance from the wall.
The large amplification of the streaks by the lift-up mecha-
nism is related to the strong non-normality of the linearized
Navier–Stokes operator �4–6�. Optimal perturbations, which
maximize the energy amplifications, have been computed for
most of the canonical laminar shear flows, where it is found
that streamwise uniform structures are the most amplified.
The maximum amplification of initial conditions, and re-
sponses to harmonic and stochastic forcing have been found
to scale such as Re2, Re4, and Re3, respectively �6–9�. For
laminar pipe flow, the most amplified streamwise uniform

modes are those of azimuthal wave number m=1 �10–12�,
decreasing monotonically with increasing m, and the result-
ing streaks are significantly unstable when of sufficient am-
plitude �13�.

Coherent streaky motions also exist in the turbulent pipe.
The existence of streaks in the buffer layer with a mean
spanwise spacing of �100 wall units has been well docu-
mented for the boundary layer �14–16� and for pipe flows
�17,18�. Coherent streaky structures exist also at much larger
scales, of the order of several pipe radii, R. Recently it has
been realized that these structures can be very long �at least
�8R to 16R�, and contribute to half of the total turbulent
kinetic energy and Reynolds stress �19,20�. Contrary to other
canonical turbulent flows, for the case of the turbulent pipe
relatively little is known on the spanwise �azimuthal� struc-
ture of these coherent large-scale structures.

While early computations of optimal growths and re-
sponses to stochastic forcing �21–23� have considered the
turbulent mean flow as a base flow, the molecular viscosity
was included in the equations for the coherent perturbations.
An externally imposed eddy turnover time had to be included
in the optimization process. More recent analyses of the tur-
bulent plane channel flow �24–26�, boundary layer �27� and
Couette flow �28� have included the effect of the eddy vis-
cosity in the linearized equations, in the spirit of Ref. �29�. In
this approach the eddy turnover time need not be enforced,
but is an output of the optimization process. Following this
approach, two preferred spanwise wavelengths are found for
the amplification of streamwise uniform streaks, for suffi-
ciently high Reynolds numbers. The first ��z�3h to 4h for
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plane channel flow� scales in outer units �i.e., with the chan-
nel half-width h�, and the maximum amplifications increase
with the Reynolds number. The second preferred spanwise
length, which scales in inner �wall� units, is found at �+

�100, in good accordance with the scales of the buffer layer
cycles. Here milder energy amplification of initial conditions
is found. These results strongly suggest that the mean lift-up
effect is involved as an essential part of the mechanisms that
permit the sustainance of turbulent coherent structures.

When streaks are of finite amplitude they may support the
amplification of secondary perturbations �30,31� that lead to
their breakdown, and to the refueling of streamwise vorticity
necessary to sustain the streaks �32,33�. This self-sustained
process is christened in the emergence of nonlinear saddle
solutions �34,35� and unstable periodic orbits �36�. Many
unstable nonlinear solutions have also been found for pipe
flow �37,38�, where a positive Lyapunov exponent is dis-
played in the turbulent regime �39�. These “exact” solutions
�40�, which are believed to provide a structure to the sub-
critical transition process �41�, typically have few unstable
eigenvalues and associated modes, while they are attracting
in all other directions in phase space. It has therefore been
conjectured that transitional flow spends significant periods
of time in the neighborhood of a few of these nonlinear so-
lutions, and that therefore the lowest order statistics could be
retrieved by averaging over the exact solutions. This rational
framework has been boosted by the experimental observation
of the velocity field bearing resemblance to exact nonlinear
traveling wave solutions �42�. Exciting phase space portraits
of the transitional regime are becoming available for the
plane Couette flow �43�.

It is currently not clear how to extend the dynamical sys-
tems approach into the régime of developed turbulence. At
large Reynolds numbers, exact solutions typically have high
wave numbers, implying an unrealistic number of repetitions
of the structure in space. Progress is being made with respect
to this spatial dependence, with the discovery of localized
counterparts to the infinitely extended solutions �44�. Other
periodic solutions have been continued to high Reynolds
numbers �45�. A different but serious problem is that, while
capturing the typical features of turbulence near the wall,
exact solutions do not exhibit the large dissipation of turbu-
lence in the central region of the flow. It is this dissipation
that leads to flattened mean profiles of the flow and strong
deceleration of the core region for pipe flow. This slow core
is clearly present in the observations of �42�. While dissipa-
tion occurs on small scales in the central region, however,
coherent streaks certainly are present. A myriad of solutions
exhibiting streaks is now available for pipe flow �46�, but it
is not yet clear how to determine which best characterize
turbulence. Toward this end, in the present study the eddy
viscosity is invoked to help reveal on which length scales the
most important structures occur, those associated with energy
production through amplification, and who’s presence may
otherwise be masked by the dissipative eddies.

In addition to its potential relevance for understanding the
structure of turbulent flows, the analysis of optimal energy
amplifications is also relevant for flow control. In the laminar
boundary layer, for instance, the forcing of nearly optimal
streaks has been used to stabilize the base flow to Tollmien-

Schlichting waves �47–49� and delay transition to turbulence
�50�. That large-scale coherent streaks can be effectively am-
plified in the turbulent boundary layer �51,52� has opened the
way for their use in separation control in industrial applica-
tions �53�. Furthermore, a few studies �54,55� have shown
that by forcing large-scale streamwise vortices, viscous drag
can be reduced in the plane channel flow. However, in these
studies the cost of the control action has not been evaluated,
and it is therefore unclear if a net power saving can be
achieved. In this study, the advantage of forcing optimal
structures is that the energy required for the forcing is mini-
mized, reducing the cost of the control.

The scope of the present investigations is therefore to an-
swer the following questions: what are the optimal energy
amplifications and responses to forcing sustained by the
mean turbulent flow in a pipe? Structures of which wave-
lengths are most amplified? And, how do these amplifica-
tions and their structure change with Reynolds number? De-
spite its ubiquity in practical applications, these results are
not yet available for turbulent pipe flow. A linear model is
presented in Sec. II. Linear results �Sec. III�, based on the
eddy-viscosity model, here and for the planar geometries, are
yet to be compared with simulations of “real” turbulence,
i.e., in full resolved simulation �Sec. IV�. In other words, do
the optimal streaks predicted by the linear eddy-viscosity
model compare well to artificially forced streaks computed
in direct numerical simulation? As simulations in the pres-
ence of turbulence are inherently nonlinear, what is the effect
of finite amplitude forcing on these coherent streaks? Finally,
we are interested in the influence of artificially forced finite
amplitude streaks on the drag. Can the mean drag be reduced
in the presence of large amplitude streaks? Is a net power
saving, including the cost of the control, achievable, and if
so, what is the best performance?

II. BACKGROUND

A. Turbulent base flow and eddy viscosity

Consider the incompressible flow of a viscous fluid of
kinematic viscosity � in a circular pipe of radius R. The bulk
velocity Ub �mean streamwise speed� is assumed constant.
Lengths are nondimensionalized by R and velocities by
Ucl

lam=2Ub, the center-line speed for laminar flow of the same
bulk velocity �12,38,56,57�. The usual Reynolds number
based on the mass flux is defined as Re=2UbR /�. At suffi-
ciently large Reynolds numbers the flow is turbulent and the
turbulent mean flow profile preserves invariance in the span-
wise direction �, the streamwise direction x, and in time t.
The mean flow velocity is written U=U�y�ex, where y=1
−r is the dimensionless distance from the boundary wall and
r is the radial coordinate. In complement to this “outer” scal-
ing, convenient for measuring large-scale properties, to de-
scribe near-wall structure it is commonplace to also define
units via the friction velocity u�

2=��yU �y=0, based on the
shear near the wall. The wall units of length and time are
then � /u� and � /u�

2, respectively. Variables nondimensional-
ized on this “inner” scaling bare the superscript + in the
following, and the wall-Reynolds number is defined Re�

=u�R /�.
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If, as a first approximation, the Boussinesq eddy viscosity
is used to model the turbulent Reynolds-stresses, then the
streamwise component of the Reynolds-averaged momentum
conservation reads

1

Re
�1

r
+ �r���T�rU� = �xP , �1�

where the total effective viscosity is �T�y�=1+E�y� and E�y�
is the eddy-viscosity, normalized such that at the wall
�T�0�=1, i.e., the kinematic value is attained. We denote by
B=−�xP, the averaged streamwise pressure gradient neces-
sary to maintain the prescribed mass flux.

For E�y� we use the convenient expression originally sug-
gested for pipe flow by Cess �58�, later used for channel
flows by Reynolds and Tiederman �59�, then by many others
�21,24,25�:

E�y� =
1

2
	1 +

�2R̂2B̂

9
�2y − y2�2�3 − 4y + 2y2�2

�
1 − exp�− yR̂�B̂

A+ ��21/2

−
1

2
. �2�

The mean streamwise velocity U�y� in equilibrium with this
radially dependent eddy viscosity �Eq. �2�� is easily inverted
from the mean averaged momentum Eq. �1�, and matches

very well experimental observations. Here, R̂=Re /2, B̂=2B.
The fitting parameters A+=27 and �=0.42 have been up-
dated to improve the match with recent observations in �60�.

B. Equations for the small coherent perturbations
to the turbulent base flow

We now take the state �= �U , P�, solution of Eq. �1�, as a
�steady� base flow and consider small coherent �correlated
when ensemble-averaged� perturbations, �= �u , p�, to � in
the presence of a coherent �correlated� force f and/or coher-
ent initial conditions u0. Note that � is understood to be the
turbulent mean state for f=0 and u0=0.

The equations governing the coherent perturbations re-
quire modeling of the Reynolds stresses to be closed. Rey-
nolds and Hussain �29� discussed the eddy viscosity as a
simple closure model, finding that it compared well for
small-amplitude perturbations. Linearizing the closed equa-
tions, following �24–29�, the equation governing small-
amplitude coherent perturbations is

�tu + ur�rUex + U�xu = − �p +
1

Re
� · ��T�y���u + �uT��

+ f . �3�

These perturbations also satisfy continuity, � ·u=0. The ex-
plicit components for the viscous term are given in Appendix
A.

Exploiting the rotational and the streamwise translational
invariance of the system, one may expand the perturbations
in Fourier modes ��r ,� ,x ; t�=��m	̂�m�r ; t�ei��x+m��, where �
and m are the streamwise and azimuthal wave number re-
spectively. Substitution into Eq. �3� gives

�t	̂�m�r;t� = L�m���	̂�m + f̂�m�r;t� , �4�

where L�m is the linear operator acting on the Fourier mode
	̂�m�r�. The problem may be considered for each mode in-
dependently, and the subscript � ,m is dropped in the follow-
ing. The spanwise and streamwise wavelengths for each per-
turbation are given by ��=2
 /m and �x=2
 /� respectively
in units of R.

C. Optimal growth and response to forcing

Three properties of the linearized system are now exam-
ined. They are the optimised growth of initial conditions, the
optimised response to harmonic forcing, and the response to
stochastic forcing. Standard definitions �see, e.g., �6,61�� are
briefly restated below for the present context.

Optimal growth in time over all possible nonzero initial
conditions û0, for a particular � ,m mode, is given by the
function

G��,m;t� � max
û0�0

�û�t��2

�û0�2 , �5�

and the maximum achieved over all times is Gmax�� ,m�
�maxt G�� ,m ; t�. Here f̂=0, and the energy norm used is
�û�2��1 /V��Vu ·udV.

For harmonic forcing, f̂= f̃ei�ft, and accompanying re-
sponse, û= ũei�ft, the optimal response is given by

R��,m;� f� � max
f̃�0

�ũ�2

�f̃�2
. �6�

The maximum over all frequencies � f is Rmax�� ,m�
=max�f

R�� ,m ;� f�.
Finally, the response to a stochastic force is usually con-

sidered in the discretized form �here radially�. Let f̂�t� be the
discretized stochastic force vector, and � · � denote ensemble
averaging. Following analyses �9,22,61–64�, the forcing is
assumed to have Gaussian probability density with zero av-

erage �i.e., �f̂�=0�, isotropic �equal variance on all the three
components� and delta-correlated in space and time,

�f̂�t�f̂H�t���=I��t− t��, where the superscript H denotes the
Hermitian transpose. The amplification of the stochastic forc-
ing is then measured by the variance of the response:

V��,m� � tr�C� , �7�

where C= �ûûH� is the covariance matrix for the response in
the limit t→. This covariance matrix is computed by solv-
ing an algebraic Lyapunov equation �see Appendix B�. The
eigenfunction decomposition of the Hermitian matrix C is
known as the Karhunen-Loève �KL� or proper orthogonal
decomposition �POD�. The ratio of its real and positive ei-
genvalues, �n, to the variance V=�n�n represent the relative
contribution to the variance from each orthogonal mode. The
eigenfunction corresponding to the leading eigenvalue thus
contributes most to the variance V. For details see
�9,22,62–65�.
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D. Numerical methodology

The linear operator appearing in Eq. �3� must be dis-
cretized in order to compute the optimal growths and the
responses described above. Some attention must be paid to
difficulties introduced by the cylindrical geometry, and full
details of the methods are given in Appendix B. Here we
note the general approach and convergence of the results.

A Chebyshev-collocation method on up to N=250 radial
points was used to calculate up to 2N−3 eigenvectors and
eigenvalues for the linear system �Eq. �3��. The optimal
growth code, which requires only these eigenvectors, eigen-
values and weights for calculating norms, is a well validated
code used for several previous studies �25,27,28,66�. Results
for the optimal growth and the response to steady forcing
were also verified by direct time stepping. At the largest
Re=106 the power spectral drop-off for the optimal modes
was of eight orders of magnitude.

Responses from the linear model are compared with direct
numerical simulations of the original Navier-Stokes equa-
tions. The pipe flow code described in �67� has been used for
simulation of full turbulence subject to a forcing f. This time
stepping code also uses a Fourier decomposition in � and x,
but finite differences on a nonequispaced radial �y� nine-
point stencil. Time steps are controlled using information
from a second-order predictor-corrector method. For most
simulations presented, the radial spacings are �rmin

+ =0.11,
�rmax

+ =4.4 �wall units � /u��. With dealiasing, ��
+=5.9, �x

+

=9.4 at the boundary, in a domain L=15�R�, L+=2700. Veri-
fication of these results is performed by calculation where
the spacings above are respectively 0.08, 4.0, 3.9, 6.3 for L
=20. Simulations enforce a fixed mass flux, consistent with
previous analyses �54,68�.

III. LINEAR AMPLIFICATION OF COHERENT
STRUCTURES

A. Wave number dependence

We first consider the dependence of the optimal amplifi-
cations on the streamwise and azimuthal wave numbers at
the very large flux-Reynolds number of Re=106 correspond-
ing to Re�=19 200. Figure 1 shows the dependence of Gmax,
Rmax and V on m for the selected �=0,1 ,10,100,1000. It is
clear from all plots that streamwise elongated structures,
where �x���, are significantly amplified. The greatest
growths are found for axially independent modes ��=0�, for
which the curve provides an envelope over the results for
nonzero �. The maxima on the �=0 curves are for m=1
azimuthal symmetry. The inset to Fig. 1�b� shows that steady
forcing is optimal for axially independent harmonic forcing,
�=0, while for streamwise nonuniform perturbations, a non-
zero forcing frequency is optimal. For the stochastic forcing
at the optimal value �=0, m=1, it is found that the leading
Karhunen-Loève mode dominates, representing 93% of the
contribution to the total variance, as reported in the inset to
Fig. 1�c�.

A secondary peak occurs in Gmax at a larger m corre-
sponding to an azimuthal wavelength of ��

+=92 �wall units
� /u��. Contrary to the optimal growth of initial conditions,

1

10

1 10 100 1000 10000

105 10000 1000 100

1

10
100

1000

λ+
θ

G
m

a
x
(α

,m
)

m

α = 0

0.0001

0.01

1

100

10000

106

1 10 100 1000 10000

105 10000 1000 100

1

10

100

1000

1

100

10000

106

-1 -0.5 0 0.5 1

λ+
θ

α = 0

α = 0
α = 1 m = 1

R
m

a
x
(α

,m
)

m

R
(Ω

f
)

Ωf

0.01

0.1

1

10

100

1000

10000

1 10 100 1000 10000

105 10000 1000 100

1

10

100

1000

0.01

0.1

1

10

100

0 5 10 15 20

α = 0

m

V
(α

,m
) σ

n
(%

)

n

α = 0, m = 1

λ+
θ

(a)

(b)

(c)

FIG. 1. �Color online� Optimal energy growth of initial condi-
tions Gmax �a�, optimal response to harmonic forcing Rmax �b� and
variance of the response to stochastic forcing V �c� for Re�

=19200. Dependence on azimuthal wave number m, with corre-
sponding wavelength in wall units ��

+ �top axis�, for selected values
of the dimensionless streamwise wave number �. Reference slopes
m−2 and m−1 �dotted lines� are shown in subfigures �b� and �c�
respectively. The dependence of the optimal harmonic forcing am-
plification R�� ,m=1;� f� on the forcing frequency � f is reported in
the insert of subfigure �b� for �=0 and �=1; Rmax=max� f

R. The
percentage contribution to the variance, 100� j /V�0,1�, of the re-
sponse to stochastic forcing contained in the first 20 Karhunen-
Loève modes is reported in the insert of subfigure �c�.
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no secondary peak is found in the optimal response to forc-
ing. A closer examination of Figs. 1�b� and 1�c� reveals that
the Rmax and V curves corresponding to �=0 scale approxi-
matively like m−2 and m−1, respectively, for intermediate val-
ues of m. A noticeable change of slope is found for values of
m corresponding to ��

+�100. In plane channel flow, this
power-law dependence has been explicitly related to the be-
havior of geometrically similar optimal structures in the log-
layer �26�. In the case of the response to forcing, primary and
secondary peaks occur in the deviations from this power-law
behavior �26�. This can be seen by considering the premul-
tiplied responses m2Rmax and mV. A secondary peak at ��

+

=73 is found in the premultiplied response curves for �=0,
shown in Figs. 2�b� and 2�c�.

B. Reynolds number dependence

The spanwise optimal wave numbers, corresponding to
the primary and to the secondary peak, do not change with
Re when, respectively, scaled with outer and inner units. This
can be seen in Fig. 2, where Gmax and the premultiplied

m2Rmax, mV computed for Re=104, 105, and 106 �corre-
sponding to Re�=317, 2380, and 19 200, respectively� for
�=0 are reported. While the premultiplied response to steady
forcing is useful for showing deviations from the Rmax
�m−2 trend, the premultiplied stochastically forced case is
arguably more representative of turbulence. When m is pre-
sented on a log scale, equal area under the curve mV implies
equal contribution to the total variance. Here, where the
spanwise wave number is integer for pipe flow, all the pri-
mary peaks are reached for m=1 except for the premultiplied
stochastic response at lower Re�; for Re�=104, m=2 is pre-
ferred and the selection of m is very weak in mV for Re
=104 and lower. The secondary peak is always found at ��

+

�70–90 for all the premultiplied responses. The primary
and the secondary peaks, however, are not yet separated at
Re�=104, while they are for Re�=105 and higher, in good
accordance with the turbulent plane channel �24–26� the
boundary layer �27�.

The maximum responses, associated with the primary
peak ��=0, m=1� increase with the Reynolds number, while
those associated with the secondary peak remain almost con-
stant. The structure of the leading modes corresponding to
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FIG. 2. �Color online� Dependence on the azimuthal wave number m and the corresponding azimuthal wavelength �top axis� of: the
optimal energy amplification of initial condition Gmax ��a� and �d��, the premultiplied optimal response to harmonic forcing m2Rmax ��b� and
�e�� and of the premultiplied variance of the response stochastic forcing mV ��b� and �e��. Streamwise uniform ��=0� perturbations are
considered for the selected Reynolds numbers Re=104 , 105 and 106 corresponding to Re�=317, 2830, and 19200. The responses, wave
numbers and wavelengths are scaled in outer units on the upper row ��a�, �b�, and �c�� and in inner units in the lower row ��d�, �e�, and �f��.

FIG. 3. �Color online� Linear optimal re-
sponses to steady forcing for �=0 and m
=1,2 ,4; Re�=19200. Vectors: cross-stream com-
ponents of the input vector field. �Colored� con-
tour levels: streamwise component of the output
field �streaks�. White fast-streaks, red/dark slow
streaks.
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the primary peak for optimal growth, for the response to
steady and stochastic forcing, appear to be almost identical
and remain the same over the entire range of Reynolds num-
bers. Plotted in Fig. 3 are the leading modes for m=1,2 ,4
�data from the optimal harmonic forcing case at Re=106�.
The optimal input consists of the expected large-scale
streamwise vortices and the optimal output of large-scale
streamwise streaks. Note that in this geometry, only modes
of m=1 can exhibit flow across the axis. The structures cor-
responding to the secondary peak, which scale in inner units,
are almost indistinguishable from those found in the plane
channel and the boundary layer �25–27� and are therefore not
reported here.

IV. SIMULATION OF FORCED FINITE AMPLITUDE
COHERENT STREAKS

A. Response to finite amplitude optimal steady forcing

The optimal response predictions, described in the previ-
ous section, were based on two main simplifying assump-
tions: �a� the effect of the uncorrelated motions was modeled
with an isotropic eddy-viscosity and �b� coherent perturba-
tions were assumed small. We now test the level of approxi-

mation implied in these assumptions by computing in full
DNS the effective responses of the predicted optimal pertur-
bations. In particular, we consider the response to the optimal
steady large-scale forcing, the mode which is the most am-
plified, and potentially the most relevant for passive flow
control applications. The forcing term f is taken to be pro-
portional to the mode f̃ that optimizes Rmax, obtained from
the above linear analysis, for �=0 and a given m. As the
considered optimal forcing is steady, time averages can be
easily calculated and the statistical convergence readily
checked. The magnitude of the steady forcing �f� is measured
by the rms value, as before. The response of the flow in
simulations is given by ū�r ,��= �u�x,t− Ū�r�x̂, where Ū�r�
= �u��,x,t is the mean flow in the absence of forcing. � · �s
indicates averaging over the subscripted variables. Averages
are taken over at least 2800R /Ucl

lam time units. The DNSs are
performed at Re=5300, for which Re�=180.

From Fig. 4 it is seen that the amplitude of the responses
�ū� depends linearly on the forcing for small forcing ampli-
tudes �f�. Small forcing can lead to large responses, in agree-
ment with the linear eddy-viscosity model and, in the linear
régime, the leading mode is m=1, as expected. The response
predicted by the linear eddy-viscosity model is Rmax=2762

for m=1 at this Re, while in the simulations, �ū� / �f� is a
factor 2 smaller than expected in the linear range. As the
time-averaged mean flow for the unforced case, obtained
from DNS, deviates very little from that given by Eqs. �2�
and �1�, this difference is most likely attributed to the isotro-
pic eddy-viscosity assumption. Similar considerations apply
to the observation that the m=4 mode is slightly more re-
sponsive than the m=2 mode in the linear regime.

For larger forcing amplitude, the amplitude of response
saturates. For the m=1 mode, this saturation begins when the
amplitude AS of the associated coherent streaks is near to
19% of the center-line speed, where AS= 1

2 �max ūx−min ūx�
�69�. The responses to higher order optimal modes �m=2 and
m=4� saturate at larger forcing amplitudes �f�, and therefore
contain more energy �ū�2 than the m=1 mode, for suffi-
ciently large forcing amplitudes.

In Fig. 5, we report the finite amplitude coherent vortices
and streaks induced by the steady forcing for, respectively,
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FIG. 4. �Color online� Response to forcing in full simulation
showing the linear régime and nonlinear saturation. �f� is the rms
value. The isolated line is of slope 1 and squares correspond to the
plots of Fig. 5.
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FIG. 5. �Color online� Nonlinear responses to
finite amplitude forcing for �=0 and m=1,2 ,4
from direct numerical simulation at Re�=180.
Small forcing amplitude �upper row� and moder-
ate forcing �lower row�, corresponding to the
marked squares in Fig. 5. �a� m=1, �f�=8.010−5;
�b� m=2, �f�=1.410−5; �c� m=4, �f�=8.010−5; �d�
m=1, �f�=8.010−4; �e� m=2, �f�=8.010−4; �f� m
=4, �f�=2.510−4. Vectors: cross-stream compo-
nents of the forced velocity field. �Colored� con-
tour levels: streamwise component of the output
field �streaks�. White fast-streaks, red/dark
slow-streaks.
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low and moderate forcing amplitudes for the three azimuthal
modes m=1, m=2, and m=4. From these figures, and by
comparing them with the linear optimals reported in Fig. 3, it
is seen how, for increasing forcing amplitude, the low-speed
streaks are more and more spatially concentrated, while
high-speed streaks have a tendency to widen.

B. Influence on the drag

We now examine the influence of the forced finite ampli-
tude streaks on the drag, always at Re=5300 �corresponding
to Re�=180�. Figure 6 shows time series for the instanta-
neous Cf =2�u� /Ub�2 in full DNS for three levels of optimal
steady forcing of the m=1, �=0 mode. In wall units, the
spanwise wavelength of the forced streaks for m=1 is ��

+

�1130, which extends by a factor greater than 2 the spac-
ings considered in earlier investigations of the plane channel
flow �54,55�. The horizontal line in Fig. 6 represents the
baseline �time averaged� Cf in the absence of forcing. From
this figure we see that indeed average drag reductions can be
obtained also in the turbulent pipe flow. We have verified the
accuracy of this result, in particular that no loss of the ob-
served drag occurs �solid line�, by performing an additional
calculation at higher resolution �more than doubling the
number of grid points, see Sec. II D�.

In Fig. 7, the relative change for time averaged Cf is
reported versus the forcing amplitude for the m=1, m=2,
and m=4 modes. Drag reduction is obtainable over a range
of forcing amplitudes covering approximately one order of
magnitude. Selecting the best forcing amplitude, the maxi-
mum drag reduction achieved is 12.8% when forcing the m
=1 mode. It is reduced for higher modes, e.g., 10.4% for
m=2 ���

+�565� and 4% for the mode m=4 ���
+�280�. Forc-

ing streaks at the near-wall peak mean spacing ���
+=100,

corresponding to m�12� results in increased drag.
For this control strategy to be interesting for applications,

the net power saved must be considered. The power con-

sumption �per unit length� spent to maintain the desired con-
stant volume flux of the turbulent flow is P= 


8 Cf in units
�Ucl

lam3R, and the control power spent �per unit length� to
maintain the vortices is W= 1

L�u · fdV. The drag relative to
the unforced case is then given by Cf /Cf0= P / P0, and the
total relative net power consumption by �P+W� / P0. The per-
centage net power saving is thus 100�1− �P+W� / P0�. From
Fig. 7, where the relative drag and net power consumption
are shown versus the forcing power, it is seen that the best
net power saving corresponds to 11.1% and is obtained for
the m=1 mode. For this case, W is only 1.4% of P0. The
response to forcing the large-scale mode is large, and as a
result little energy is required to generate the prominent
large-scale slow streak which affects the drag at the walls.
The forcing of higher optimal modes results in smaller net
power savings �e.g., at best 8.3% for m=2 and 3.3% for m
=4�.

The drag reducing mechanism appears to be consistent
with that observed in plane channel flow �54,55�. Figure 8�a�
shows a snapshot of streamwise vorticity field in the absence
of forced streaks. Intense small-scale quasistreamwise vorti-
ces with ��

+�100 appear irregularly but in the whole azi-
muthal domain. These vortices, largely responsible for the
turbulent skin friction �70�, are weakened when large-scale
streaks are artificially forced, and are almost suppressed from
the high-speed streak region as seen in Figs. 8�b� and 8�c�. In
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FIG. 6. �Color online� Relative drag for several levels of steady
forcing of the m=1 mode from direct numerical simulation. At in-
termediate levels of forcing the drag is reduced, falling below the
average of the unforced case �horizontal straight line�. The forcing
can reduce the drag. The solid line is a higher resolution check at
�f�=8.010−4.
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FIG. 7. �Color online� Effect of forcing on the mean skin fric-
tion, relative to the unforced case �solid�. Relative net power con-
sumption including the work done by the force �dashed�. Black
square corresponds to �f�=8.010−4.

(a) (b) (c)

FIG. 8. �Color online� Snapshots of the cross-stream distribution
of the streamwise vorticity �x field at a selected streamwise station
from direct numerical simulation. �a� Streamwise vorticity in the
absence of forcing. �b,c� Weakened and localized streamwise vor-
ticity in the presence of the m=1,2 steady forcing, corresponding to
optimal drag reduction. Blue/dark intense vorticity, white no vortic-
ity. Same color scales are used on all the subplots. Contour lines
denote isolevels of the streamwise averaged velocity �the forced
streaks�.
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the absence of this mechanism the drag would only increase
due to distortion of the mean flow by the forcing. This drag,
however, only appears to be large for moderate to large am-
plitudes of the forcing, leading to the observed drag reduc-
tion for intermediate forcing.

V. SUMMARY AND CONCLUSIONS

The first part of this investigation was dedicated to the
computation of the optimal linear energy amplifications of
coherent structures supported by the turbulent pipe mean
flow. The problem formulation and the tools used in the
analysis follow those of investigations of the turbulent plane
channel flow �24–26�, Couette flow �28�, and boundary layer
flow �27�. In accordance with these investigations it is found
that, despite the turbulent mean flow is linearly stable, it can
support the energy amplification of initial conditions and of
harmonic and stochastic forcing. These energy amplifications
have the expected characteristics of the lift-up effect, where
vortices amplify streaks and the most amplified perturbations
are streamwise uniform ��=0�. For these streamwise uni-
form structures, at sufficiently large Re, the maximum en-
ergy amplifications are obtained for the m=1 azimuthal
mode. Furthermore, this large amplification increases with
the Reynolds number. As observed in the Couette and plane
channel flow �26,28�, for the three different calculations, the
initial value problem, response to harmonic forcing and most
energetic Karhunen-Loève mode for stochastic forcing, the
optimal inputs and outputs almost coincide.

A secondary peak is found in the Gmax�m ,�=0� curves for
the azimuthal mode corresponding to an azimuthal wave
number ��

+=92, but only a change of slope in the
Rmax�m ,�=0�, V�m ,�=0� curves is noticeable at this ��

+.
The responses Rmax and V of optimal harmonic and stochas-
tic forcing, for �=0 decrease with the azimuthal wave num-
ber, with an approximate scaling of m−2 and m−1 respectively
for intermediate m. For the plane channel flow, this inverse
power dependence on the spanwise wave number has been
related to the amplification of geometrically similar struc-
tures in the log-layer �26�. To highlight the departure of the
optimal responses from the power-law trend, the premulti-
plied responses m2Rmax and mV have been considered. A
secondary peak is then found at ��

+=73. This peak wave-
length and the corresponding responses do not change with
Reynolds number, provided that they are scaled in inner
units, and that the Reynolds number is sufficiently large, so
as to allow for a well defined inner-outer scale separation.
The corresponding structures consist of streamwise uniform
buffer-layer streaks and vortices.

The linear formulations we have used allowed a relatively
straightforward computation of the linear optimal energy am-
plifications. The advantage of this model, based on the tur-
bulent eddy viscosity, is therefore its simplicity, while quan-
titatively accurate predictions could be made with more
sophisticated models. It is however important to verify that
the predictions of the model, such as the order of magnitude
of the growth of structures at large scale, or the fact that they
more amplified than small-scale structures, are at least quali-
tatively verified. We have therefore reported the results of

direct numerical simulations, where coherent structures have
been artificially forced at the moderate Re�=180. The opti-
mal steady forcing of large-scale structures �m=1, m=2, and
m=4� has been considered as these structures are the most
responsive, and therefore are not only easier to detect, but are
potentially most interesting for control purposes. The main
predictions of the linear model are qualitatively observed in
the DNS: the low-m optimal perturbations show a very large
response in the amplitude of induced streaks. For sufficiently
small forcing amplitudes, the response to forcing is linear
and the azimuthal symmetries of the forced modes are well
preserved in the response. In this linear regime, the m=1
mode is the most responsive. The agreement between the
amplifications predicted by the linear model and the one ob-
served in the DNS is only qualitative. The quantitative dif-
ferences can probably be attributed to the very eddy-
viscosity assumption and could probably be reduced by
using a more realistic modeling of the Reynolds stresses. As
coherent structures are strongly elongated in the streamwise
direction, the isotropic eddy viscosity is gives only a first
order approximation. At finite amplitudes of the coherent
motions, the neglected interactions with the mean flow and
the random turbulent field clearly become important �71�.
For larger forcing amplitudes, a saturation in the amplitude
of the forced response is observed. The m=1 mode is the
first to saturate, at a considerable amplitude of almost 20% of
the centerline velocity. For increasing amplitudes, the sym-
metry between the high and low-speed streaks is progres-
sively lost. Low speed streaks concentrate in smaller span-
wise extensions, with slightly larger amplitude, while high-
speed streaks widen and slightly decrease in amplitude. This
asymmetry recalls the observed “real” unforced turbulent
flows �72�.

The exact relation existing between optimally amplified
streaks and the coherent structures populating the “natural”
�unforced� turbulent pipe flow requires consideration. In the
plane channel and Couette flows, the similarity of the span-
wise scales selected by the linear mechanism and those ob-
served in the actual turbulent flow is probably explained by
the requirement that significant amplification is necessary for
energetic turbulent processes to be self-sustained. What is
currently not clear, because of the lack of experimental or
numerical data, is if m=1 is the dominating coherent mode at
sufficiently large Re. Most of the investigations of large- and
very-large scale coherent motions in the pipe flow
�19,20,73,74�, have rather focused on the streamwise scales
of these motions. If these motions arise through a self-
sustaining process, then the streamwise scales of the motion
would be selected by processes related to the breakdown of
the streaks. This process is missing in the present analysis.
What can be said with the model, however, is which azi-
muthal modes are most amplified for a streamwise scale se-
lected by other stochastic processes. For instance, if one con-
siders streamwise wavelengths ranging from �x=16�R� ��
�0.4� to �x=6 ���1�, then the most amplified structures
vary from m=2 to m=5 modes at sufficiently large Re in the
stochastic response. However, at even moderately low Rey-
nolds number �e.g., Re=104 corresponding to Re�=317�, the
azimuthal selection is weak and modes ranging from m=1 to
m=10 all exhibit a comparable variance �see Fig. 2�c�� in the
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integrated response. These predictions are compatible with
recent results from direct numerical simulations at Re�
=150 �75� where the most energetic POD modes are found
for the streamwise wavelength �x=20�R� �the computational
box size� and for azimuthal modes ranging from m=2 to m
=7. Additional simulations or experiments would be highly
desirable to examine the azimuthal structure of the most en-
ergetic modes at larger Re.

One of the most relevant applications of the optimal per-
turbations of the turbulent mean flows probably resides in
flow control. The direct numerical simulations confirm that
energy can be greatly amplified in a turbulent flow. An ob-
jective of both theoretical and practical relevance is the re-
duction of the power required to drive the constant mass flux
through the pipe. Using optimal forcing, less than 2% of the
power required to pump the �unforced� flow, is required to
induce modifications in the mean flow of the order of 20% of
the centerline mean velocity. Previous numerical �54� and
experimental �55� studies have shown that it is possible to
reduce the mean turbulent drag in the plane channel flow by
forcing large-scale vortices with spanwise wavelength of
�400–500 wall units. Here we have extended this result to
pipe flow, where ��

+�1200 wall units for m=1. Mean drag
reductions of �13% are achieved by forcing this m=1 mode,
while the drag reduction is reduced for reduced spanwise
spacing. In �54� the observed drag reduction was attributed
to the mean weakening of the circulation of quasistreamwise
coherent vortices. This effect on the quasistreamwise vorti-
ces is found in the present turbulent pipe flow. Our visual-
izations show that the quasistreamwise vortices of the “natu-
ral” buffer layer cycle are packed in the low-speed streak
region, while they are essentially removed from the high-
speed streak region.

At present it is not clear why the drag reduction reduces
as the spanwise spacing is reduced. It is possible that for m
=2 ���

+�600� the reduced scale separation from that of the
naturally occurring streaks ���

+�100� causes the drag-
reduction effect to be reduced. At spanwise separations
greater than those possible at this Re�, where clear scale
separation occurs, a plateau in the drag reduction is possible
for separations greater than ��

+�1200. However, if the great-
est reduction continues to be observed for the largest pos-
sible spacing, here m=1, it may be conjectured that, rather
than scaling in inner units, the mode that most reduces drag
has an upper limit that depends on the geometry. Additional
simulations or new experiments at much larger Re� could
confirm or reject these conjectures.

We have also extended earlier investigations by comput-
ing the net power saving obtained by forcing the optimal
coherent streaks. As these streaks are optimal, the power re-
quired to force them is already almost minimized. Even at
the considered low Reynolds number, the controlling streaks
are forced with less than 2% of the power necessary to main-
tain the base flow, and a net power saving of �11% is
achieved with the m=1 mode. For useful implementation of
the method proposed in this study, the induction of rolls need
not be efficient. For example, efficiency of 50%, still using
only 4% of the driving energy, might be acceptable. Note
also that, as the amplification of the forcing is expected to
increase with increasing Re, the percentage of total power

used to force the streaks is predicted to decrease for increas-
ing Re. In practice, induction of large-scale rolls is possible
via passive actuators in laminar �49,50,76� and turbulent
flows �51–53�. Although neither would reproduce the precise
details of forcing used here, linear optimals are known to be
robust to perturbations of the system, and responses close to
those seen here can be expected. An experimental verifica-
tion of the proposed control strategy would of course be very
welcome.
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APPENDIX A: RADIALLY-DEPENDENT VISCOSITY

For the radially dependent effective viscosity, �T�r�, the
viscous terms in Eq. �3� are given by

� · ��T�r���u + �uT�� = �T�2u

+ �r�T · �
2�rur

�ru� −
1

r
u� +

1

r
��ur

�xur + �rux

� ,

�A1�

where

�2u = ��2ur −
2

r2��u� −
ur

r2

�2u� +
2

r2��ur −
u�

r2

�2ux

� . �A2�

APPENDIX B: NUMERICAL CONSIDERATIONS

Cumbersome differential operations in cylindrical coordi-
nates, particularly given �T=�T�r�, mean that finding the Orr-
Somerfield form for Eq. �B2� is not straight forward in this
geometry. Instead, for this study the continuity equation to-
gether with Eq. �3� have been used directly in primitive vari-
able form, giving the generalized eigenvalue problem

X	̂ = − �Y	̂ , �B1�

where 	�r ; t�= 	̂�r�e�t. Note that Y is singular, containing
three zero boundary conditions and a zero right hand side for
the continuity condition. Simplifications can be made by ob-
serving that X is invertible, and that, as the � have real part
strictly less than zero, Eq. �B1� can be written in the standard

form, �−1 /���̂= �X−1Y��̂. Standard LAPACK routines re-
turn the leading eigenvalues along with a predicable number
of infinite eigenvalues that are easily filtered. Excellent nu-
merical stability is observed.
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The continuity equation together with the linearized Eq.
�3� and no-slip boundary conditions can be written in the
form

u = Vx ,

�tx = �x + Wf , �B2�

where x is an alternative representation for the state space 	.
Conversion between the representations is performed by the
action of V and W. This form is again familiar through the
Orr-Somerfield formulation of the governing equations.
Here, however, the eigenfunction decomposition is em-
ployed. Matrix V has columns of eigenvectors ûn and �
=diag��n�, with the �n arranged in descending order. These
matrices, along with the diagonal weight matrix M s.t. �u�2

�uHMu, are sufficient to calculate optimally growing initial
conditions.

Consider the norm for x given by �u�2=xHM̂x��x�2

= �x ,x�, where M̂=VHMV. The optimal initial condition x0

for growth at time t satisfies G�t�= �Ax0 ,Ax0� / �x0 ,x0�
= �A+Ax0 ,x0� / �x0 ,x0�, where the transfer function for x is
A=et� and the adjoint can be shown in a few operations to

be A+=M̂−1AHM̂. The growth and initial condition can be
calculated by power iteration on the matrix A+A. This matrix
is straight-forward to evaluate when � is diagonal.

Calculation of the optimal harmonic forcing requires only
minor alterations to the above. In this case one uses A
= �i� fI−��−1, which is again a diagonal matrix for � diag-
onal.

For the stochastic response, it can be shown �65� that
C=VGVH, where G solves the Lyapunov equation

�G + G�H + WWH = 0 . �B3�

For W one may take the Moore-Penrose pseudoinverse of V.
�Singularity of Y leads to fewer columns of eigenvectors
than rows in V.� MATLAB routines are then available to solve
Eq. �B3�.
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