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Abstract

The stability of vortices in a stratified and rotating fluid is studied numerically and theoretically in order to
better understand the dynamics of vortices in the oceans and atmosphere. In the first part, the stability of
a columnar vertical axisymmetric vortex is analysed. For strong stratification and rapid background rotation
and some vortex profiles such as a Gaussian angular velocity, the dominant instability is a special instabil-
ity, called “Gent-McWilliams instability”, which bends and slices the vortex into pancake-shaped vortices.
Numerical and asymptotic stability analyses for long-wavelength show that this instability originates from
a destabilization of the long-wavelength bending mode by a critical layer at the radius where the frequency
of the mode is equal to the angular velocity of the vortex. A necessary condition for instability is that the
base vorticity gradient is positive at the critical radius. In the second part, the stability of an axisymmetric
pancake-shape vortex with a Gaussian angular velocity in both radial and vertical directions is analyzed de-
pending on the intensity of the stratification, the rotation of the fluid, the aspect ratio α of the vortex and
the Reynolds number Re. In the case of a strongly stratified non-rotating fluid, centrifugal and shear insta-
bilities are shown to have similar characteristics as for columnar vortices. The centrifugal instability occurs
when the buoyancy Reynolds number ReF 2

h (where Fh is the Froude number) is above a threshold and can be
non-axisymmetric close to the threshold. The shear instability develops only when the vertical Froude number
Fh/α is low such that the vortex thickness is larger than the cutoff wavelength for a columnar vortex for the
same parameters. Gravitational and baroclinic instabilities are also observed, respectively, above and just
below the threshold Fh/α = 1.5 which corresponds to a zero maximum total density gradient. A simple model
predicts the characteristics of the baroclinic instability. Strongly stratified rotating fluids are next considered.
The centrifugal instability becomes stabilized for small Rossby number Ro, in agreement with the generalized
Rayleigh criterion. An instability similar to the Gent-McWilliams instability of a columnar vortex occurs for
small Froude and Rossby numbers. The occurrence of the shear instability continues to be governed by con-
finement effects. Mixed shear-baroclinic and baroclinic-Gent-McWilliams instabilities are also observed when
the isopycnals are strongly deformed in the vortex core. The baroclinic instability develops when Fh/α(1 +
1/|Ro|) > 1.46, i.e. when the Burger number based on the absolute angular velocity is below a threshold.

Keywords: instability, columnar vortex, pancake vortex, stratified fluid, rotating fluid

Résumé

La stabilité de tourbillons dans un fluide stratifié en rotation est étudiée numériquement et théoriquement
afin de mieux comprendre la dynamique des tourbillons dans les océans et l’atmosphère. Dans la première
partie, la stabilité d’un tourbillon colonnaire vertical est analysée. Pour des fortes stratifications et des rota-
tions rapides, certains tourbillons comme ceux ayant une vitesse angulaire gaussienne présente une instabilité
particulière, appelée “instabilité de Gent-McWilliams”, qui courbe et découpe le tourbillon en couches. Des
analyses numériques et asymptotiques pour de grandes longueurs d’onde montrent que cette instabilité provient
d’une déstabilisation du mode de déplacement de grande longueur d’onde par une couche critique au niveau
du rayon où la fréquence du mode est égale à la vitesse angulaire du tourbillon. Une condition nécessaire
d’instabilité est que le gradient de vorticité de base soit positif au niveau du rayon critique. Dans la deuxième
partie, la stabilité d’un tourbillon axisymétrique en forme de crêpe avec une vitesse angulaire gaussienne dans
les directions radiale et verticale est analysée en fonction de l’intensité de la stratification, de la rotation du
fluide, du rapport d’aspect α du tourbillon et du nombre de Reynolds Re. Dans le cas d’un fluide forte-
ment stratifié non-tournant, les instabilités centrifuges et de cisaillement ont les mêmes caractéristiques que
celles des tourbillons colonnaires. L’instabilité centrifuge se produit lorsque le nombre de Reynolds de flotta-
bilité ReF 2

h (où Fh est le nombre de Froude) est supérieur à un seuil et est non-axisymétrique près du seuil.
L’instabilité de cisaillement ne se développe que lorsque le nombre de Froude vertical Fh/α est faible de sorte
que l’épaisseur du tourbillon est plus grande que la longueur d’onde de coupure d’un vortex colonnaire pour les
mêmes paramètres. Des instabilités gravitationnelles et baroclines sont également observées, respectivement,
au dessus et juste en dessous du seuil Fh/α = 1.5 qui correspond à un gradient de densité total maximum
nul. Un modèle simplifié prédit les caractéristiques de l’instabilité barocline. Le cas des fluides fortement
stratifiés-tournants est ensuite considéré. L’instabilité centrifuge disparâıt pour les nombres de Rossby Ro
petits, en accord avec le critère de Rayleigh généralisé. Une instabilité semblable à l’instabilité de Gent-
McWilliams d’un tourbillon colonnaire se produit pour les faibles nombres de Froude et Rossby. L’existence
de l’instabilité de cisaillement continue d’être régie par des effets de confinement. Des instabilités mixtes, Gent-
McWilliams-barocline et cisaillement-barocline, sont également observées quand les iso-densités sont fortement
déformées dans le coeur du tourbillon. L’instabilité barocline se développe lorsque Fh/α(1 + 1/|Ro|) > 1.46,
c’est à dire lorsque le nombre de Burger basé sur la vitesse angulaire absolue est inférieure à un seuil.

Mots clés: instabilité, tourbillon colonnaire, tourbillon crêpe ou lenticulaire, fluide stratifié, fluide tournant
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Sabine, Avin, Christophe, Sébastien, Emmanuel de L., Abdul, Antoine S., Julien H., Caroline
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러운 기계과 동기들! 지인이, 혜정이, 동영이, 준선이 외국에서 만나서 반가웠다! 하나야!
네가 가까운 곳에 있어서 정말 힘이 되었고, 또 함께 여행 다닐 수 있어서 너무 좋았어. 발
표 보러 와주어서 고마워. 현진이, 나경이, 정화, 정민이, 주호, 명현이, 경록이, 형준이, 상
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주고 또 내 친구여서 고마워. 삼촌, 숙모, 이모부, 이모 항상 관심과 사랑주셔서 너무 감사해
요. 고모부, 고모, 작은아빠, 작은엄마 감사합니다. 그리고 우리 형부 윤선생, 용섭오빠! 친
동생처럼 아껴주어서 너무 고마워요! 언니, 오빠가 프랑스까지 찾아와 주어서 너무 행복했
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나는 없었을거야. 엄마, 아빠, 고맙고 사랑한다는 말 밖에는 더 할 수 있는 말이 없어요. 우
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1
Background and motivations

In this chapter, the general motivations and the basics are discussed. The stability of colum-
nar and pancake vortices in stratified and rotating fluids are briefly introduced. For an iso-
lated columnar vortex, centrifugal, shear, radiative and Gent-McWilliams instabilities are
presented. For pancake vortices, the density structures and some stability results are shown.
The goals of the thesis are to generalize the stability conditions of the Gent-McWilliams in-
stability for columnar vortices and to characterize the stability of pancake vortices in terms
of control parameters.

Contents
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Chapter 1. Background and motivations

1
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1.1 General motivations

The main interests in geophysical fluids dynamics are to better understand the motions of the
atmosphere and oceans to improve the earth system modelings, forecast of various natural
phenomena, environmental protection and further extension to other planets. However, it is
not so easy to study the atmosphere and oceans because they are highly complex involving
many physical processes and a huge range of spatial and temporal scales.

The two distinguishing attributes of such fluids are the presence of the Coriolis force due to
the planetary rotation and density variations along the vertical. The density stratification
is generally stable: the light fluid being above the heavy fluid.

The importance of the stratification and rotation effects depends on the typical scales of the
motions. For large scale (> 100km in the atmosphere, > 10km in the ocean), both stratifica-
tion and rotation are strong. Weather patterns, large eddies, fronts and the major currents
are examples. In contrast, at intermediate scales (mesoscales:1-100km in the atmosphere,
submesoscales ∼ 10km in the oceans), the effect of the planetary rotation is comparably
weak whereas stratification effects are still strong. Sea breeze, mountain waves, internal
waves, submesoscale eddies and coastal upwellings are examples. The planetary rotation
and stratification are weak for small scales (< O(1)km). Tornadoes, whirlpools, mixing and
dispersion of pollutants are at these small scales. However, each scale can exchange with
the others or one phenomenon can lie on a wide range of scales as can be seen in figure
1.1 (Kantha & Clayson, 2000). All different scales should be collectively considered: the
accuracy of long-term climate predictions depends largely on the processes at small scales
that are not resolved but only parameterised empirically in numerical climate models.

The stratification and rotation effects can be measured by dimensionless parameters: Rossby
(Ro) and Froude (Fh) numbers:

Ro =
inertia

background rotation
=

V

fL
, Fh =

inertia

background stratification
=

V

NL
, (1.1)

where V is the characteristic velocity, L the typical horizontal length scale of the motion, f
the Coriolis parameter defined as f = 2ΩE sinϕ where ΩE is rotation rate of the Earth (or
a planet), ϕ the latitude and N the Brunt-Väisälä frequency defined as

N =

√
−g
ρ0

∂ρ

∂z
, (1.2)

where g is the gravity, ∂ρ/∂z the vertical density gradient and ρ0 a reference density. The
smaller Fh and Ro are, the stronger influences of stratification and rotation on the mo-
tions. When Ro � 1 and Fh � 1, the equation of motions can be simplified to the
quasi-geostrophic equation and when Ro ≥ 1, they are ageostrophic. Densities in the atmo-
sphere and oceans are generally function of temperature, pressure and also salinity for the
ocean. Figure 1.2 shows the typical density distributions in the oceans (Pedlosky, 1992).
The density changes with the depth but the variations of the density are very small. The dif-
ferences between minimum and maximum density are only about 0.004(g/cm3). Hence, the
Boussinesq approximations can be applied to the equations of motion since the density vari-
ations ρ′ are much smaller than the reference density ρ′ � ρ0. The Earth’s rotation varies
with the latitude ϕ. The f -plane approximation is when f is assumed to be constant and
the β-plane approximation takes into account small meridional y variation as f ' f0 + βy.
Generally, the stable stratification inhibits vertical motions. The ambient rotation tends to
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Figure 1.1: The spatial and temporal scales of motions in the atmosphere and the oceans.
Image from Kantha & Clayson (2000).
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Figure 1.2: Typical density distribution of the ocean. Image is reproduced from Pedlosky
(1992).

impart vertical coherence to the motions. In the thesis, we use the Boussinesq and f -plane
approximations.

Among all the important geophysical phenomena, we are particularly interested in vortices
or eddies. Vortices in the atmosphere are important because they can be natural hazards
confronting humans. Tropical cyclones are examples of the atmospheric vortices (typhoons
for western North Pacific Ocean and hurricanes otherwise). Because they are accompanied
with strong winds, rain and damaging storm surges, they have been an important subject
in meteorology. Figure 1.3a shows two typhoons observed in August 2015 near Korea and
Japan: Goni and Atsani. Their typical radii are 100km and 200km and the maximum
speed observed is 204km/h and 120km/h, respectively on 24 August 2015 (NASA Earth
Observatory, UNISYS). Hence, their Rossby numbers are

RoGoni =
V

L2Ω0 sinϕ
=

204km/h

100km× 2× 2π
24h sin 30◦

' 77, RoAtsani '
120

2004π
24 sin 35◦

' 1.2,

(1.3)
respectively. Since the Rossby number for Atsani is much smaller than the one for Goni, it is
more affected by the planetary rotation. Nevertheless, the trajectories of the two typhoons
are mostly influenced by the trade winds (northeasterly) around ϕ = 10◦ − 25◦ and by the
westerlies around ϕ = 25◦ − 40◦ as seen in figure 1.3b.

Vortices are also found in the oceans. The circular structure in the middle of figure 1.4 is a
vertical cross-section of an anticyclone, called Mediterranean eddy (Meddy) which is formed
by the salty water flowing from Mediterranean sea to Atlantic ocean. The image has been
obtained by seismic reflection. The quantity displayed is the acoustic reflectivity which is a
measure of temperature variations. Meddies are generally observed in mid-Atlantic ocean
(see bottom left map in figure 1.4). The horizontal extension of these eddies is around
50–100km long and the thickness is about 1km (Richardson et al., 2000). Their lifetime is
up to 2 years (Armi et al., 1989; Hobbs, 2007). The Rossby number of this Meddy is about
0.3− 0.7 (Hua et al., 2013). Figure 1.5 shows another example of eddy in East/Japan sea.
The velocity distribution of warm core Ulleung eddy is depicted in figure 1.5a on April 1993
(Shin et al., 2005). This eddy is formed by the encounter of the warm (from south) and
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Figure 1.3: (a) Satellite images of the fifteenth (Goni) and sixteenth (Atsani) typhoons on
24 August 2015. Images from NASA Earth Observatory. (b) Trajectories of
the typhoons. Left one is for Goni and the color indicates the strength of the
velocity. The arrows indicate 24 August. The trajectories are reproduced from
the latitude and longitude data from UNISYS.
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Figure 1.4: Vertical seismic image of Meddy on April−May 2007. Images from Hua et al.
(2013).
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Figure 1.5: (a) Horizontal current velocities (cm/s) and (b) vertical temperature (◦C) dis-
tributions of East/Japan sea on April 1993. Images from Shin et al. (2005).

cold (from north) currents flowing along the Korea peninsula. Both warm and cold core
eddies can be generated. Once generated, they are trapped in Ulleung basin just below the
Ulleung island. Figure 1.5b shows the temperature distribution in a vertical cross-section
of the Ulleung eddy at lattitude 37◦. The diameter of this eddy is 150−170km and its
maximum depth is about 300m. They can live up to 3 years (Shin et al., 2005). Compared
to Meddies, this eddy exists near the surface of the ocean. The Rossby number of this
Ulleung eddy is about 0.2. Studying the dynamics of these eddies are also very important
because they can transport energy, pollutant and mix the oceans. As these eddies stir the
oceans, they sometimes draw nutrients up from the deep, fertilizing the surface waters to
promote blooms of phytoplankton in the open ocean (McGillicuddy et al., 2007; Lehahn
et al., 2011; Kim et al., 2012). Figure 1.6 shows an anticyclonic eddy found under South
Africa. This eddy is detached from Agulhas current, which flows along the south eastern
coast of Africa and around the tip of South Africa. Agulhas eddies are known to transport
warm, salty water from the Indian Ocean to the South Atlantic (Bryden et al., 2005). Due
to its different properties from the surrounding water, the phytoplankton blooms inside the
eddy make the eddy visible by the satellite.

As we saw from the examples, vortices in the atmosphere and ocean can exist over large
ranges of Rossby numbers. Their regimes of existence are summarized in figure 1.7 as
functions of Ro and Fv. Fv is the vertical Froude number Fv = U/NLv, where Lv is the
typical height of the vortices. As seen in figure 1.7, Fv varies only in a small range from
O(10−1) to O(10).

1.2 Stability of vortices in stratified-rotating fluids

Because there are too many variables/parameters at play in the motions of atmosphere
and oceans, it is difficult to describe the mechanisms and physics involved in typhoons and
eddies. Hence, laboratory experiments and numerical simulations for simpler models are
developed to describe better these geophysical vortices. Instabilities are understood as one
of the key feature which materializes the emergence and disappearance of such vortices. In
this section, instabilities of vortices in stratified-rotating fluids are described. The vortices
are categorized as columnar and pancake vortices. Columnar vortex is a vortex whose
angular velocity only varies in radial direction while the one for pancake vortex varies both
in radial and vertical directions.
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Figure 1.6: Blooms of phytoplankton inside an anti-cyclonic (counter-clockwise) eddy peeled
off from the Agulhas Current, which flows along the southeastern coast of Africa
and around the tip of South Africa. Images from NASA Earth Observatory.

Figure 1.7: Parameter regimes for atmospheric vortices and mesoscale oceanic eddies as func-
tions of Ro and Fv. TS means tropical cyclones (Typhoons and hurricanes) and
MCV is for mesoscale convective vortices. Images from Schecter & Montgomery
(2006).
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Figure 1.8: Instabilities on vortex pairs: side view of (a) Crow, (b) elliptic and (c) zig-zag
instabilities, and (d) oblique view of pancake vortices generated by the zig-zag
instability. Images are reproduced from Leweke & Williamson (2011), Meunier
& Leweke (2001) and Billant & Chomaz (2000), respectively.

1.2.1 Columnar vortices

The stability of a single columnar vortex has a long history and it can be unstable to various
instabilities such as centrifugal, shear, radiative and Gent-McWilliams instabilities. When
two columnar vortices are close from each other: Crow, elliptic and zig-zag instabilities
are found. In this section, a brief introduction and the instability criteria for different
instabilities occurring in columnar vortices are discussed.

For an interacting vortex pair, Crow and elliptic instabilities are found for homoge-
neous fluids (see figure 1.8a,b) (Leweke et al., 2016). Crow instability is a long-wavelength
instability which occurs in aircraft wakes (Crow, 1970; Widnall et al., 1971; Leweke et al.,
2016). This instability only exists for a counter-rotating vortex pair (Jimenez, 1975; Klein
et al., 1995; Leweke et al., 2016). In contrast, elliptic instability is a short-wavelength in-
stability and it develops for both counter- and co-rotating pairs (Leweke & Williamson,
1998; Meunier & Leweke, 2005; Leweke et al., 2016). An example of elliptic instability on
a co-rotating vortex pair is shown in figure 1.8b (Meunier & Leweke, 2001). Streamlines
are elliptic due to the strain exerted by the neighboring vortex. The resonance of Kelvin
waves with the strain destabilizes the vortex (Moore & Saffman, 1975; Tsai & Widnall, 1976;
Kerswell, 2002; Le Dizès & Laporte, 2002; Leweke et al., 2016). When the flow is strati-
fied, Crow and elliptic instabilities only exist in weakly stratified fluids and are stabilized in
strongly stratified fluids (Billant & Chomaz, 2000; Otheguy et al., 2006; Billant et al., 2010;
Leweke et al., 2016). Instead, Billant & Chomaz (2000, 2001), Otheguy et al. (2006), Billant
(2010) and Billant et al. (2010) have shown that co- and counter-rotating vortex pairs in
stratified and stratified-rotating fluids can be unstable to the zig-zag instability (see figure
1.8c,d). The zig-zag instability is triggered in stratified fluids because the self-induction is
positive while it is negative in homogeneous fluids. As a result, the columnar vortex pair is
sliced into thin pancake vortices (see figure 1.8d).

For an isolated vortex, centrifugal instability occurs when the balance between the cen-
trifugal force and the pressure gradient is disrupted: when the angular momentum of the
fluids decreases with radius r in inviscid fluids (Rayleigh, 1917). This condition has been
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generalized to rotating fluids by Kloosterziel & van Heijst (1991) as

Φ = (f/2 + Vθ/r)(f + ζ) < 0, (1.4)

where Vθ is the velocity of the vortex and ζ = 1/r∂(rVθ)/∂r the vertical vorticity. Fig-
ure 1.9 shows example of the centrifugal instability in lab experiments (Fontane, 2002) and
numerical simulations (Smyth & McWilliams, 1998). As can be seen, the centrifugal insta-
bility is 3D instability with a large vertical wavenumber k. The criterion (1.4) has been

(a) (b)

Figure 1.9: Vertical side view of the centrifugal instability in (a) laboratory experiment
(Fontane, 2002) and (b) numerical (DNS) simulation (Smyth & McWilliams,
1998).

extended to stratified fluids by Billant & Gallaire (2005). They found that the growth rate
ωi of the centrifugal instability is proportional to

√
−Φ and the stratification stabilizes only

small vertical wavenumbers. In the case of baroclinic vortices, further generalizations of the
Rayleigh criterion are discussed by Solberg (1936) and Eliassen & Kleinschmidt (1957) by
considering the energy difference when two particles at two density levels are exchanged.
Let us consider a particle at radius r1 and height z1 with density ρ1 and velocity V1, and
a particle with density ρ2 and velocity V2 at (r2, z2) in a rotating frame with a uniform
angular velocity f/2. The initial total energy Ei of the two particles are the sum of kinetic
KE and potential PE energies

Ei = KE + PE =
1

2
ρ0(V 2

1 + V 2
2 ) + g(ρ1z1 + ρ2z2). (1.5)

Because we are under the Boussinesq approximation, the reference density ρ0 is used for
kinetic energy but not for potential energy which is associated with the gravity term. After
the exchange, the velocity of each particles are changed to V1 → V1f and V2 → V2f and the
total energy Ef is

Ef = KE + PE =
1

2
ρ0(V 2

1f + V 2
2f ) + g(ρ1z2 + ρ2z1). (1.6)

The conservation of total angular momentum gives U1f = r1/r2U1 and U2f = r2/r1U2 where
U1 = V1 + r1f/2, U2 = V2 + r2f/2, U1f = V1f + r2f/2 and U2f = V2f + r1f/2. The flow is
unstable if the energy after the exchange is smaller than initially: Ef − Ei < 0. Assuming
that ∆r = r2 − r1 � 1 and ∆z = z2 − z1 � 1,

ρ2 − ρ1 =
∂ρ

∂r
∆r +

∂ρ

∂z
∆z, (1.7)

r2
2U

2
2 − r2

1U
2
1 =

∂(r2U2)

∂r
∆r +

∂(r2U2)

∂z
∆z. (1.8)
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Hence, the total energy difference ∆E = Ef − Ei is

∆E =

[
1

r3

∂(rU)2

∂r
− 2

g

ρ0

∂ρ

∂r
x− g

ρ0

∂ρ

∂z
x2

]
ρ0∆r2, (1.9)

where x = ∆z/∆r and the thermal wind relation has been used: 1/r∂U2/∂z = −g/ρ0∂ρ/∂r.
When x = 0, we recover Rayleigh criterion (1.4) and when x→∞ the condition for gravita-
tional (static) instability. Even if these two criteria are not satisfied, i.e. 1/r3∂(rU)2/∂r > 0
and ∂ρ/∂z < 0, (1.9) can be negative for some value of x when

1

r3

∂(rU)2

∂r
− 1

r3

∂(rU)2

∂z

∂ρ
∂r
∂ρ
∂z

=

(
2V

r
+ f

)
(ζ + f)−

(
2V

r
+ f

)
∂V

∂z

∂ρ
∂r
∂ρ
∂z

< 0. (1.10)

This condition can also be expressed in terms of the potential vorticity Π as (Hoskins, 1974),

Φ =
1

r3

∂(r(V + rf/2))2

∂r

∣∣∣∣
ρ

=

(
2V

r
+ f

)
Π
∂ρ
∂z

< 0, (1.11)

where
Π = (Z + fez)·∇ρ, (1.12)

where Z is the relative vorticity. Hence, the centrifugal instability is expected when the
absolute circulation decreases with the radius along isopycnal surfaces for some radius.

Shear instability is a 2D Kelvin-Helmholtz instability developing because of the radial shear.
The necessary condition for the shear instability is the existence of an inflection point rI
(Rayleigh, 1880):

dζ(rI)

dr
= 0. (1.13)

Figure 1.10 shows the example of the shear instability view from top (Chomaz et al., 1988)
and the numerical result (Carton & Legras, 1994). The radius where sharp changes occur
corresponds to inflection radius rI . Gent & McWilliams (1986), Carton & McWilliams
(1989), Carnevale & Kloosterziel (1994) and Orlandi & Carnevale (1999) showed that the
minimum azimuthal wavenumber m for the shear instability is m = 2 and when the steepness
of the base flow increased, the shear instability destabilizes at larger azimuthal wavenumbers
m. Also, the growth rate for the shear instability is maximum when the vertical wavenumber
k is zero. Deloncle et al. (2007) found for parallel flow that the growth rate depends on kFh
in the presence of stratification.

Recent studies have shown that columnar vortices can also be unstable to a radiative in-
stability in stratified rotating fluids (Smyth & McWilliams, 1998; Schecter & Montgomery,
2004; Billant & Le Dizès, 2009; Le Dizès & Billant, 2009; Riedinger et al., 2010, 2011; Park
& Billant, 2012, 2013). This instability is specific to stratified fluids and occurs due to the
over-reflection of inertia-gravity waves, coming from the vortex core, at the critical radius
rc where mΩ(rc) = ω with Ω the angular velocity and ω the frequency of the wave. When
the incident wave reaches the critical radius, some portions of the wave are reflected back
and other portions are transmitted. The transmitted waves have negative momentum so
that the reflected waves have larger momentum than the incident one in order that the
total momentum is conserved. As a result, the waves grow with time (Takehiro & Hayashi,
1992; Park, 2012). The necessary conditions for the radiative instability are: there exist two
turning points rt where ω(rt1,2) = ωep± where ωep± are epicyclic frequencies defined as

ωep± = mΩ±
√

(f + ζ)(f + 2Ω). (1.14)
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Figure 1.10: Horizontal view of the shear instability in (a) laboratory experiment of a soap
film (Chomaz et al., 1988) and (b) numerical simulation of an isolated vortex
(Carton & Legras, 1994).

Figure 1.11: Vertical side view of experimental results of the radiative instability from a
rotating cylinder in stratified fluids. Image from Riedinger et al. (2011).

Also, the critical radius rc should lie between the two turning points rt1 < rc < rt2 (Le Dizès
& Billant, 2009; Park & Billant, 2012, 2013). The radiative instability is most unstable when
the fluid is strongly stratified and non-rotating. As the background rotation increases, its
growth rate decreases and vanishes for strongly stratified and rapidly rotating fluids. Figure
1.11 shows an example of the radiative instability observed in the flow around a rotating
cylinder in stratified fluids (Riedinger et al., 2011).

Finally, Gent & McWilliams (1986) evidenced that a columnar vortex in stratified-rotating
fluids can be unstable to an internal instability (here we call it Gent-McWilliams instability)
which bends the vortex with finite axial wavenumber k for azimuthal wavenumber m = 1
(see figure 1.12 (Smyth & McWilliams, 1998)). Gent & McWilliams (1986) have shown that
in the quasi-geostrophic limit, when the steepness of the base flow is as steep as the Carton
& McWilliams (1989) vortex with the angular velocity profile Ω = Ω0 exp(−r2), the Gent-
McWilliams instability dominates the shear instability. A necessary condition for the Gent-
McWilliams instability in quasi-geostrophic fluids is the Rayleigh ζ ′(r) > 0 and Fjortoft
criteria. Smyth & McWilliams (1998) have shown the effect of Fh and Ro on this instability
for some ratios of Fh and Ro: Fh/Ro =∞, 0.5, 0.005 and 0. When Ro is in the centrifugally
stable regime, the Gent-McWilliams instability is the most unstable. Flierl (1988) has
explained the mechanism of the Gent-McWilliams instability by considering a vortex with
piecewise vorticities in quasi-geostrophic fluids. The behaviour of such vortex can be fully
described analytically as shown by Flierl (1988). Here, we provide extended explanations
of the work of Flierl (1988) on the mechanism of the Gent-McWilliams instability. The
vortex is composed with three levels of vorticity in radial direction: for r ≤ 1, the potential
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Figure 1.12: Vertical side view of numerical (DNS) simulation of the Gent-McWilliams in-
stability. Image is reproduced from Smyth & McWilliams (1998).

vorticity is q1 +q2; for 1 < r < b, the potential vorticity is q2; for r > b the potential vorticity
is zero. Since the sign of two vorticities (q1 and q2) should be opposite for instability, the
sign of outer vorticity is considered negative q2 < 0. The base velocities at r = 1 and b are
V̄ (1) and V̄ (b), respectively. By looking at the perturbationa of the two boundaries (r = 1
and r = b), we can explain the instability. In Flierl (1988), the small perturbations are
represented as η in the vicinity of r = 1 and τ near r = b. The dynamic and kinematic
boundary conditions give in quasi-geostrophic fluids

∂η
∂t + V̄ (1)∂η∂θ = I1(k)K1(k)q1

∂η
∂θ + bI1(k)K1(kb)q2

∂τ
∂θ ,

∂τ
∂t + V̄ (b)

b
∂τ
∂θ = 1

b I1(k)K1(kb)q1
∂η
∂θ + I1(kb)K1(kb)q2

∂τ
∂θ ,

 (1.15)

where I1 and K1 are modified Bessel functions of first and second kind of order 1, respectively.
Since perturbations are proportional to exp(iθ− iωt) + c.c., we can express η and τ in terms
of displacements in the x and y directions in the form

η = ∆x1 cos θ + ∆y1 sin θ,
τ = ∆x2 cos θ + ∆y2 sin θ,

}
(1.16)

where the time dependence is contained in (∆xi, ∆yi). Because the vorticities are constant,
the velocities are V̄ = (q2 + q1)r/2 for r ≤ 1 and V̄ = q2r/2 + q1/(2r) for 1 ≤ r ≤ b. If we
non-dimensionalize time such that q1 + q2 = 2, i.e. V̄ (1) = 1, the velocity at r = b becomes
V̄ (b) = q2b/2 + (1− q2/2)/b. Substituting (1.16) into (1.15) gives

∂∆x1

∂t
+ (1− I1(k)K1(k)(2− q2))∆y1 = bI1(k)K1(kb)q2∆y2, (1.17)

∂∆y1

∂t
− (1− I1(k)K1(k)(2− q2))∆x1 = −bI1(k)K1(kb)q2∆x2, (1.18)

∂∆x2

∂t
+

(
1

b2
− q2

2b2
+
q2

2
− I1(kb)K1(kb)q2

)
∆y2 =

1

b
I1(k)K1(kb)(2− q2)∆y1, (1.19)

∂∆y2

∂t
−
(

1

b2
− q2

2b2
+
q2

2
− I1(kb)K1(kb)q2

)
∆x2 = −1

b
I1(k)K1(kb)(2− q2)∆x1. (1.20)

Considering the case V̄ (b) = 0 corresponding to an isolated vortex then b2 = (q2 − 2)/q2.
Expanding the Bessel functions for small k and expanding (1.17)–(1.20) in terms of mean
displacements (∆x1+∆x2,∆y1+∆y2)/2 and relative displacements (∆x1−∆x2,∆y1−∆y2)
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A

B

Figure 1.13: Schematic drawing of columnar vortex with piecewise vorticity.

∆x1 ∆x2

(a)

t = 0 t = ∆t

∆y1
⊕

∆y2

	

(b)

∆x1 ∆x2

(c)

t = 2∆t

Figure 1.14: Top view of the piecewise vortex at plane A in figure 1.13. (a) The initial
displacements at t = 0 of the inner contour is ∆x1 and the outer contour is
∆x2 in the same direction. (b) The displacements generated by the initial
displacements after small time passes. (c) The resulting positive feedback on
displacements in the x directions. Dotted lines indicates the vorticity contours
at t = 0.

give

∂(∆x1 + ∆x2)

∂t
= −q2(∆y1 −∆y2) + k2 [Qn(∆y1 + ∆y2) + Pn(∆y1 −∆y2)] , (1.21)

∂(∆y1 + ∆y2)

∂t
= q2(∆x1 −∆x2)− k2 [Qn(∆x1 + ∆x2) + Pn(∆x1 −∆x2)] , (1.22)

∂(∆x1 −∆x2)

∂t
= k2

[(
Qn +

1

8

)
(∆y1 + ∆y2) +Qn(∆y1 −∆y2)

]
, (1.23)

∂(∆y1 −∆y2)

∂t
= −k2

[(
Qn +

1

8

)
(∆x1 + ∆x2) +Qn(∆x1 −∆x2)

]
, (1.24)

where

Qn =
q2 − 2

16
ln

(
1− 2

q2

)
, (1.25)

Pn =
1

8

[
(2− q2)

(
3

2
ln

(
1− 2

q2

)
+ 2Cn + 1

)
− 1

]
, (1.26)

where Cn = −1 + 2γe − 2 ln 2 + 2 ln k.

Figures 1.13 and 1.14 show schematic drawings of the contours of the piece-wise vorticity
of the columnar vortex. Dashed lines are for the vortex at rest and solid lines are when the
vortex is disturbed with a small vertical wavenumber k. First, let us consider the cross-
section A. Assume that we give small displacements of ∆x1 and ∆x2 in the same direction
(say, ∆x1 = ∆x2 > 0) with k � 1 while there are no displacement in the y direction
(∆y1 = ∆y2 = 0) (see figure 1.14a). Equation (1.22) and (1.24) give the resulting velocity
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in the y direction as

∂(∆y1 + ∆y2)

∂t
= −k2Qn(∆x1 + ∆x2), (1.27)

∂(∆y1 −∆y2)

∂t
= −k2

(
Qn +

1

8

)
(∆x1 + ∆x2). (1.28)

Since q2 is negative, Qn defined in (1.25) is also negative and (1.27) implies a positive mean
velocity in the y direction. Hence, after time ∆t, the mean y displacement is positive:
(∆y1 + ∆y2)/2 > 0. Next, the sign of (Qn + 1/8) in (1.28) is also negative for any negative
q2. The left hand side of (1.28) is then positive meaning that ∆y1 −∆y2 > 0. Since Qn <
Qn+1/8, this indicates that ∆y1 > ∆y2 > 0 as depicted in figure 1.14b. These two different
y displacements generate vorticity anomalies in the core as marked as ⊕ and 	 in figure
1.14b. As indicated by (1.21), these anomalies result in positive x mean velocity ∂(∆x1 +
∆x2)/2/∂t > 0 further translating the vortex from the initial position as depicted in figure
1.14c. The same reasoning can be applied to the motions in the cross-section B in figure
1.13. Therefore the initial bending perturbations grow. In summary, for an isolated vortex in
quasi-geostrophic fluids, bending perturbation with a small wavenumber grows. Although,
this discussion explains qualitatively the mechanism of destabilization of the bending mode,
it is limited to quasi-geostrophic fluids and the role of the criterion ζ ′(r) > 0 discussed
by Gent & McWilliams (1986) is unclear. In contrast, Reasor & Montgomery (2001) and
Reasor et al. (2004) found that certain type of vortices are stable to bending perturbations. A
vortex whose vorticity gradient is negative ζ ′(rc) < 0 at a critical radius rc where Ω(rc) = ω
tends to align back vertically when it is subjected to long-wavelength disturbances due to
the damping at the critical radius (Briggs et al., 1970; Schecter et al., 2002; Schecter &
Montgomery, 2003). In inviscid fluids, this stabilization process is understood from the
conservation of total angular momentum (Schecter et al., 2000, 2002). Although Schecter
et al. (2002) and Schecter & Montgomery (2003) focused on the stabilization mechanism
when ζ ′(rc) < 0, they predicted that an instability should occur if the weak outer vorticity
gradient at the critical layer is positive ζ ′(rc) > 0 in strongly stratified and rotating fluids. In
chapter 3, we shall prove by means of long-wavelength stability analyses of the bending mode
of columnar vortices in stratified rotating fluids that the source of the Gent-McWilliams
instability is a critical layer with positive vorticity gradient.

1.2.2 Pancake vortices

For vortices with finite thickness, several stability analyses have taken the pancake shape into
account by means of models with several uniform layers within the shallow-water or quasi-
geostrophic approximations. Baey & Carton (2002) have shown the generation of multipoles
in two-layer rotating shallow water. Baroclinic instability occurs for small Burger number
and cyclones turned out to be more unstable than anticyclones. Benilov (2003) studied a
vortex which is confined in a thin upper layer in a quasi-geostrophic two-layer model. He
found that the baroclinic instability which occurs in the lower layer and both layers is due
to the positive gradient of potential vorticity at the critical layer. Lahaye & Zeitlin (2015)
investigated the centrifugal instability of an anticyclone in two-layers shallow water. They
have shown that the asymmetric centrifugal instability is dominant when Ro is small and
m = 2 barotropic instability dominates for very small Ro. Saunders (1973) and Griffiths &
Linden (1981) experimentally studied vortices in two-layers rotating fluids. Figure 1.15a,b
show the top and side views of a cone shaped vortex and figure 1.15c shows the side view
of a pancake or lenticular shaped vortex in a stratified rotating fluid. They are generated
by two different methods: first, a cylinder which contains homogeneous fluids with density
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(a) (b) (c)

Figure 1.15: (a) Top and (b) side view of a cone-shape vortex and (c) pancake vortex. Images
from Griffiths & Linden (1981).

(a) (b)

Figure 1.16: Top view of (a) tripolar and (b) triangular vortices. Images from Flór & van
Heijst (1996).

ρ1 is located in the center of a rotating tank filled with heavier fluids with density ρ2.
When the cylinder is removed, a cone shaped vortex develops with time. For the pancake
shaped vortex in figure 1.15c, a uniform density fluid is injected into a linearly stratified
fluid. They found that both types of vortex are unstable to finite azimuthal wavenumber
disturbances. For the cone-shape vortices, the most amplified azimuthal wavenumber is
inversely proportional to the square root of the Burger number which is defined as Bu =
g′h/f2R2 where g′ = g|ρ1 − ρ2|/ρ1, h is the height and R the radius of the cylinder. The
layering above and beneath the vortex in figure 1.15c is due to McIntyre instability caused
by the differences between the diffusivity κ and the kinematic viscosity ν. Verzicco et al.
(1997) numerically reproduced the experimental results of Griffiths & Linden (1981) and
found that the initial instability is driven by baroclinic instability. Thivolle-Cazat et al.
(2005) extended the study of Griffiths & Linden (1981) with a much larger rotating tank
and observed that baroclinic instability occurs due to initial cyclogeostrophic adjustment
process and re-appears later as classical baroclinic instability as found by Griffiths & Linden
(1981).

Flór & van Heijst (1996) conducted an experimental study of a pancake a vortex in a linearly
stratified non-rotating fluid. They found that disturbances with azimuthal wavenumber
m = 2 or m = 3 are unstable when the Froude number F = Vmax/NRvmax is larger
than F > 0.1, where Vmax is the maximum velocity, N the Brunt–Väisälä frequency, and
Rvmax the radius of the maximum azimuthal velocity. They also showed that the nonlinear
evolutions of the instabilities: formations of tripole (m = 2) and dipole splitting, are similar
to those for two-dimensional vortices. Some differences come from the faster decay rate of
the satellites compared to the core. Bonnier et al. (2000) and Beckers et al. (2001) studied
the density structures in pancake vortices. Bonnier et al. (2000) investigated vortices in
the far-wake of a towed sphere. The density field inside the vortices shows a pinching of
the isopycnals in order to satisfy the hydrostatic and cyclostrophic balances. Beckers et al.
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Figure 1.17: Vertical density profiles measured in the center of a monopolar vortex, (a)
before the injection, (b) after the injection. Images reproduced from Beckers
et al. (2001).

(2001) found similar isopycnal deformations experimentally and numerically. Figure 1.17
shows the vertical density profiles of the flow before (figure 1.17a) and after (figure 1.17b)
generation of the pancake vortices. The density perturbation is due to the cyclostrophic
and hydrostatic balances which are given as

Cyclostrophic balance :
V 2
θ

r
=

1

ρ0

∂p

∂r
, (1.29)

Hydrostatic balance : − g

ρ0
ρb =

1

ρ0

∂p

∂z
. (1.30)

These two equations yield the thermal-wind relation

∂
(
V 2
θ /r

)
∂z

= − g

ρ0

∂ρb
∂r

. (1.31)

where Vθ is the azimuthal velocity of the vortex, ρb the density perturbation relative to the
unperturbed background linear density profile. As can be seen in (1.31), the vertical gradient
of the base velocity determines the radial density gradient. Beckers et al. (2001) explained
this balance mechanism of the vortex. When the base density is deformed without azimuthal
velocity as depicted in solid lines in figure 1.18a (ρb 6= 0 and Vθ = 0), the restoration of
the isopycnals will induce a radially inward flow. A temporary circulation is then formed
as indicated by the arrows. On the other hand, when there only exists the velocity but no
density perturbations as in figure 1.18b (ρb = 0 and Vθ 6= 0), the centrifugal forces result
in the cyclostrophic adjustment and consequently, the isopycnals will be deformed (dashed
lines) (Beckers et al., 2001).

Hedstrom & Armi (1988) generated a stable pancake vortex by well controlled injection of
the fluids. They showed that the aspect ratio and the velocity fields of the generated vortex
are in good agreement with the prediction by Gill (1981). Recently, Aubert et al. (2012) and
Hassanzadeh et al. (2012) extended the work of Gill (1981). The density gradient inside the
vortex has influence on the aspect ratio of the vortex while Gill (1981) has not considered
it. They found a universal law for the aspect ratio of pancake vortices: it is proportional
to the square root of (Ro(1 +Ro)/(N2 −N2

c )) where Nc is the Brunt–Väisälä frequency in
the vortex core. They showed experimentally and numerically that this law holds not only
for freely decaying pancake vortices in laboratory but also for planetary vortices (Aubert
et al., 2012; Hassanzadeh et al., 2012). Lazar et al. (2013a,b) investigated the stability of
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(a) (b)

Figure 1.18: (a) Schematic drawing of the circulation pattern induced by the buoyancy force
Fbuo due to the release of a density perturbation. (b) Schematic drawing of the
circulation pattern due to the centrifugal force Fc in a vortex that is initially
not in cyclostrophic balance. Images from Beckers et al. (2001).

a vortex in a linearly stratified shallow layer numerically and experimentally. They showed
the stabilization of the axisymmetric centrifugal instability when viscosity and stratification
are present. Recently, the global stability of a pancake vortex in continuously stratified and
rotating fluids has started to be investigated. The studies are either in the non-rotating limit
(Beckers et al., 2003; Negretti & Billant, 2013) or in the quasi-geostrophic limit (Nguyen
et al., 2012; Hua et al., 2013). For stratified non-rotating fluids, Beckers et al. (2003)
showed the stability of a vortex with angular velocity Ω =exp(−rq − z2/2α2) in terms of
q, Re and F , where q is the steepness parameter and α the aspect ratio fixed to α = 0.3.
Beckers et al. (2003) performed 3D nonlinear numerical simulations of azimuthally perturbed
vortices using the Navier-Stokes equations under the Boussinesq approximation in order to
retrieve the most unstable mode. They observed five types of nonlinear evolution of the
unstable mode depending on Re, q and F : shielded monopole (no instability), weak tripolar,
compact tripolar, noncompact tripolar and dipole spliting. The vortices tend to be shielded
monopole when q ≤ 4 and Re ' 500. When Re and q are increased, weak, compact and
noncompact tripolar vortices are observed. For large Re ≥ 5000 and q ≥ 5, dipole splitting
is observed. The instability is similar to the shear instability of two dimensional vortices
with the most unstable azimuthal wavenumber increasing with the steepness parameter q
(Carton & Legras, 1994). When q = 2, they found that the vortex is stable. Negretti &
Billant (2013) have conducted a linear stability analysis of a pancake vortex with a Gaussian
vorticity profile. They found that the vortex is unstable to gravitational instability when
the aspect ratio α is small such that α/Fh < 1.1. The gravitational instability occurs
when the total vertical density gradient is positive ∂ρt/∂z > 0, i.e. when the isopycnals
are overturned (see figure 1.19). They have not observed the shear instability as Beckers
et al. (2003) because the vorticity gradient does not vanish for a Gaussian vorticity profile.
Nguyen et al. (2012) have performed numerical stability analyses of a pancake vortex with
a Gaussian angular velocity in a continuously quasi-geostrophic fluid. They have shown
that the pancake vortex is unstable to baroclinic and barotropic instabilities depending on
the Burger number. They distinguished the instabilities as symmetric (figure 1.20a,b) and
anti-symmetric (figure 1.20c) modes with respect to z = 0 (Nguyen et al., 2012). When
Bu = (αRo/2Fh)2 is very small as Bu < 0.05, the m = 3 baroclinic mode is dominant,
when 0.05 < Bu < 1, the m = 2 baroclinic mode is the most unstable and for Bu > 1, the
m = 1 barotropic mode becomes the most unstable one. The potential vorticity extrema of
the unstable modes are localized near the critical level where ωr = mΩ(rc) when Bu < 1
showing that the critical layers play an important role as discussed by Benilov (2003). In
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Figure 1.19: (a) Vertical profiles of the base density of gravitationally unstable (dashed line)
and stable (solid line) vortices. The dotted line indicates the background den-
sity stratification N2. (b) Vertical velocity perturbation Re(uz) of the gravita-
tional instability. The dotted lines delimit the regions where the total vertical
density gradient of the base state is positive. Images from Negretti & Billant
(2013).
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Figure 1.20: Streamfunctions of the symmetric baroclinic instability for (a) m = 2 and (b)
m = 1 for Bu = 0.3 and (c) m = 1 anti-symmetric barotropic instability for
Bu = 2. The thick solid line indicates the critical level where ωr = mΩ(rc).
Images from Nguyen et al. (2012).

contrast, when Bu > 1, the potential vorticity extrema are located near the vortex core
(Nguyen et al., 2012). Hua et al. (2013) performed three-dimensional numerical simulations
of pancake vortices in quasi-geostrophic fluids. They found that the nonlinear evolution of
the azimuthal wavenumber disturbances lead to layering near the critical layers.

Because the essential difference between columnar and pancake vortices is the baroclinic-
ity of the vortex, the baroclinic instability is discussed briefly. The baroclinic instability
has been first studied in parallel flows in the quasi-geostrophic limit (Eady, 1949; Charney,
1947; Phillips, 1954). The potential energy stored in the inclined isopycnals are converted to
kinetic energy by the instability (Vallis, 2006). A necessary condition for the baroclinic in-
stability is that the potential vorticity gradient changes sign somewhere in the flow (Charney
& Stern, 1962; Vallis, 2006). For more complex flows, a generalization has been proposed
(Eliassen, 1983; Hoskins et al., 1985; Ménesguen et al., 2012): the potential vorticity gradient
along isopycnals changes sign

∂Π

∂r

∣∣∣∣
ρ

=
∂Π

∂r
− ∂Π

∂z

∂ρ
∂r
∂ρ
∂z

. (1.32)
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Figure 1.21: (a) Experimental setup used to study the baroclinic instability, (b) horizontal
temperature distribution in vertical cross section when the tank is rotating
and (c) top view of regular waves. The colors in (a) indicate the horizontal
temperature gradient when the tank is at rest. Images are reproduced from
Hide & Mason (1975).

Hide & Mason (1975) reviewed the experimental observations of the baroclinic instability in
rotating annulus. The density gradient is created by the horizontal temperature differences
between two cylinders as seen figure 1.21a. The inner cylinder has a radius a and a uniform
surface temperature Ta while the outer cylinder has a radius b and a temperature Tb. An
example of the temperature distribution when the tank is rotating is shown in figure 1.21b.
Due to the thermal-wind relation the isopycnals (here it is only a function of temperature) are
inclined. Depending on the temperature differences, the height and the radii of the cylinders,
symmetric, regular and irregular waves can be observed. Figure 1.21c shows the top view of
a regular wave (Hide & Mason, 1975). They have applied the Eady model to their baseflow
by assuming that the radii of inner and outer cylinders are similar and that all bounding
surfaces are rigid. They found that the instability only occurs for Burger number smaller
than a critical Burger number: Bu = 2gd[ρ(Ta) − ρ(Tb)]/(ρ(Ta + Tb)f

2(b − a)2) < Bucrit

where

Bucrit =

(
2.4

π

)2 1

m2 + (2(b− a)/π(b+ a))2
. (1.33)

The maximum value is about 0.6 when m = 1. Ménesguen et al. (2012) have studied the
stability of a jet in rotating stratified fluids for small and intermediate Ro. When Ro is
small, baroclinic and barotropic instabilities are found as in quasi-geostrophic fluids and
when Ro is large ageostrophic instabilities occur. Legg et al. (1998) and Molemaker &
Dijkstra (2000) observed the baroclinic instability in cold-core surface eddies. The growth
rate of the baroclinic instability is maximum at finite azimuthal wavenumber mc. It is stable
for m = 0 and large m (Molemaker & Dijkstra, 2000).

1.3 Goals of the thesis

In this thesis, the stability of both columnar and pancake vortices will be studied. The main
goals are to answer the following questions:

For columnar vortices
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• What is the destabilization mechanism of the Gent-McWilliams instability when the
flow is not quasi-geostrophic? Will the Rayleigh and Fjortoft necessary conditions
hold for arbitrary Rossby and Froude numbers?

• What is the general condition for the Gent-McWilliams instability for different types
of vortices?

• Why does this instability only exist in the presence of both stratification and rotation
as shown by Smyth & McWilliams (1998)?

For pancake vortices

• Only few studies exist on the stability of pancake vortices in continuously stratified
rotating fluid. Will the instabilities that are found for columnar vortices like centrifu-
gal, shear, radiative and Gent-McWilliams instabilities also exist in pancake vortices?
If so, how will they be affected by the pancake shape?

• What are the different instabilities specific to pancake vortices?

• What is the difference between the stability of pancake vortices in stratified non-
rotating fluid and quasi-geostrophic fluids? Can we draw a stability map as a function
of Rossby and Froude numbers to link these two limits?

• What are the critical Froude and Rossby numbers for each instability?

To answer these questions, the thesis is organized as follows. In chapter 2, the problem is
defined and the numerical methods are introduced. In chapter 3, the stability of the m = 1
Gent-McWilliams instability is studied numerically and theoretically in terms of Ro and
Fh for various types of columnar vortices. The stability of pancake vortices in stratified
non-rotating fluids is presented in chapter 4 and the study of the effect of Ro is continued
in chapter 5. The conclusions and the perspectives are presented in chapter 6.
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2
Problem formulation

In this chapter, the governing equations and the methodology are presented. The Navier-
Stokes equations under the Boussinesq approximation are linearized and the perturbations
are assumed to be normal modes with azimuthal wavenumber m. For the columnar vortex,
the vertical perturbations are also reduced to normal modes with vertical wavenumber k.
For inviscid flows, shooting methods are used and Chebyshev spectral collocation method is
used in the presence of viscosity. For the pancake vortices, the governing equations are dis-
cretized with finite element methods using FreeFEM++. The generalized eigenvalue problem
is solved using external libraries such as SLEPc and PETSc. Leading eigenvalues are found
by an iterative Krylov-Schur method and shift-invert spectral method. The code is validated
against results obtained by different methods. The convergences are presented in terms of
the meshing parameters.
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2.1 Stability problem

2.1.1 The base state

We consider as base flow a vortex with only azimuthal velocity ub(r, θ, z) = [ur, uθ, uz] =
[0, Vθ(r, z), 0] in cylindrical coordinates (r, θ, z). The angular velocity is Gaussian in both
radial and vertical directions

Vθ(r, z)

r
= Ω(r, z) = Ω0e

−
(
r2

R2 + z2

Λ2

)
, (2.1)

where R is the radius, Λ the half thickness of the vortex and Ω0 the maximum angular
velocity. The total pressure and density are decomposed as follows:

pt = p0 + p̄(z) + pb(r, z), (2.2)

ρt = ρ0 + ρ̄(z) + ρb(r, z), (2.3)

where the values with the subscript 0 are reference values, those with a bar indicate the
mean vertical profiles and those with a subscript b correspond to the perturbations due to
the base flow. The Euler equations under the Boussinesq approximation in the radial and
vertical directions are

rΩ2 + frΩ =
1

ρ0

∂pt
∂r

, (2.4)

− g

ρ0
ρt =

1

ρ0

∂pt
∂z

, (2.5)

corresponding to cyclostrophic and hydrostatic balances, where f is the Coriolis parameter
(considered constant) and g the gravity. Combining (2.4) and (2.5) gives the thermal-wind
relation:

∂(rΩ2 + frΩ)

∂z
= − g

ρ0

∂ρb
∂r

. (2.6)

Hence, the base density deformation ρb is given by

ρb(r, z) = −z ρ0

g

(
R

Λ

)2

(Ω + f) Ω. (2.7)

Figure 2.1 shows the base angular velocity Ω and vertical vorticity ζ = 1/r∂(rVθ)/∂r.
Figure 2.2 shows the isopycnals for different values of f for fixed Brunt-Vaisala frequency
and aspect ratio α = Λ/R. Due to the thermal-wind relation (2.6), the base density field
becomes strongly deformed when |f | is large.

2.1.2 Linearized equations

The vortex is perturbed by infinitesimal perturbations (denoted with prime) of velocity
u′ = [u′r, u

′
θ, u
′
z], pressure p′, and density ρ′ as

u(r, θ, z) = ub + u′ = (0, rΩ(r, z), 0) + (u′r, u
′
θ, u
′
z), (2.8)

p = pt + p′, (2.9)

ρ = ρt + ρ′. (2.10)
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Figure 2.1: (a) Base angular velocity Ω (2.1) and (b) vertical vorticity ζ.

The perturbations are written as normal modes in the azimuthal direction

[u′r, u
′
θ, u
′
z, ρ
′, p′] = [ur(r, z), uθ(r, z), uz(r, z),

ρ0

g
ρ(r, z), ρ0p(r, z)]e

−iωt+imθ + c.c., (2.11)

where ω = ωr + iωi, ωr the frequency, ωi the growth rate and m the azimuthal wavenumber.
We consider that m is positive since negative wavenumbers can be recovered by the symme-
try: ω(m) = ω∗(−m). Under the Boussinesq approximations, the linearized Navier-Stokes
equations are

− i(ω −mΩ)ur − (2Ω + f)uθ = −∂p
∂r

+ ν

(
∇2ur −

1

r2
ur −

2

r2
imuθ

)
(2.12)

− i(ω −mΩ)uθ + (ζ + f)ur +
∂rΩ

∂z
uz = − im

r
p+ ν

(
∇2uθ −

1

r2
uθ +

2

r2
imur

)
(2.13)

− i(ω −mΩ)uz = −∂p
∂z
− ρ+ ν∇2uz (2.14)

− i(ω −mΩ)ρ+
g

ρ0

∂ρb
∂r

ur +
g

ρ0

∂ρb
∂z

uz = N2uz + κ∇2ρ (2.15)

1

r

∂rur
∂r

+
1

r
imuθ +

∂uz
∂z

= 0 (2.16)

where N =
√
−g/ρ0dρ̄/dz is the constant Brunt–Väisälä frequency, ν the viscosity and κ

the diffusivity of the stratifying agent. The problem is governed by five non-dimensional
numbers: aspect ratio (α), Froude number (Fh), Reynolds number (Re), Schmidt number
(Sc), defined as follows:

α =
Λ

R
, Fh =

Ω0

N
, Ro =

2Ω0

f
, Re =

Ω0R
2

ν
, Sc =

ν

κ
. (2.17)

In this thesis, we keep Sc = 1 for simplicity and to avoid the viscous-diffusive instability
(McIntyre, 1970).

2.2 Numerical methods for columnar vortex

When α =∞, the base flow is only function of radial direction

Ω = Ω0e−r
2/R2

, (2.18)
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Figure 2.2: Total density contours as a function of background rotation Ro = 2Ω0/f : (a)
Ro = 5, (b) Ro = 0.67, (c) Ro = 0.33, (d) Ro = −0.2, (e) Ro = −1 and (f)
Ro = −5. Other parameters are fixed as α = Λ/R = 0.5 and Fh = 0.3. The
density fields (c) and (d) are gravitationally unstable ∂ρt/∂z > 0 in the regions
delimited by dashed lines. The dotted lines indicate the limits of the base vortex
as Ω = 0.1Ω0.

and the base density perturbation vanishes: ρb = 0. The perturbations are then assumed
to be of the form ξ′ = ξ(r) exp(i(−ωt+ kz +mθ)) where k is the vertical wavenumber and
ξ is any perturbation.

Inviscid flow When ν = 0, (2.12) – (2.16) can be reduced to a single radial velocity equation
for ϕ = rur

d2ϕ

dr2
−
[

1

r
+
Q′

Q

]
dϕ

dr
−
[
m2

r2
+ k2F 2

h

φ− s2

1− s2F 2
h

+
m

rs

(
ζ ′ −

(
2

Ro
+ ζ

)(
2

r
+
Q′

Q

))]
ϕ = 0,

(2.19)
where Q = m2/r2 − k2F 2

hs
2/(1 − s2F 2

h ), s = mΩ − ω is the Doppler shifted frequency,
φ = (2Ω + 2/Ro)(ζ + 2/Ro) is the Rayleigh discriminant, ζ = (1/r)∂(rVθ)/∂r is the vertical
vorticity and Ω = Vθ/r is the non-dimensional angular velocity of the basic vortex. The
boundary condition at r = 0 is that the perturbations should be non-singular and decays or
propagates outward for r =∞. Hence, ϕ ∼ rm for r → 0 and (2.19) has solution for r � 1
as

ϕ = Km(βkr) +
ωRo

m(2 + ωRo)
βkrKm−1(βkr), (2.20)

ϕ = H(n)
m (|β|kr)− ωRo

m(2 + ωRo)
|β|krH(n)

m−1(|β|kr), (2.21)

with β2 = (4/Ro2 − ω2)/(1/F 2
h − ω2), where Km is the modified Bessel function of order

m of the second kind and H
(n)
m is the Hankel function of order m of kind n. The solution

(2.20) ensures that the perturbation decays as r → ∞ except when ωi = 0 and β2 < 0. In
the latter case, we use the solution (2.21) which describes an outward propagating wave, i.e.
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a positive group velocity ∂ω/∂β > 0. Hence, n = 1 when ωr(Ro
2/4 − F 2

h ) > 0 and n = 2
when ωr(Ro

2/4 − F 2
h ) < 0. When ωi > 0, the asymptotic solution (2.20) corresponds also

to the solution which propagates outwards.

Equation (2.19) has been solved by a shooting method. The numerical integration is started
from a small radius r1 and a large radius r2 toward a radius rf using the asymptotic solutions
of (2.19) and an initial guess for ω. This leads to two couples of values at rf : [ϕ1(rf ), ϕ′1(rf )]
and [ϕ2(rf ), ϕ′2(rf )]. The value of ω for which the Wronskian ϕ2(rf )ϕ′1(rf )− ϕ1(rf )ϕ′2(rf )
vanishes is then searched by an iterative scheme. The path of integration is deformed in
the complex plane in order to avoid the singular radii rc where s = mΩ(rc) − ω = 0 or
s = ±1/Fh. Since the vortex profiles studied have Ω′(rc) < 0, the path is deformed in the
upper complex plane in order that the inviscid solution be the proper limit of the viscous
solution (Lin, 1955; Le Dizès, 2004). Figure 2.3 shows an example a deformed integration
path r which is defined as

r = x

(
1− iδm

∂Ω

∂r

(
1− x

r2

))
, (2.22)

where δ is a constant and x real.

0 2 4 6 8 10
−0.02

−0.01

0

0.01

0.02

Re(r)

Im
(r

)

Figure 2.3: Integration path (2.22) in the complex plane ( ) to avoid the critical radius
rc ( ) for r2 = 20 and δ = 0.05.

Viscous flow The stability problem (2.12)–(2.16) in the presence of viscous and diffusive
effects has been solved by a Chebyshev pseudo-spectral collocation method (Antkowiak &
Brancher, 2004). This code has allowed us to check the results of the shooting code and
the code for pancake vortices. The Chebyshev spectral collocation method allows to write
(2.12)–(2.16) in forms of the generalized eigenvalue problem

− iωBv = Lv, (2.23)

where v = [ur, uθ, ρ], L and B are the differential operators. The other variables uz and p
are obtained from v afterwards. The radial direction [−∞,∞] is mapped to the Chebyshev
domain [-1, 1]. Since r is mapped to r = ±∞, no boundary conditions are needed for r = 0.
Here, we used algebraic mapping from the Chebyshev domain to the radial domain as in
Antkowiak & Brancher (2004); Fabre & Jacquin (2004).
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2.3 Numerical methods for pancake vortex

2.3.1 Descriptions

For pancake vortices, only the viscous equations (2.12)–(2.16) are solved. The discretization
is done by finite element method and the generalized eigenvalue problem is solved. The code
has been developed by Garnaud (2012) and adapted to pancake vortices. Equations (2.12) –
(2.16) are discretized with finite element method using FreeFEM++ (Hecht, 2012; Garnaud,
2012; Garnaud et al., 2013). Velocity, density and pressure (~u, ρ, p) are approximated with
(P2, P1, P1) elements, respectively (De Vuyst, 2013). The mesh is adapted to the base state
and refined around the vortex core. The domain is restricted to positive radius r = [0, Rmax]
and is set to z = [−Zmax, Zmax] along the vertical. Figure 2.4 shows an example of a
mesh adapted to the base angular velocity Ω, the vertical density gradient ∂ρb/∂z and
the inflection point rI =

√
2 where ζ ′(rI) = 0. Since FreeFEM++ implements only weak

0 1 2 3 4 5

−4

−2

0

2

4

r/R

z
/Λ

Figure 2.4: Example of a mesh adapted to the base angular velocity Ω, the vertical density
gradient ∂ρb/∂z and the inflection point rI =

√
2 where ζ ′(rI) = 0. The mini-

mum and maximum size of the elements are Smin = 0.027R and Smax = 0.13R,
respectively. The number of triangle is 18452.

formulations, weak forms of (2.12) – (2.16) are used. For example, weak forms of a set of
partial derivative equations A(p, q) = 0 and B(p, q) = 0 are presented as∫

S
(A(p, q)v1 +B(p, q)v2) = 0, (2.24)

where S is the domain of interest and v1 and v2 are arbitrary vectors called test functions.

To get the weak form, (2.12) – (2.16) are first multiplied by r2 to avoid any singularity at
r = 0 and then by the test functions vr, vθ, vz, τ and q, respectively. The weak form is then
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found as∫
S

[
iωur + imΩur(2Ω + f)uθ −

∂p

∂r
+ ν

(
∇2ur −

1

r2
ur −

2

r2
imuθ

)]
r2vr

+
[
iωuθ + imΩuθ − (ζ + f)ur −

∂rΩ

∂z
uz −

im

r
p+ ν

(
∇2uθ −

1

r2
uθ +

2

r2
imur

)]
r2vθ

+
[
iωuz + imΩuz −

∂p

∂z
− ρ+ ν∇2uz

]
r2vz

+
[
iωρ+ imΩρ− g

ρ0

∂ρb
∂r

ur −
g

ρ0

∂ρb
∂z

uz +N2uz + κ∇2ρ
]
r2τ

+
[1

r

∂rur
∂r

+
1

r
imuθ +

∂uz
∂z

]
r2q = 0 (2.25)

The Laplace operators are second order derivatives and can be reduced by integration by
parts using Green’s identity:∫

S
∇2uv = −

∫
S
∇u∇v +

∫
∂S
∇uvn, (2.26)

where n is the outward unit surface normal to ∂S. The pressure gradient can also be reduced
as ∫

S
r2∇pv = −

∫
S
p∇(r2v) +

∫
∂S
pr2v, (2.27)

When v = 0 on ∂S, (2.25) becomes∫
S
− iωr2(uzvz + urvr + uθvθ + ρτ) =∫

S

[
(r2fuθ − rVθ(imur − 2uθ))vr −

(
r2

(
ur
∂Vθ
∂r

+ uz
∂Vθ
∂z

+ fur

)
+ rVθ(imuθ + ur)

)
vθ

− (r2ρ+ r(Vθimuz))vz −
(
r2

(
ur
∂ρb
∂r

+ uz
∂ρb
∂z
−N2uz

)
+ rVθimρ

)
τ

− ν

(
r2∂ur
∂z

∂vr
∂z

+ r2∂ur
∂r

∂vr
∂r

+ r
∂ur
∂r

vr + (m2 + 1)urvr + 2imuθvr

+ r2∂uθ
∂z

∂vθ
∂z

+ r2∂uθ
∂r

∂vθ
∂r

+ r
∂uθ
∂r

vθ + (m2 + 1)uθvθ − 2imurvθ

+ r2∂uz
∂z

∂vz
∂z

+ r2∂uz
∂r

∂vz
∂r

+ r
∂uz
∂r

vz +m2uzvz

+
1

Sc

(
r2∂ρ

∂z

∂τ

∂z
+ r2∂ρ

∂r

∂τ

∂r
+ r

∂ρ

∂r
τ +m2ρτ

))

+ pr

(
r
∂vz
∂z

+ r
∂vr
∂r

+ 2vr − imvθ

)
− qr

(
r
∂uz
∂z

+ r
∂ur
∂r

+ ur + imuθ

)]
. (2.28)

FreeFEM++ write these equations in the matrix form

− iωBv = Lv, (2.29)

where v = [ur, uθ, uz, ρ, p]. The matrices are sparse and the typical size of the matrices B and
L is about 106×106. Dirichlet boundary conditions are applied at r = Rmax and z = ±Zmax

so that all perturbations vanish. The boundary conditions at r = 0 differs depending on the
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Figure 2.5: (a) The shift-and-invert spectral transformation. Image is reproduced from Ro-
man et al. (2015). (b)An example of spectrum: frequency ωr and growth rate ωi
normalized to the maximum angular velocity of base vortex Ω0. One unstable
mode (ωi > 0) is found: shift-values; eigenvalues.

azimuthal wavenumber m (Ash & Khorrami, 1995; Batchelor & Gill, 1962),

m = 0 : ur = uθ = 0,

m = 1 : uz = p = ρ = 0,

m ≥ 2 : ur = uθ = uz = p = ρ = 0.

The dirichlet boundary conditions can be implemented in two ways in FreeFEM++. First,
the boundary condition is incorporated with penalty method by distributing large values
(1030) at the boundaries (Hecht, 2012). In the code, boundaries are imposed directly to the
matrices by a command on, for example for m = 0:

on(4, ur = uθ = 0) + on(1, 2, 3, ur = uθ = uz = p = ρ = 0), (2.30)

where the numbers are boundary labels. The bottom (z = −Zmax) is labelled 1 and the
numbers increases in the anti-clockwise direction. The boundary conditions are applied
directly to L and B. The second method is simply replacing the corresponding elements to
zero (Garnaud, 2012; Zienkiewicz & Taylor, 2000). This means the substitution of

vbc = [ur, uθ, uz, p, ρ]Tbc = 0, (2.31)

in (2.29). This is equivalent to reduce the number of equations and thus to reduce the total
number of unknown components (Zienkiewicz & Taylor, 2000). In FreeFEM++, boundary
matrix is saved in a separate file as BC. Then, the boundary condition is applied after loaded
in python as Lnew = BCTLBC and Bnew = BCTBBC. Since some components are deleted,
the node informations are re-designated. The advantage of this way of implementation is
that the boundary conditions for different azimuthal wavenumbers can be easily applied
without generating new meshes. If no boundary condition is specified, Neumann boundary
conditions are applied by

∂u

∂n

∣∣∣∣
bc

= 0. (2.32)

Once discretized using FreeFEM++, L and B (and BC) are loaded in python. Python calls
the external packages to compute the eigenvalue problem throughout slepc4py and petsc4py.
The eigenvalue problem is solved by an iterative Krylov-Schur method using the libraries
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Figure 2.6: Growth rate ωi/Ω0 and frequency ωr/Ω0 spectrum for columnar ( ) and pan-
cake ( ) vortices for m = 1, Fh = 0.05, Ro = 0.1 and Re = 1000.

SLEPc and PETSc and shift-and-invert spectral transformation is used: for a given shift
value σ, the eigenvalues ω which is near σ are found (Hernandez et al., 2005; Garnaud, 2012;
Garnaud et al., 2013; Balay et al., 2014; Roman et al., 2015):

(L + iωB)−1v = φv, (2.33)

where φ = 1/(ω − σ). Hence, φ is very large when ω is near the shift value σ. Once the
wanted eigenvalues φ have been found, they are transformed back to eigenvalues of the
original problem ω = σ+1/φ (see for example 2.5a for real eigenvalues). The eigenvectors v
remain unchanged (Roman et al., 2015). The number of eigenvalues computed for each shift
value is between 20 to 50 in this thesis. We used generally tens of shift values to capture
all the unstable modes. Spurious modes are eliminated by excluding non-repeated values
(varying by more than 10−6) among several shift values. Figure 2.5b shows a spectrum
example. The shift-values are also shown as cross symbols. They are set only in the positive
ωi and ωr domain. There exist only one unstable mode. The library SLEPc and PETSc
enable MPI parallel computation by distributing CSR matrices to processors (Hernandez
et al., 2005; Garnaud, 2012; Garnaud et al., 2013; Balay et al., 2014; Roman et al., 2015).
The input and output data is saved as HDF5 file.

2.3.2 Validations

Two methods have been used to validate the code. One is to compare the 1D results for a
columnar vortex and the other is to compare to previous results on pancake vortices.

Comparison to columnar vortex Figure 2.6 shows the spectrum for a columnar vortex for
m = 1, Fh = 0.05, Ro = 0.1 and Re = 1000. Continuous line is for 1D code for Chebyshev
pseudo-spectral collocation method as described in §2.2. The discrete symbols are with the
present code with FreeFEM++ and SLEPc for the columnar profile (2.18). The vertical
limits for FreeFEM++ have been set to large value Zmax = 120R and Rmax = 5R. The
growth rates and the frequencies agree well.

Comparison to 3D pseudo-spectral method We have also validated the code against the
results of Negretti & Billant (2013). They have investigated the stability of a vortex with
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Figure 2.7: Growth rates obtained by Negretti & Billant (2013) using ( ) and with the
present code ( ) as a function of aspect ratio α for azimuthal wavenumber (a)
m = 0, (b) m = 1 and (c) m = 2 for Fh = 1, Ro =∞ and Re = 500.
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Figure 2.8: Vertical velocity perturbations Re(uz) (a) obtained by Negretti & Billant (2013)
and (b) with the present code for α = 0.85,m = 1, Fh = 1, Ro = ∞ and
Re = 500.

the angular velocity profile:

Ω = Ω0
1− e−r

2/R2

r2
e−z

2/Λ2
. (2.34)

They have computed the most unstable mode by integrating (2.12)–(2.16) over a long time
by means of a pseudo-spectral code. The dominant mode for each azimuthal wavenumber is
obtained by a model decomposition. Figure 2.7 show a comparison the growth rate obtained
by the two methods as a function of the aspect ratio α for different azimuthal wavenumbers
m = 0, 1 and 2. All the results agree well. Figure 2.8 shows the real part of the vertical
velocity perturbation Re(uz). The mode shapes are also in good agreement. The present
method is faster and allows to obtain not only the dominant mode, but also the weaker
unstable modes.

We also have compared the results to those of Nguyen et al. (2012). They used the quasi-
geostrophic equation and solved the eigenvalue problem by a QZ method. Figure 2.9 shows
a comparison of the modes for m = 2 and Bu = (Nα/f)2 = 0.3. The modes agrees well.
However, the growth rates are different: Nguyen et al. (2012) found that the growth rate is
ωi = 0.012Ω0 (taking into account their normalization) in the inviscid case while we found
ωi = 0.006Ω0 for Re = 10000. These differences might come from the resolution and viscous
effects.
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Figure 2.9: Streamfunction perturbations Re(ψ) (a) obtained by Nguyen et al. (2012) (figure
5a in Nguyen et al. (2012)) for Bu = 0.3 and (b) the present code for Bu = 0.3
(α = 0.5,m = 2, Fh = 0.15, Ro = −0.33) and Re = 10000.

2.3.3 Parameter dependency

The convergence of the growth rate depends on the size of the meshes as well as the domain
size. Here, we show the effect of these parameters. The main difficulties with the code come
from choosing right meshing parameters. For the sake of saving computing times, we want to
have a minimum number of meshes by choosing appropriate minimum and maximum sizes
of meshes and a minimum domain size but the eigenvectors should be well resolved. The
only way to achieve this is trials and errors. Here, some examples are shown. In addition,
since the code is parallelized, the effect of the number of processors on the computing time
is also discussed.

Effect of the size of meshes Figure 2.10 shows the effect of the mesh sizes on the maximum
growth rates for α = 0.5,m = 2, Fh = 0.5, Ro = ∞ and Re = 10000. Since the mesh is
adapted to the base flow, the mesh size is not uniform throughout the domain. The effects of
the maximum and minimum sizes are investigated separately. First, figure 2.10a shows the
growth rate as a function of minimum mesh size for two different ranges of maximum sizes:
Smax = 0.15R−0.2R and Smax = 0.05R−0.08R. When Smax is in the range of 0.15R−0.2R,
the growth rate varies with Smin and becomes constant when Smin < 0.005R. However, when
Smax is small (Smax = 0.05R−0.08R), the growth rate converges quickly and Smin has little
effect on the growth rate. Figure 2.10b shows the effect of maximum size on the growth
rates for two different ranges Smin = 0.017R − 0.022R and Smin = 0.003R − 0.006R. In
both cases, the growth rates become constant when Smax < 0.2R. Hence, the maximum size
should be small enough. The size of meshes are kept in the ranges Smin = 0.005R − 0.01R
and Smax < 0.15R. These values result in a number of triangles about 1 · 105 − 2 · 105.

Effect of the domain size Depending on the control parameters, there exists different
modes. The domain size also has different effects on the spectrum of each type of modes.
Hence, the domain size is varied accordingly. In this section, we show some extreme examples
for which the domain size affects greatly the spectrum. Figure 2.11 shows different examples
of the effect of Rmax and Zmax on the spectrum for m = 2, α = 0.5, Fh = 0.33, Ro = 0.4 and
Re = 10000. The growth rate varies little with Rmax. However, when the vertical limits are
too small, the growth rate decreases significantly. Nevertheless, it saturates quickly when
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Figure 2.10: Growth rate ωi/Ω0 as a function of (a) minimum size of meshes Smin for different
maximum size Smax of the meshes: Smax = 0.15R− 0.2R and Smax =
0.05R−0.08R, and (b)the maximum size of Smax for different Smin: Smin =
0.017R − 0.022R and Smin = 0.003R − 0.006R for α = 0.5,m = 2, Fh =
0.5, Ro =∞ and Re = 10000.
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Figure 2.11: Growth rate ωi/Ω0 of shear modes as a function of (a) maximum radius Rmax

for Zmax = 5Λ and (b) maximum height Zmax for Rmax = 5R for m = 2,
α = 0.5, Fh = 0.33, Ro = 0.4 and Re = 10000.

Zmax > 3Λ. The radial velocity perturbations are shown in figure 2.12 for two different
heights.

Now, figure 2.13a shows the effect of maximum radial size on the growth rates for Zmax = 5Λ,
m = 2, α = 0.5, Fh = 0.15, Ro = −8.3 and Re = 10000. The growth rate is large when
Rmax is small and stabilizes only when Rmax > 15R. This is due to a slow decay of the mode
with r. It bounds at the boundary when Rmax is not large enough as seen in figure 2.14.
However, as long as Rmax is kept large, the vertical boundary limits have almost no effect
on the growth rate (see figure 2.14c). Hence, to resolve this kind of mode, a large Rmax

is used. In fact only this particular set of parameters has required such large Rmax. For
similar eigenvectors but for different Ro and Fh (Ro = ∞ and Fh = O(1)), the maximum
radius Rmax = 8R is sufficient to have a good convergence.

As shown from the two different examples, the required size of the domain differs depending
on the control parameters. Generally, the domain size is chosen as Rmax = 8R − 20R and
Zmax = 5Λ− 7Λ.

32



2.3. Numerical methods for pancake vortex

2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Zmax = 2Λ(a)

0 1 2

−4

−2

0

2

4

r/R

z
/Λ

Zmax = 5Λ(b)

0 1 2

r/R

−1

0

1

Figure 2.12: Radial velocity perturbations Re(ur) for different maximum height Zmax: (a)
Zmax = 2Λ and (b) Zmax = 5Λ for Rmax = 5R,α = 0.5,m = 2, Fh = 0.3, Ro =
0.4 and Re = 10000.
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Figure 2.13: Growth rate ωi/Ω0 of shear modes as a function of (a) maximum radius Rmax

for Zmax = 5Λ and (b) maximum height Zmax for Rmax = 20R for m = 2,
α = 0.5, Fh = 0.15, Ro = −8.3 and Re = 10000.
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2, Fh = 0.15, Ro = −8.3 and Re = 10000.
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Figure 2.15: The speed-up (= tnp=1/t) as a function of numbers of processor (np) for eval-
uating one shiftvalue.

Effect of number of cpu The code is parallelized with MPI. The time gain as a function
of the number of processors (np) has been studied (figure 2.15). The time is normalized
to the time when it is sequential (np= 1). The tested computer is named aplusbegalix.
Aplusbegalix has 40 cores of Intel(R) Xeon(R) CPU E7-L8867 @ 2.13GHz and 128GB of
shared memory. The speed-up saturates when np> 6. The computing time varies depending
on the matrix size. The typical time for matrices of size 106×106 for one shiftvalue is about
20min with 4 processors.
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3
Stability of a columnar vortex

in stratified-rotating fluids
In stably stratified and rotating fluids, an axisymmetric columnar vortex can be unstable
to a special instability with an azimuthal wavenumber m = 1 which bends and slices the
vortex into pancake vortices (Gent & McWilliams, 1986). This bending instability, called
the “Gent-McWilliams instability” herein, is distinct from the shear, centrifugal or radiative
instabilities. The goals of the chapter are to better understand the origin and properties
of this instability and to explain why it operates only in stratified rotating fluids. Both
numerical and asymptotic stability analyses of several velocity profiles have been performed
for wide ranges of Froude number Fh = Ω0/N and Rossby number Ro = 2Ω0/f , where
Ω0 is the angular velocity on the vortex axis, N the Brunt–Väisälä frequency and f the
Coriolis parameter. Numerical analyses restricted to the centrifugally stable range show
that the maximum growth rate of the Gent-McWilliams instability increases with Ro and is
independent of Fh for Fh ≤ 1. In contrast, when Fh > 1, the maximum growth rate decreases
dramatically with Fh. Long axial wavelength asymptotic analyses for isolated vortices prove
that the Gent-McWilliams instability is due to the destabilization of the long-wavelength
bending mode by a critical layer at the radius rc where the angular velocity Ω is equal to
the frequency ω: Ω(rc) = ω. A necessary and sufficient instability condition valid for long
wavelengths, finite Rossby number and Fh ≤ 1 is that the derivative of the vertical vorticity
of the basic vortex is positive at rc: ζ ′(rc) > 0. Such a critical layer rc exists for finite
Rossby and Froude numbers because the real part of the frequency of the long-wavelength
bending mode is positive instead of being negative as in a homogeneous non-rotating fluid
(Ro = Fh = ∞). When Fh > 1, the instability condition ζ ′(rc) > 0 is necessary but not
sufficient because the destabilizing effect of the critical layer rc is strongly reduced by a second
stabilizing critical layer rc2 existing at the radius where the angular velocity is equal to the
Brunt–Väisälä frequency. For non-isolated vortices, numerical results show that only finite
axial wavenumbers are unstable to the Gent-McWilliams instability.
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LadHyX, CNRS, École Polytechnique, F-91128 Palaiseau Cedex, France
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3.1 Introduction

Vortices can be subjected to many instabilities in stably stratified and rotating fluids be-
cause of their own structure or because of interactions with other vortices. If we exclude the
latter possibility by restricting the problem to the idealized configuration of a single vertical
columnar axisymmetric vortex, there are still several instability mechanisms that can disrupt
a vortex. The shear and centrifugal instabilities are not specific to a stratified rotating fluid
and have been well-known since Rayleigh (1880, 1917). The former is a two-dimensional in-
stability that can destabilize non-axisymmetric perturbations with azimuthal wavenumbers
m ≥ 2 if the vertical vorticity derivative ζ ′(r) vanishes for some radius r (Rayleigh, 1880;
Howard & Gupta, 1962; Carton & McWilliams, 1989; Carnevale & Kloosterziel, 1994). This
necessary condition is equivalent to the inflection point condition for parallel shear flows.
The centrifugal instability is intrinsically three-dimensional and most unstable for short axial
wavelength and axisymmetric perturbations m = 0 in inviscid fluids. The classical Rayleigh
criterion (Rayleigh, 1917) for the centrifugal instability can be extended to stratified rotat-
ing inviscid fluid (Kloosterziel & van Heijst, 1991; Billant & Gallaire, 2005) by replacing the
circulation by the absolute circulation, i.e. a necessary and sufficient instability condition
is that the square of the absolute circulation decreases for increasing radius, regardless of
the stratification. Even if the axisymmetric mode is dominant in an inviscid fluid, it should
be noted that non-axisymmetric modes can be the most unstable in viscous fluids owing to
the combined effects of stratification and viscosity (Billant et al., 2004) or confinement in
shallow layers (Lahaye & Zeitlin, 2015) which damp short axial wavelengths.

Recently, a different type of instability has been shown to occur specifically in vortices in a
stratified rotating fluid: the radiative instability Smyth & McWilliams (1998); Schecter &
Montgomery (2004); Billant & Le Dizès (2009); Le Dizès & Billant (2009); Riedinger et al.
(2010, 2011); Park & Billant (2012, 2013)). This instability is due to a coupling between
the waves sustained by the vortex and inertial-gravity waves in the surrounding fluid. The
mechanism of the instability can be interpreted as a wave over-reflection at the critical radius
where the azimuthal phase velocity matches the angular velocity of the base flow, a radius
which exists only for non-axisymmetric waves. The radiative instability is most unstable
when the fluid is strongly stratified and non-rotating. As the background rotation increases,
its growth rate decreases and vanishes in the quasi-geostrophic limit (strongly stratified and
rapidly rotating fluid). This regime pertains to large scale atmospheric and oceanic vortices
(See Schecter & Montgomery (2006) for a summary of the typical characteristics of various
geophysical vortices).

A fourth type of instability has been evidenced by Gent & McWilliams (1986) on vortices
with zero-circulation in quasi-geostrophic fluids. In contrast to the shear or centrifugal insta-
bilities, it is most unstable for a finite axial wavenumber and occurs only for the azimuthal
wavenumber m = 1. This instability bends and fragments the vortex into lenticular vortices
(Gent & McWilliams, 1986; Hua, 1998; Smyth & McWilliams, 1998). Gent & McWilliams
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(1986) called this three-dimensional instability “internal instability” as opposed to the “ex-
ternal instability”, i.e. the two-dimensional shear instability. Here, we shall call the internal
instability the “Gent-McWilliams instability” in order to distinguish it from the other types
of three-dimensional instability. The Gent-McWilliams (GMW) instability is the most dan-
gerous instability in quasi-geostrophic fluids for sufficiently steep vortex profiles such as for
example the Carton & McWilliams (1989) vortex (Gaussian angular velocity profile). Even
if the instability is three-dimensional, Gent & McWilliams (1986) have also shown that the
necessary conditions for the shear instability (Rayleigh and Fjortoft’s criteria) also apply to
the GMW instability in a quasi-geostrophic fluid.

Flierl (1988) has shown that the GMW instability also occurs on vortices with a piecewise
profile with two levels of non-zero uniform vorticity in quasi-geostrophic fluids. A necessary
condition for instability is that (ζi − ζo)ζo < 0, where ζi and ζo are the inner and outer
vorticities. This is equivalent to the condition that the vorticity gradient changes sign
between the two vorticity jumps. When the vortices are isolated (i.e. zero circulation),
the GMW instability is of a long-wavelength nature, i.e. its growth rate is positive as
soon as the axial wavenumber is non-zero. In contrast, only finite axial wavenumbers (i.e.
wavenumbers above a non-zero wavenumber cutoff) are unstable when the circulation is
non-zero. Flierl (1988) has also provided a simple explanation of the instability mechanism.
Two different processes are involved: self-induced motion when the vortex is slightly bent
along the vertical, and two-dimensional advection by the vorticity anomalies generated when
the two vorticity contours are shifted relative to each other. This mechanism is illustrated
in figure 3.1 and explained in details in the caption.

Smyth & McWilliams (1998) have studied the stability of the Carton & McWilliams vor-
tex beyond the quasi-geostrophic regime. Most interestingly, they have shown that the
GMW instability exists only in presence of both stratification and rotation. However, this
observation remains unexplained. The Rayleigh and Fjortoft’s stability criteria (Gent &
McWilliams, 1986) indeed apply only to quasi-geostrophic fluids.

Hence, the main questions that we would like to address in this paper are: why does the
GMW instability occur only in stratified rotating fluids? And is it possible to derive an
instability condition valid for arbitrary rotation and stratification? These questions are
intimately linked to the preliminary question: what is the general mechanism of the GMW
instability? Even if a mechanism has been highlighted by Flierl (1988) for piecewise vorticity
profiles in quasi-geostrophic fluids, it is not straightforward to extend it to arbitrary rotation
and stratification and/or to continuous vorticity profiles.

Interestingly, Reasor & Montgomery (2001) and Reasor et al. (2004) have shown that certain
vortices in quasi-geostrophic fluids tend to align when they are tilted, i.e. a behaviour
opposite to the GMW instability. This alignment process has been attributed to a critical
layer damping of the bending mode when ζ ′(rc) < 0, where rc is the critical radius where the
phase velocity of the wave ω/m is equal to the angular velocity of the vortex Ω(rc) (Briggs
et al., 1970; Schecter et al., 2002; Schecter & Montgomery, 2003). In viscous fluids, this
damping comes from viscous effects that smooth the singularity while in inviscid fluids, it
can be understood from the conservation of angular momentum (Schecter et al., 2000) or
wave pseudo-momentum (Schecter et al., 2002).

Even if they focus on the alignment process and vortex profiles for which ζ ′(rc) < 0, Schecter
et al. (2002) and Schecter & Montgomery (2003) have also predicted theoretically for profiles
with a weak outer vorticity gradient that the critical layer should destabilize the bending
mode when ζ ′(rc) > 0 in strongly stratified and rotating fluids. Such critical layer instabili-
ties were first reported in the case of the two-dimensional stability of vortices (Briggs et al.,
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Figure 3.1: Mechanism of the GMW instability as explained by Flierl (1988) for piecewise
vortex profiles in a quasi-geostrophic fluid. As sketched in (a), we consider a
columnar vortex with two levels of constant vorticity which is perturbed by
a long-wavelength bending perturbation. The solid and dotted lines show the
perturbed and unperturbed vorticity contours, respectively. The vorticity is as-
sumed positive in the core region and negative in the surrounding annulus. The
vorticity contours in the horizontal cross-section A are represented in (b). The
initial displacements of the inner and outer contours are chosen to be in the
positive x direction and equal (∆x1 = ∆x2 > 0). Because of the self-induction,
the bent vortex will then rotate in the positive sense about its unperturbed
position. As indicated in (c), this leads to displacements in the positive y di-
rection (∆y1 > 0,∆y2 > 0) in the cross-section A. However, the two contours
are not displaced by the same amount: the inner contour turns out to be more
displaced than the outer one (∆y1 > ∆y2 > 0). In turn, since the vorticity is
not of the same sign in the inner and outer regions, this differential displacement
creates positive (⊕) and negative (	) vorticity anomalies. As sketched in (d),
this dipole of vorticity anomalies tends to further translate the vortex in the
positive x direction, i.e. in the same direction as the initial displacement. The
same reasoning can be applied to the motions in the cross-section B. There is
therefore a positive feedback which will make the initial bending perturbation
grow.
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1970; Le Dizès, 2000; Schecter et al., 2000) or parallel shear flows in shallow water (Balm-
forth, 1999; Riedinger & Gilbert, 2014). Schecter et al. (2002) and Schecter & Montgomery
(2003) did not make a connection with the GMW instability but subsequently Reasor et al.
(2004), while further studying vortex alignment, have also made a linear numerical simu-
lation for a different vortex profile which leads to an exponential growth of the vortex tilt.
Interestingly, Reasor et al. (2004) pointed out that the critical radius is located in the region
of positive vorticity gradient and they speculated on the possible link between the instabil-
ity observed by Gent & McWilliams (1986) on isolated vortices and a destabilization of the
bending mode by a critical layer when ζ ′(rc) > 0 predicted by Schecter et al. (2002) and
Schecter & Montgomery (2003) for profiles with a weak outer vorticity gradient. Here, we
shall prove this conjecture by means of long-wavelength stability analyses of the bending
mode of columnar vortices in stratified rotating fluids.

Such a long-wavelength approach differs from the analyses of Schecter et al. (2002) and
Schecter & Montgomery (2003) where a formal expression for the growth rate was derived
under the assumption of a weak vorticity gradient at the critical radius and under quasi-
geostrophic or asymmetric balance approximations. These derivations are based on the
conservation of angular momentum or wave pseudo-momentum and are equivalent to the
perturbative approach of Briggs et al. (1970). The resulting formula shows that the growth
rate is of the same sign as the vorticity gradient at the critical radius if the vorticity gradient
is negative throughout the vortex core. However, this formula is implicit since it requires
prior knowledge of the eigenfunction and frequency of the mode in the vortex core. These
can be computed analytically only for the Rankine vortex. Furthermore, this formula cannot
predict formally the sign of the growth rate for the Carton & McWilliams vortex since the
vorticity gradient changes sign in the vortex core. It may be further noted that small
vorticity gradients are encountered for large radii for many vortex profiles, meaning that
the assumption of a weak vorticity gradient at the critical radius implies that the critical
radius should be large. This situation occurs for small frequencies, i.e. long-wavelength in
the case of the bending mode. Here, we shall use the long-wavelength assumption from the
outset and this will enable us to derive explicit analytical formula for the growth rate of the
bending mode for several vortex profiles, including the Carton & McWilliams vortex for any
finite Froude and Rossby numbers, i.e. beyond the quasi-geostrophic or asymmetric balance
regimes.

These asymptotic analyses will also allow us to understand why the bending mode can be
unstable only in stratified rotating fluid. The explanation can be anticipated from what
is known on the behaviours of the bending mode for a vortex with a non-zero circulation.
For such profiles, long-wavelength asymptotic analyses have shown that the bending mode
is neutral with a negative frequency in homogeneous non-rotating fluids (Widnall et al.,
1971; Saffman, 1992) whereas it is neutral with a positive frequency in stratified rotating
fluids when the Froude number is lower than unity: Fh = Ω0/N < 1 (Billant, 2010), where
Ω0 is the angular velocity on the vortex axis and N the Brunt–Väisälä frequency. In the
latter case, a critical radius rc where ω = Ω(rc) thus exists, in contrast to homogeneous
non-rotating fluids. For a vortex with non-zero circulation, such a critical radius has no
effect in the long-wavelength limit in stratified rotating fluids because the derivative of the
vorticity gradient ζ ′(rc) is negligible. In this paper, we will show that the critical radius rc
destabilizes the long-wavelength bending mode when ζ ′(rc) is not negligible and positive.
Of course, the prerequisite will be that there exists a critical radius rc, i.e. the real part of
the frequency of the long-wavelength bending mode has to be positive.

Before carrying out these asymptotic analyses, we will conduct a numerical stability analysis
of the m = 1 azimuthal wavenumber for the Carton & McWilliams vortex. This analysis
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will allow us to extend the previous results of Gent & McWilliams (1986) and Smyth &
McWilliams (1998) on the GMW instability by showing the separate effects of the Rossby
and Froude numbers. In particular, we will show that the growth rate of the GMW instabil-
ity decreases as soon as the Froude number is larger than unity whatever the Rossby number.
These numerical results will also serve as a basis to check the asymptotic results. At the
end of the paper, the stability of other profiles that are not unstable in the long-wavelength
limit will be also studied numerically.

The paper is organized as follows: the general stability problem is described in §3.2. In
§3.3, the stability of the m = 1 azimuthal wavenumber is computed numerically for the
Carton & McWilliams vortex in stratified rotating fluids. In section 3.4, a long-wavelength
asymptotic stability analysis is first carried out for the Carton & McWilliams vortex. It is
shown that the frequency and growth rate of the bending mode are always positive for long-
wavelength in stratified rotating fluids while the bending mode is neutral with a negative
frequency in homogeneous non-rotating fluids. To investigate the role of the sign of ζ ′(rc),
we next consider an angular velocity profile with the non-dimensional form Ω ' an/r2n for
large radius r, where an and n are positive constants. It will be proved that the critical
radius rc can destabilize or stabilize the long-wavelength bending mode when n > 1 and
n < 1, respectively. In section 3.5, the latter instability condition in the long-wavelength
limit is generalized to ζ ′(rc) > 0 for arbitrary angular velocity profiles with a weak vorticity
gradient ζ ′. Using the numerical results of section 3.3 for the Carton & McWilliams vortex,
we further show that this instability condition turns out to be valid not only for small
vertical wavenumber but also for any vertical wavenumber. In section 3.6, the stability
of the m = 1 azimuthal mode is computed numerically for a family of profiles possessing
regions where ζ ′ > 0 together with a non-zero circulation. In this case, we shall see that the
GMW instability occurs only for finite axial wavenumbers.

3.2 Problem formulation

We consider an axisymmetric vortex with velocity u(r̂, θ, ẑ) = [0, Ûθ(r̂), 0] in cylindrical
coordinates (r̂, θ, ẑ) where ẑ is the vertical coordinate. The fluid is assumed incompressible,
stably stratified with constant Brunt–Väisälä frequency N and rotating about the vertical
axis at a rate f/2 where f is the Coriolis parameter. In the following, we non-dimensionalise
length by the radius of the vortex R and time by 1/Ω0, where Ω0 is the angular velocity on
the axis. Quantities without a hat will denote non-dimensional variables.

The vortex is assumed to be perturbed by infinitesimal perturbations (denoted with a tilde)
of velocity [ũr, ũθ, ũz], pressure p̃, and density ρ̃. Since the basic flow is axisymmetric and
uniform along the vertical, they are written as normal modes,

[ũr, ũθ, ũz, p̃, ρ̃] = [ur(r), uθ(r), uz(r), p(r), ρ(r)]ei(kz+mθ−ωt) + c.c., (3.1)

where k is axial wavenumber, m the azimuthal wavenumber and ω the frequency. We
consider that k and m are positive since negative wavenumbers can be retrieved by the
symmetry: ω(−k,m) = −ω∗(−k,−m) = ω(k,m). Under the Boussinesq approximation
and in the inviscid limit, the linearized governing equations can be reduced to a single
equation for ϕ = rur

d2ϕ

dr2
−
[

1

r
+
Q′

Q

]
dϕ

dr
−
[
m2

r2
+k2F 2

h

φ− s2

1− s2F 2
h

+
m

rs

(
ζ ′ −

(
2

Ro
+ ζ

)(
2

r
+
Q′

Q

))]
ϕ = 0, (3.2)

where Q = m2/r2 − k2F 2
hs

2/(1 − s2F 2
h ), s = mΩ − ω is the Doppler shifted frequency,

φ = (2Ω + 2/Ro)(ζ+ 2/Ro) is the Rayleigh discriminant, ζ = (1/r)∂(rUθ)/∂r is the vertical
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vorticity and Ω = Uθ/r is the non-dimensional angular velocity of the basic vortex. The
Froude number Fh and Rossby number Ro

Fh =
Ω0

N
, Ro =

2Ω0

f
, (3.3)

measure the effect of the stratification and rotation, respectively. The boundary conditions
impose that the perturbation is non-singular at r = 0 and decays or corresponds to a wave
propagating outward for r →∞. This implies that ϕ ∼ rm as r → 0 for m ≥ 1. To impose
the outer boundary condition, we use the two following asymptotic solutions of (3.2) for
r � 1

ϕ = Km(βkr) +
ωRo

m(2 + ωRo)
βkrKm−1(βkr), (3.4)

ϕ = H(n)
m (|β|kr)− ωRo

m(2 + ωRo)
|β|krH(n)

m−1(|β|kr), (3.5)

with β2 = (4/Ro2 − ω2)/(1/F 2
h − ω2), where Km is the modified Bessel function of order m

of the second kind and H
(n)
m is the Hankel function of order m of kind n. The solution (3.4)

ensures that the perturbation decays as r → ∞ except when ωi =Im(ω) = 0 and β2 < 0.
In the latter case, we use the solution (3.5) which describes an outward propagating wave
if the kind is set to n = 1 when ωr(Ro

2/4− F 2
h ) > 0 and n = 2 when ωr(Ro

2/4− F 2
h ) < 0,

where ωr = Re(ω). When ωi > 0, the asymptotic solution (3.4) corresponds also to the
solution which propagates outwards.

Equation (3.2) has been generally solved by a shooting method. The numerical integration is
started from a small radius r1 and a large radius r2 toward a radius rf using the asymptotic
solutions of (3.2) and an initial guess for ω. This leads to two couples of values at rf :
[ϕ1(rf ), ϕ′1(rf )] and [ϕ2(rf ), ϕ′2(rf )]. The value of ω for which the Wronskian ϕ2(rf )ϕ′1(rf )−
ϕ1(rf )ϕ′2(rf ) vanishes is then searched for by an iterative scheme. The path of integration is
deformed in the complex plane in order to avoid the singular radius rc where s = mΩ(rc)−
ω = 0 or s = ±1/Fh. Since the vortex profiles that will be studied have Ω′(rc) < 0, the path
is deformed in the upper complex plane in order that the inviscid solution be the proper
limit of the viscous solution (Lin, 1955; Le Dizès, 2004).

The stability problem in the presence of viscous and diffusive effects has also been solved
by a Chebyshev pseudo-spectral collocation method (Antkowiak & Brancher, 2004). This
code has allowed us to check the results of the shooting code and to compute the structure
of the eigenmodes when critical layers are present since they are smoothed by viscosity
and diffusion. The Reynolds number is defined as Re = Ω0R

2/ν and the Schmidt number
as Sc = ν/D, where ν is the kinematic viscosity and D the molecular diffusivity of the
stratifying agent.

3.3 Numerical results for the Carton & McWilliams vortex

We first study numerically the stability of the azimuthal wavenumber m = 1 for the Carton
& McWilliams (1989) vortex whose non-dimensional angular velocity is

Ω = e−r
2
. (3.6)

The stability of this profile has already been analysed by Gent & McWilliams (1986) in
the quasi-geostrophic regime and by Smyth & McWilliams (1998) for finite Ro and Fh but
only for some particular ratios: Fh/Ro = ∞, 0.5, 0.005 and 0. Here, we shall investigate
separately the effects of Fh and Ro.
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Figure 3.2: (a) Growth rate (ωi) and (b) frequency (ωr) as function of the vertical wavenum-
ber k for the profile (3.6) for m = 1 and Fh = 1 for different Rossby numbers:
Ro = 1 ; Ro = 2 ; Ro = 3 ; Ro = 5 ; Ro = 10 . The horizontal
dotted line in (b) shows the cutoff frequency ωr = 0.135.
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Figure 3.3: Vertical vorticity of the most unstable eigenmode for the profile (3.6) for m = 1
and (a) Fh = 1, Ro = 1, k = 0.35, (b) Fh = 1, Ro = 10, k = 100 and (c)
Fh = 2, Ro = 1, k = 0.1. The dashed line represents the radius r = 1 where
the sign of the basic vorticity changes. Note that these eigenmodes have been
computed for a large but finite Reynolds number Re = 106 with Sc = 1 in order
to resolve the critical layer in (c).
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Figure 3.2 shows the growth rate and frequency of the azimuthal wavenumber m = 1 for a
fixed Froude number Fh = 1 and several positive Rossby numbers from Ro = 1 to Ro = 10.
The growth rate curves for Ro ≤ 5 exhibit a bell shape as reported by Gent & McWilliams
(1986) and Smyth & McWilliams (1998). When Ro increases from Ro = 1 to Ro = 5, the
most amplified wavenumber increases and the maximum growth rate slightly increases. The
unstable wavenumber band also widens when Ro increases but, remarkably, it corresponds
to a fixed frequency range: 0 ≤ ωr ≤ 0.135 (figure 3.2b). Note that the critical value 0.135
is very close to exp(-2). The reason for this will be seen in §3.5.

The vertical vorticity of the most unstable perturbation for Ro = 1 is shown in figure 3.3a.
It exhibits an inner dipolar structure surrounded by outer spiraling perturbations. The
inner and outer perturbations have a phase shift and are localized in the regions where
the basic vorticity ζ is negative and positive, respectively. Thus, the perturbations will
tend to translate the positive and negative vorticity regions of the basic vortex in different
directions. This is a key feature of the mechanism of the GMW instability as discussed by
Flierl (1988) and illustrated in figure 3.1.

For higher Ro, as exemplified in figure 3.2 by Ro = 10, the growth rate is no longer maximum
for a finite axial wavenumber k but increases monotonically with k (figure 3.2a). The
vertical vorticity of the eigenmode for large k is then strongly localized at a particular
radius (figure 3.3b). As shown by Smyth & McWilliams (1998), this corresponds to the
centrifugal instability which is most unstable for k → ∞. Indeed, the minimum of the
Rayleigh discriminant φ = (2Ω + 2/Ro)(ζ + 2/Ro) is negative when Ro > exp(2) = 7.39.

For negative Rossby number, the centrifugal instability is also present when Ro < −1 since
min(φ) is negative. This can be seen in figure 3.4 where the growth rate and frequency
are displayed for several negative Rossby numbers at Fh = 1. The growth rate increases
monotonically with k for large k when Ro < −1, whereas for Ro ≥ −1, the growth rate is
maximum for a finite wavenumber k. Interestingly, there are two distinct and independent
branches for Ro = −3 and Ro = −5 (figure 3.4): the GMW instability branch at low k
and the centrifugal instability branch at large k. As seen in figure 3.4b, the frequencies of
these two branches differ significantly. In contrast, for Ro = −10 and Ro = −15, the two
branches are merged into a single continuous one with similar frequencies. Remarkably, the
maximum frequency of the GMW instability branch is still ωr = 0.135 independently of Ro
for Ro ≥ −5 (figure 3.4b).

The effect of the Froude number for a fixed Rossby number Ro = 1 is now displayed in figure
3.5. The maximum growth rate is almost independent of the Froude number when Fh ≤ 1
(figure 3.5a). The unstable frequency range also remains the same 0 ≤ ωr ≤ 0.135 even if
the upper vertical wavenumber cutoff varies (figure 3.5b). However, when Fh is increased
above unity, the maximum growth rate decreases abruptly and the unstable frequency range
shrinks. As illustrated in figure 3.3c, the vertical vorticity of the most unstable perturbation
for Fh = 2 still exhibits a dipolar structure as for Fh ≤ 1, but there is an additional circular
region of rapid variation at a particular radius. This corresponds to a singularity of (3.2)
which occurs at the radius where s(rc2) = 1/Fh, i.e. rc2 = 0.8 for Fh = 2. Since such a
critical layer singularity is regularized in the presence of viscous and diffusive effects, the
eigenmode in figure 3.3c has been computed from the linearized Navier-Stokes equations by
a Chebyshev pseudo-spectral method for Re = 106 and Sc = ν/D = 1. In the next section,
we will show that the growth rate is strongly reduced when Fh > 1 because of the damping
due to this critical layer.

The separate effects of the Rossby number for Fh = 1 and the Froude number for Ro = 1
on the maximum growth rate are summarized in figure 3.6. In figure 3.6a, we see that
the maximum growth rate continues to decrease when the Froude number is large but it
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Figure 3.4: (a) Growth rate (ωi) and (b) frequency (ωr) as function of the vertical wavenum-
ber for the profile (3.6) for m = 1 and Fh = 1 for different Rossby numbers:
Ro = −0.5 ; Ro = −1 ; Ro = −3 ; Ro = −5 ; Ro = −10 ;
Ro = −15 . The horizontal dotted line in (b) shows the cutoff frequency
ωr = 0.135.
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Figure 3.5: (a) Growth rate (ωi) and (b) frequency (ωr) as function of the vertical wavenum-
ber k for the profile (3.6) for m = 1 and Ro = 1 for different Froude numbers:
Fh = 0.25 ; Fh = 0.5 ; Fh = 1 ; Fh = 1.5 ; Fh = 2 . The
horizontal dotted line in (b) shows the cutoff frequency ωr = 0.135.
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Figure 3.6: Maximum growth rate for the profile (3.6) for m = 1 as a function of (a) Fh for
Ro = 1, and (b) Ro for Fh = 1.

remains positive even for the largest Froude number investigated: Fh = 20. The maximum
growth rate increases monotonically with Ro (figure 3.6b): it is approximately doubled from
Ro = −1 to Ro = 7.39. Only the Rossby number range: −1 < Ro < 7.39 is shown in figure
3.6b since outside this range, the vortex is centrifugally unstable. The centrifugal instability
is then dominant over the GMW instability (figures 3.2a, 3.4a) except close to the thresholds
Ro = −1 and Ro = 7.39.

Finally, the combined effects of Ro and Fh on the maximum growth rate and the most
amplified wavenumber k of the GMW instability are depicted in figure 3.7. The effect of the
Froude number is the same independently of Ro: the maximum growth rate is independent
of Fh for Fh ≤ 1 and decreases abruptly with Fh when Fh > 1. The monotonic increase of
max(ωi) with Ro is also observed whatever Fh. The most amplified wavenumber has been
scaled by Fh/|Ro| in figure 3.7b. With this scaling, we see that it varies little and is around
kFh/|Ro| ≈ 0.25 ∼ 0.45 regardless of Fh and Ro.

3.4 Long-wavelength asymptotic analyses

As seen in §3.3, the GMW instability for the Carton & McWilliams profile (3.6) starts at
k = 0, i.e. it is of a long-wavelength nature. For k = 0, an exact solution of (3.2) for
m = 1 which derives from the translational invariance is ϕ = r(Ω−ω) (Michalke & Timme,
1967). Using this solution at leading order, the frequency and eigensolution of the azimuthal
wavenumber m = 1 can be computed for small wavenumber k by means of an asymptotic
expansion. A similar asymptotic analysis has been performed in stratified rotating fluids for
vortices with non-zero circulation (Billant, 2010). Using the present non-dimensionalisation
and definition of Fh and Ro (see section 3.2), the frequency has been found to be

ω = 2a

(
kβ0

2

)2 [
−ln

(
k|β0|

2

)
+
δ(Fh, Ro)

a2
− γe

]
, (3.7)

up to order k2, where a = Γ̂/(2πR2Ω0) with Γ̂ the dimensional circulation, β0 = 2Fh/Ro
and γe = 0.5772 is the Euler constant. The constant δ is given by

δ(Fh, Ro) =
A (Fh)Ro2

4
+ B(Fh)Ro+ D(Fh), (3.8)
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Figure 3.7: (a) Maximum growth rate and (b) scaled most amplified axial wavenumber
kFh/|Ro| as a function of Fh and Ro for the profile (3.6) for m = 1. The contour
interval is 0.002 in (a) and 0.007 in (b).
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with

A (Fh) =

∫ ∞
0

ξ3Ω4

1− F 2
hΩ2

dξ, (3.9)

B(Fh) =

∫ ∞
0

ξ3Ω3

1− F 2
hΩ2

dξ, (3.10)

D(Fh) = lim
η0→∞

∫ η0

0

ξ3Ω2

1− F 2
hΩ2

dξ − F3(η0), (3.11)

where

F3(η0) =

∫ η0 ξ3Ω̃2

1− F 2
h Ω̃2

dξ, (3.12)

where Ω̃ denotes the asymptotic form of Ω for large radius. For vortices with non-zero
circulation, we have Ω̃ = a/r2, giving F3(η0) ' a2 ln η0 for η0 �

√
Fh. The factor a appears

in (3.7) because time is non-dimensionalised by 1/Ω0 instead of 2πR2/Γ̂ in Billant (2010).

The frequency (3.7) is purely real when Fh ≤ 1 whatever Ro. When Fh > 1, the integrands in
(3.9-3.11) are singular at the radius where Ω(rc2) = 1/Fh. This singularity is regularized in
the presence of viscous and diffusive effects and can be taken into account in the inviscid limit
by bypassing the critical radius in the upper complex plane. The constant δ is then complex
with a negative imaginary part implying that the mode m = 1 is damped. Therefore, the
long-wavelength bending mode is at best neutral but never unstable when the circulation
is non-zero. However, the formula (3.7) breaks down when a = 0, i.e. when the angular
velocity does not behave as Ω ' a/r2 for r � 1. For this reason, specific asymptotic analyses
have been carried out for the Carton & McWilliams profile (3.6) and for a profile of the
form Ω = an/r

2n for r � 1, where an are n constants but n is different from unity. For
both profiles, two regions need to be considered in order to solve (3.2) asymptotically: an
inner region where r � 1/k and an outer region such that r � 1. However, the analysis for
each profile is different and so they are presented separately.

3.4.1 Carton & McWilliams vortex

A specificity of the profile (3.6) concerns the location of the critical radius rc where Ω(rc) =
ω. When ω � 1 and Ω ' a/r2, the critical radius is located at rc '

√
a/ω. Hence, since

(3.7) shows that ω = O(k2), we have rc ∼ O(1/k) meaning that rc is located in the outer
region. In contrast, the critical radius for the profile (3.6) is located at rc =

√
−lnω. If we

anticipate that ω ' O(k) for the long-wavelength bending mode of the profile (3.6), we can
deduce that the critical radius is located in the inner region: rc = O(

√
−lnk).

This asymptotic problem is solved in detail in appendix 3.A and only briefly summarized
here. The inner and outer solutions are expanded in the form

ϕ = ϕ0 + F 2
hk

2ϕ2 + · · · , (3.13)

with ϕ0 = r(Ω − ω) in the inner region. Even if ω will eventually be small, it is simpler
to consider it arbitrary to solve the inner problem. This is the reason why ω appears in
the leading order inner solution ϕ0. The expansion (3.13) is written in power of kFh for
convenience since k always appears multiplied by Fh in (3.2). The second order inner solution
ϕ2 and the outer solution are computed in appendices 3.A.1 and 3.A.2. The behaviour of
the inner solution for small ω and for r � 1 is then determined in appendix 3.A.3. The
matching between the inner and outer solutions for 1 � r � 1/k and ω � 1 is performed
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in appendix 3.A.4. This leads to the dispersion relation:

ω2 =
δk2β2

0

2

[
− 1

r2
c

+
1

r4
c

(1 + iπγ) +
1

r6
c

(
2π2

3
− 2iπγ

)
− 2π2

r8
c

+O

(
1

r10
c

, k2β2
0 ln(kβ0)

)]
,

(3.14)
where δ is the constant defined in (3.8) and γ = sgn(ωi). The terms inside the square
brackets in (3.14) correspond to an expansion in inverse power of r2

c = − lnω. Several
orders have been computed since the series converges slowly for ω � 1 because of the
logarithm. The complex terms iπγ/r4

c and −2iπγ/r6
c come from the presence of the critical

radius rc.

The dispersion relation (3.14) is implicit since the critical radius depends on ω. To determine
whether or not there exist any solutions, it is first convenient to consider only the first two
leading orders in 1/r2

c :

ω2 =
δk2β2

0

2

[
− 1

r2
c

+
1

r4
c

(1 + iπγ)

]
. (3.15)

By writing ω = ρeiθ and δ = µeiα, the real and imaginary parts of (3.15) read

ρ2 cos(2θ − α) =
µk2β2

0

2
(−ερ + ε2

ρ), (3.16)

ρ2 sin(2θ − α) =
µk2β2

0

2
ε2
ρ(πγ − θ), (3.17)

where ερ = −1/ ln ρ� 1. Combining (3.16) and (3.17) gives

tan(2θ − α) = −ερ(πγ − θ) +O(ε2
ρ). (3.18)

This relation is satisfied if

θ =
α

2
+
qπ

2
− ερ

4
(2πγ − α− qπ) +O(ε2

ρ), (3.19)

where q is an integer. Inserting (3.19) into (3.16) then gives an implicit relation for ρ = |ω|

ρ2(−1)q =
µk2β2

0

2
(−ερ + ε2

ρ +O(ε3
ρ)), (3.20)

which can be satisfied at leading order only if q is odd. Hence, the implicit dispersion
relation (3.15) can be solved explicitly at leading orders by first choosing a small value for ρ.
Then, the corresponding value of θ and k can be obtained directly from (3.19) and (3.20),
respectively.

In order to exhibit the behaviour of the solutions, we first focus on the simplest case Fh ≤ 1
for which there is no critical layer rc2 where Ω(rc2) = 1/Fh so that δ is purely real and
positive, i.e. α = 0. Then, (3.19) yields two solutions: θ = π/2 − ερπ/4 for q = 1 and
θ = −π/2 + ερπ/4 for q = −1. Other values of q are not relevant since −π ≤ θ ≤ π. The
dispersion relation (3.15) has therefore two solutions which are complex conjugates of each
other, one unstable and the other stable, which can be written in the form:

ω = ρeiθ = ρ
[ερ

4
π + i

]
, (3.21)

ω = ρ
[ερ

4
π − i

]
. (3.22)

where ρ (and ερ = −1/ ln ρ) is related to k through (3.20). The frequency ωr is positive and

48



3.4. Long-wavelength asymptotic analyses

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

−π −π/2 0

−0.01

−0.005

0

0.005

0.01

α

ω
r
,ω

i

Figure 3.8: Frequency ωr (dashed lines) and growth rate ωi (solid lines) predicted by (3.23)
(thick lines) and (3.24) (thin lines) as a function of α =arg(δ) for a given value of
ρ = 0.01. The dotted line shows the critical value for which the solution (3.23)
disappears.

O(ερ) smaller than the growth rate.

We now consider the case Fh > 1 for which δ is complex with a negative imaginary part,
i.e. −π < α ≤ 0 because of the critical layer rc2 where Ω(rc2) = 1/Fh. In this case, the two
solutions (3.21) and (3.22) become at leading order:

ω = ρ
[
− sin

α

2
+
ερ
4

(π − α) cos
α

2
+ i
(

cos
α

2
+
ερ
4

(π − α) sin
α

2

)]
, (3.23)

ω = ρ
[
sin

α

2
+
ερ
4

(π + α) cos
α

2
− i
(

cos
α

2
+
ερ
4

(π + α) sin
α

2

)]
, (3.24)

where ρ can be still determined as a function of k by means of (3.20). The two solutions
are no longer complex conjugates of each other. If we consider a fixed value of ρ, the
relation (3.23), which is illustrated in figure 3.8, shows that the growth rate of the unstable
solution decreases when α decreases from zero meaning that the instability is damped by
the critical layer at rc2. From (3.19), we can deduce that the growth rate goes to zero (i.e.
θ = 0) when α ' −π + περ (dotted line in figure 3.8). When α decreases further below this
critical value, (3.19) no longer has a solution for q = 1, i.e. the solution (3.23) does not exist
anymore because the integration path has been assumed to be on the real axis. However, the
solution (3.23) could be continued by deforming the integration path in the upper complex
plane above the critical radius rc. The mode (3.23) would be then non-regular and damped
since the critical radius would be located between the integration path and the real axis.
In contrast, the stable solution (3.24) (thin lines in figure 3.8) exists in the whole range
−π < α < 0. The damping rate of this mode is reduced when α decreases and vanishes for
α = −π. Its frequency becomes negative as soon as α < −ερπ/2.

Figure 3.9 shows α as a function of Fh and Ro. We see that α decreases and tends to
α = −π for large Froude number for any Rossby number. This decay occurs slower when
Ro is negative and moderate, i.e. −5 ≤ Ro ≤ 0. Hence, for a given value of ερ = −1/ ln |ω|,
the growth rate of the unstable mode (3.23) should vanish for large Froude number when
α ' −π + περ. This critical Froude number increases and tends to infinity since α → −π
as |ω| decreases to zero. In other words, the instability should be totally suppressed only as
the Froude number tends to infinity.

However, it should be noted that the dispersion relation (3.14) (and (3.15)) is no longer
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Figure 3.9: Contours of α = arg(δ) as a function of Fh and Ro for the profile (3.6). The
contour interval is 0.3.

valid when Fh =∞ when Ro is finite. The behaviour of the inner solution for large radius
is indeed different in this case so that the matching performed to derive (3.14) breaks down.
Nevertheless, it remains valid when Ro =∞ i.e. for a stratified non-rotating fluid and this
is considered in appendix 3.B. The evolution of the two solutions of (3.14) is studied as a
function of Fh. In particular, it is shown that in the limit Fh =∞, there remains only one
solution with a negative and purely real frequency ω as predicted by (3.23) and (3.24).

We now compare the prediction of the full long-wavelength dispersion relation (3.14) for the
unstable mode to the numerical results. Figure 3.10a shows the asymptotic and numerical
growth rates and frequencies for small Froude and Rossby numbers (Fh = 0.1, Ro = 0.1)
approaching the quasi-geostrophic limit. We see that they agree but only in a limited range
of small wavenumbers: kFh/Ro . 0.05. This relatively rapid divergence is due to the fact
that the asymptotic dispersion relation (3.14) has been partly obtained as an expansion
in power of the parameter 1/r2

c = −1/ lnω. Because of the logarithm, this parameter can
actually be not very small even if ω is small so that the convergence of the asymptotics is
slow. Other comparisons for finite Froude and Rossby numbers are displayed in figure 3.10b,
c, d. The slopes of the frequency and growth rate at k = 0 predicted by the asymptotics
agree with the numerical results for all the values of Fh and Ro investigated. As predicted by
(3.23), the growth rate remains positive for sufficiently small k even for the largest Froude
number investigated Fh = 5 (figure 3.10b). We can see that the slope of the growth rate
is smaller than the one of the frequency in figure 3.10b,d in contrast to figure 3.10a,c. As
shown by (3.23) and figure 3.8,this occurs for α . −π/2, i.e. when Fh is sufficiently larger
than unity.

In summary, we have found that the azimuthal wavenumber m = 1 for the Carton &
McWilliams vortex (3.6) is always unstable in the long-wavelength limit for finite Ro when
Fh ≤ 1. Thus, even if the GMW instability is dominant only in the centrifugally stable
range −1 < Ro < 7.39, it exists for long-wavelengths outside this range of Rossby numbers.
When Fh is increased above unity, the GMW instability continues to exist in the long-
wavelength limit but is strongly damped by the critical layer where Ω(rc2) = 1/Fh. In the
limit Ro = Fh =∞, the long-wavelength bending mode is neutral with a negative frequency.
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Figure 3.10: Comparison (thick lines: ωi; thin lines: ωr) between numerical results (solid
lines) and asymptotic results (dashed lines) for the profile (3.6) for m = 1 for
several combinations of Fh and Ro: (a) Ro = 0.1, Fh = 0.1; (b) Ro = −1, Fh =
5; (c) Ro = 0.2, Fh = 1; (d) Ro = 5, Fh = 2.
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3.4.2 Vortices with algebraic decay of the angular velocity

We now investigate an angular velocity profile which behaves like Ω ' an/r2n for large radii,
where an and n are constants. This is the case of the profile

Ω = 1/(1 + r2)n, (3.25)

considered by Gent & McWilliams (1986). The interest in this class of profiles lies in the fact
that the vertical vorticity derivative ζ ′ ' 4ann(n−1)/r2n+1 for large radius can be positive or
negative depending on whether n > 1 or n < 1, respectively. This will allow us to highlight
the role of the sign of ζ ′ at the critical radius rc. However, this asymptotic analysis can be
carried out analytically only when n = 1 + ε with |ε| � 1, i.e. when ζ ′(rc) is small. As
discussed earlier, Briggs et al. (1970), Schecter et al. (2002) and Schecter & Montgomery
(2003) also used this assumption to derive their expressions for the growth/decay rate due
to the critical layer. In contrast to section 3.4.1, the critical radius rc is located in the
outer region for small wavenumber since rc ' (an/ω)1/2n ' O(1/k1/n), where it has been
anticipated that ω ' O(k2) at leading order. This asymptotic analysis is carried out in
detail in appendix 3.C. It gives the frequency up to orders k2 and ε in the form:

ω = ω(0) + εω(1) +O(ε2), (3.26)

where

ω(0) = 2an

(
kβ0

2

)2(
− ln

(
k|β0|

2

)
+

δ

a2
n

− γe
)
, (3.27)

ω(1) = 2an

(
kβ0

2

)2 [
1− E − γe −

δ

a2
n

+ ln 2 + ln (k|β0|)
(

1− 2γe −
2δ

a2
n

+ 2 ln 2

)]
, (3.28)

and E is a constant defined by

E = lim
η0→0

∫ η0
k

∞

4K2
1 (β0kr)

r(1− ω(0)r2/an)
dr +

2

β2
0η

2
0

− 2 ln (η0β0)

[
−1 + 2γe +

2ω(0)

k2β2
0an

+ ln

(
η0β0

4

)]
. (3.29)

The leading term ω(0) in (3.26) corresponds to (3.7). When ε is non-zero and Fh ≤ 1, all
the terms in (3.26) are real except the constant E. As seen in (3.29), this constant can
indeed be complex since the integrand is singular at the critical radius where Ω(rc)−ω(0) ≡
an/r

2
c − ω(0) = 0. Assuming that the integration path in (3.29) is deformed in the upper

complex plane since Ω′(rc) < 0, the imaginary part of E is then

Ei = imag(E) = πa−1, (3.30)

with a−1 the residue at rc,
a−1 = −2K2

1(kβ0rc). (3.31)

Hence, we see that Ei is negative, implying that the growth rate ωi = −εank2β2
0Ei/2 is

positive or negative when ε > 0 or ε < 0, respectively. Note that there also exists a
decaying mode when ε > 0 which is the complex conjugate of the unstable mode. It can be
obtained by integration in the lower complex plane. This stable mode is regular since the
integration path can be deformed continuously from the real axis without encountering the
critical radius rc, unlike the stable mode when ε < 0.
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When Fh > 1, the additional critical radius Ω(rc2) = 1/Fh is present as for the Carton &
McWilliams vortex (§3.4.1). Its effect appears again in (3.26) through δi the imaginary part
of the constant δ. The destabilizing effect of the critical radius Ω(rc) = ω(0) when ε > 0
is then in competition with the stabilizing effect due to rc2. Assuming that δi is small, the
growth rate is then at leading order

ωi =
ank

2β2
0

2

(
δi
a2
n

− εEi
)
. (3.32)

Therefore, there will be an instability in the long-wavelength limit only when

δi
a2
n

− επa−1 > 0. (3.33)

From (3.9-3.11), we can obtain

δi =
πr3

c2

2Ω′(rc2)

[
Ro

2Fh
+ 1

]2 1

F 3
h

. (3.34)

This shows that δi depends only on (Fh, Ro) for a given velocity profile. In contrast, the
residue a−1 depends also on krc and therefore varies with (ω(0), k). Thus, the condition
(3.33) depends on the four parameters (Fh, Ro, ω

(0), k). However, if we consider a very small
wavenumber k, we have from (3.27): ω(0) ' −anβ2

0k
2 ln(β0k/2)/2 at leading order for finite

Rossby and Froude numbers. This implies that kβ0rc = kβ0an/
√
ω(0) ' [− ln(β0k/2)/2]−1/2

showing that kβ0rc tends to zero as k tends to zero. Hence, we can estimate the residue as

a−1 = −2K2
1(kβ0rc) ' ln

(
β0k

2

)
. (3.35)

This shows that |a−1| tends to infinity when k vanishes. In contrast, (3.34) is independent of
the wavenumber. Therefore, if ε > 0, we can deduce that for any finite Rossby and Froude
numbers, the condition (3.33) will be satisfied for sufficiently small wavenumber. In other
words, there should always exist an instability in the long-wavelength limit for finite Froude
and Rossby numbers as for the Carton & McWilliams vortex (§3.4.1). However, when either
Ro = ∞ or Fh = ∞, the previous condition does not apply and it would be necessary to
carry out specific analyses for these limits. In the particular limit Ro = Fh =∞, it is known
that the long-wavelength bending mode when n = 1 is neutral with a negative frequency
(Widnall et al., 1971; Saffman, 1992) as for the Carton & McWilliams vortex (appendix
3.B). Hence, no critical radius exists.

Figure 3.11 shows some comparisons between the predictions of (3.26) and numerical results
for the angular velocity profile (3.25) for n = 0.9 (a,c) and n = 1.1(b, d) for two Froude
numbers Fh = 0.5 (a,b) and Fh = 1.3 (c,d) for a fixed Rossby number Ro = 1. In each case,
a good agreement is found for small wavenumber. When Fh = 0.5, there is an instability in
the long-wavelength limit when n = 1.1 (figure 3.11b) while the case n = 0.9 (figure 3.11a)
is stable since ε is positive and negative, respectively. When Fh = 1.3, the value n = 0.9
(figure 3.11c) is still stable. The value n = 1.1 for Fh = 1.3 (figure 3.11d) seems also stable
but if we examine on the small wavenumber region more closely, we see that the growth
rate is actually positive, as predicted by (3.33). The maximum growth rate is however very
small. When Fh is increased further, the maximum growth rate continues to decrease but,
strictly speaking, it should remain positive for sufficiently small k when Fh is finite.
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Figure 3.11: Frequency ωr (thin lines) and growth rate ωi (thick lines) for m = 1 for the
profile (3.25), for n = 0.9 (a,c) and n = 1.1 (b,d) for Fh = 0.5 (a,b) and
Fh = 1.3 (c,d) for Ro = 1. The solid and dashed lines show the numerical and
asymptotic results, respectively. The insert in (d) displays a close-up view for
small kFh/|Ro|.
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3.5 General instability condition

The long-wavelength asymptotic analysis performed in section 3.4.2 can be generalized to
angular velocity profiles differing from the form Ω = an/r

2(1+ε) for large radius but still with
a weak gradient of vorticity ζ ′ for large radius, i.e. Ω = an/r

2 + εΩ1(r) so that ζ = O(ε).
As shown in the appendix 3.C.6, the growth rate ωi is then at leading order

ωi =
ank

2β2
0

2

[
δi
a2
n

− πζ ′(rc)K
2
1(kβ0rc)

Ω′(rc)

]
. (3.36)

Since δi ≤ 0, a general necessary condition for instability of the bending mode in the long-
wavelength limit is that there exists a critical radius rc where Ω(rc) = ω with ζ ′(rc) > 0
since Ω′(rc) ' −2an/r

3
c < 0. This instability condition is sufficient when Fh ≤ 1 since δi = 0.

When Fh > 1, it can be also sufficient if |δi|/a2
n is smaller than the destabilizing term (last

term of (3.36)) as for the profiles considered in section 3.4.2. However, this depends on each
particular vortex profile and therefore the instability condition will not always be sufficient
for Fh > 1.

When Fh < 1, i.e. δi = 0, the expression (3.36) closely resembles to the growth rate formula
derived for weak vorticity gradient at the critical radius by Schecter et al. (2002) under the
quasi-geostrophic approximation and Schecter & Montgomery (2003) under the asymmetric
and hydrostatic balance approximations. However, the formulas of Schecter et al. (2002) and
Schecter & Montgomery (2003) are implicit since they require prior numerical computation
of the eigenfunction and frequency for zero outer vorticity gradient. These formula can
become explicit only for the Rankine vortex profile with skirt (weak outer vorticity field)
for which an analytic solution can be found. In this case, these formula in the limit k � 1
become identical to (3.36). In contrast, (3.36) is always explicit for any vortex profiles with
small vorticity gradient at large radius. The critical radius is indeed given by rc =

√
an/ω(0)

where the frequency at leading order ω(0) is given explicitly by (3.27). The formula (3.36)
is restricted to small wavenumbers k, however, the formula of Schecter et al. (2002) and
Schecter & Montgomery (2003) are also implicitly restricted to small wavenumbers since
the assumption of weak vorticity gradient at the critical radius applies when the critical
radius is large, i.e. when the frequency and wavenumber are small for the bending mode.
In addition, we emphasize that (3.36) is valid for any finite Froude and Rossby numbers
and, therefore, is not restricted to the regime of validity of the asymmetric and hydrostatic
balance approximations in contrast to the formula of Schecter & Montgomery (2003).

It is also worth noting that the instability condition ζ ′(rc) > 0 is equivalent to the Rayleigh
and Fjortoft necessary criteria for instability in the case of a quasi-geostrophic fluid and
a vortex with a monotonically decreasing angular velocity (Gent & McWilliams, 1986).
Indeed, the Rayleigh criterion requires that there exists an inflection point rI where ζ ′(rI) =
0 while the Fjortoft criterion demands that ζ ′ > 0 for r > rI and ζ ′ < 0 for r < rI
when Ω′(r) < 0 for all r. Montgomery & Shapiro (1995) have extended these criteria
to flows under the asymmetric and hydrostatic balance approximations. In contrast,the
present asymptotic analysis and resulting instability condition are valid for any finite Froude
and Rossby numbers. However, their validity are restricted to small k and small vorticity
gradient ζ ′(rc), in contrast to the Rayleigh and Fjortoft criteria.

In practice, we can show from the numerical results obtained for the profile (3.6)(section
3.3) that ζ ′(rc) > 0 is a necessary condition for instability of the bending mode for any
vertical wavenumber and magnitude of ζ ′(rc) for finite Froude and Rossby numbers. Figure
3.12a shows again the frequency and growth rate for Ro = Fh = 1 for the profile (3.6)
(i.e. corresponding to the bold line in figure 3.2). The derivative of the vorticity at the

55



Chapter 3. Stability of a columnar vortex in stratified-rotating fluids

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(a)

ζ ′(rcr)

ωr

ωi

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

kFh/|Ro|

ω
r
,ω

i,
ζ
′ (
r c
r
)

(b)

ζ ′(rcr)

ωr
ωi

0 0.1 0.2 0.3 0.4 0.5 0.6

0

0.2

0.4

kFh/|Ro|

Figure 3.12: Growth rate ( : ωi) and frequency, ( : ωr) for the profile (3.6) for m = 1
as a function of kFh/|Ro| for (a) Ro = Fh = 1 and (b) Ro = 1, Fh = 3. The
associated vorticity gradient ζ ′(rc) ( ) at the location of the critical radius
on the real axis rc.

critical radius ζ ′(rcr) is also plotted. Note that only the real part of rc is considered since
the imaginary part of rc is small because ωi is small. As seen in figure 3.12a, the growth
rate ωi and ζ ′(rcr) are positive in the same range of vertical wavenumbers. Hence, the
cutoff wavenumber kcFh/|Ro| ' 0.8 corresponds to the limit where ζ ′(rc) = 0, i.e. when
the critical radius rc becomes equal to the inflection point rI =

√
2. The maximum value

of the frequency corresponds therefore to ωr = Ω(rI) = 0.135, as observed in section 3.3.
Figure 3.13a, which shows the growth rate as a function of ωr/Ω(rI), confirms that the
GMW instability occurs if and only if 0 ≤ ωr/Ω(rI) ≤ 1 for Fh = 1 for the different Rossby
numbers investigated: −0.5 ≤ Ro ≤ 5 for which only the GMW instability exists.

Figure 3.12b shows the growth rate and frequency for a Froude number larger than unity:
Fh = 3. In this case, the unstable wavenumber band corresponds only to a portion of the
range where ζ ′(rcr) > 0. This means that the instability condition ζ ′(rc) > 0 is necessary
but not sufficient. As shown in figure 3.13b, the range of rescaled frequency ωr/Ω(rI) for
which the growth rate is positive is 0 ≤ ωr/Ω(rI) ≤ 1 only when Fh ≤ 1. When Fh > 1,
the upper frequency cutoff is lower than Ω(rI) because of the presence of the other critical
radius Ω(rc2) = 1/Fh which is always stabilizing. This frequency cutoff decreases when
Fh increases but the asymptotic dispersion relation (3.14) has shown that the instability is
never suppressed for sufficiently small frequency ω for finite Fh and Ro for the profile (3.6).

3.6 Non-isolated vortices

In the previous sections, we have considered vortex profiles that have been shown to be
unstable to the GMW instability only when their circulation is zero, i.e. when they are
isolated. However, this is not generic and it is possible to have profiles with a non-zero
circulation satisfying the GMW instability condition, i.e. a positive vorticity gradient for
some radius. The purpose of this section is to investigate numerically the stability of the
m = 1 azimuthal wavenumber for these vortices. To this end, we consider a family of vortices
with a non-dimensional angular velocity combining a Lamb-Oseen and a Carton-McWilliams
profiles:

Ω(r) = a
1− e−r2

r2
+ (1− a)e−r

2
, (3.37)
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Figure 3.13: Growth rate as a function of the rescaled frequency ωr/Ω(rI) for m = 1 for
the profile (3.6) for (a) Fh = 1 and Ro varying: Ro = −0.5 ; Ro = 1 ;
Ro = 2 ; Ro = 3 ; Ro = 5 and (b) Ro = 1 and Fh varying: Fh = 0.5

; Fh = 1 ; Fh = 1.5 ; Fh = 2 ; Fh = 3 .
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Figure 3.14: (a) Vorticity profiles corresponding to (3.37) for different values of the param-
eter a = 0 : 0.2 : 1. (b) Critical Rossby numbers for the centrifugal instability
as a function of a.

where a is proportional to the non-dimensional circulation Γ = 2πa. When a = 1, the
vortex is a pure Lamb-Oseen vortex while a = 0 corresponds to a pure Carton-McWilliams
vortex. The angular velocity on the vortex axis is independent of a owing to the non-
dimensionalisation. The corresponding vorticity ζ is plotted in figure 3.14a for different
values of a in the range 0 ≤ a ≤ 1. As a increases, the negative minimum of vorticity is
reduced and disappears for a = 1. Accordingly, the domain of existence of the centrifugal
instability (i.e. φ = (2Ω + 2/Ro)(ζ + 2/Ro) < 0) varies with a: the upper critical Rossby
number increases from Roc = exp(2) for a = 0 to Roc = ∞ for a = 1 (figure 3.14b). In
contrast, the lower critical Rossby number remains Roc = −1 regardless of a. As in section
3.3, we shall study the GMW instability only for the Rossby numbers that are centrifugally
stable.

3.6.1 Effects of the circulation parameter a and Froude number Fh

Figure 3.15 shows the growth rate and frequency of the azimuthal wavenumber m = 1 for
Fh = 1, Ro = 1 for various values of the circulation parameter a. The most striking feature
is that the instability no longer starts at k = 0 when a is non-zero. The maximum growth
rate and the upper wavelength cutoff also decreases when a increases.
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Figure 3.15: (a) Growth rate and (b) frequency as a function of kFh/|Ro| for the profile
(3.37) for m = 1 for Fh = 1 and Ro = 1 for increasing value of a by step of 0.1.

(a)

0 0.1 0.2 0.3

0

0.05

0.1

0.15

kFh/|Ro|

ω
r

(b)

0 0.1 0.2 0.3

kFh/|Ro|

(c)

0 0.1 0.2 0.3

kFh/|Ro|

Figure 3.16: Comparison (thin lines: ωr; thick lines: ωi) between the numerical results (solid
lines) and the asymptotic frequency (3.7) (thin dashed lines) and growth rate
(3.36) (thick dashed lines) for the profile (3.37) for m = 1 for different values
of a for Ro = Fh = 1: (a) a = 0.3; (b) a = 0.5; (c) a = 0.8.

The stabilization of small wavenumber k comes from the fact that the angular velocity
now behaves like Ω ' a/r2 for large r. Indeed, the critical radius rc for a given small
value of ω is much larger, rc =

√
a/ω, than for a = 0 for which rc =

√
−lnω. This

implies that the vorticity gradient at rc is O(e−a/ωω−3/2), i.e. exponentially small instead
of being O(ω(lnω)3/2) for a = 0. Since the growth rate for small wavenumber k is directly
proportional to ζ ′(rc) (see (3.36)), it remains exponentially small. The frequency and growth
rate are compared to the asymptotic frequency (3.7) and growth rate (3.36) in figure 3.16
for various values of a. The asymptotic frequency (3.7) and the exact frequency agree for
small k and then differ as soon as the growth rate ωi begins to rise. Remarkably, the
asymptotic growth rate (3.36) also predicts well the lower wavenumber cutoff kc at which
the exact growth rate rises. However, it then quickly diverges. As seen in figure 3.16 and
3.15a, the lower wavenumber cutoff kc increases monotonically with a. This behaviour can
be understood from the fact that the growth rate becomes non-negligible when ζ ′(rc) is no
longer exponentially small, i.e. approximately when rc ' 3 whatever the value of a. Thus,
the corresponding frequency ωc ' a/r2

c increases linearly with a. Since the formula (3.7)
turns out to vary weakly when a varies (see figure 3.16), the corresponding wavenumber kc,
i.e. ω(kc) = a/r2

c , increases with a.

Figure 3.17a further shows the growth rate as a function of the rescaled frequency ωr/Ω(rI),
where rI is the inflection point (ζ ′(rI) = 0) determined for each value of a. This figure
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Figure 3.17: The growth rate ωi as a function of the rescaled frequency ωr/Ω(rI) for the
profile (3.37) for m = 1 and for Ro = 1 for increasing values of a by step of 0.1,
(a) Fh = 1 and (b) Fh = 1.2.
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Figure 3.18: (a) Growth rate and (b) frequency as a function of kFh/|Ro| for the profile
(3.37) for m = 1 for Fh = 1.2 and Ro = 1 for increasing values of a by step of
0.1.

demonstrates that the growth rate vanishes when ωr = Ω(rI) regardless of a. Therefore,
the instability occurs only when ζ ′(rc) > 0 as already observed for a = 0 in section 3.5.
The growth rate is however negligible for small rescaled frequency ωr/Ω(rI) because ζ ′(rc)
is then exponentially small as explained previously.

Figure 3.18 shows now the growth rate and frequency for a Froude number above unity:
Fh = 1.2, still for Ro = 1. The trends when a increases are the same as for Fh = 1 (figure
3.15). The new feature is that the growth rate is negative for small k and then suddenly
increases as for Fh = 1 but the maximum growth rate becomes positive only for a . 0.7.
Figure 3.17b shows that the upper wavenumber cutoffs for a . 0.7 correspond to the same
value of the rescaled frequency ωr/Ω(rI). This critical value is very close to the threshold
ωr/Ω(rI) = 1 in contrast to figure 3.13b where the critical rescaled frequencies ωr/Ω(rI)
were clearly smaller than unity for a = 0. This difference comes from the fact that the
Froude number was larger in figure 3.13b, Fh ≥ 1.5, than in figure 3.17b. Another difference
is that the growth rate is negative for small wavenumber (i.e. small ωr/Ω(rI)) in figure
3.17b while for the Carton & McWilliams profile in figure 3.13b, the growth rate remains
positive for small k even when Fh > 1. This stabilization increases with a but also with the
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Figure 3.19: (a) Growth rate and (b) frequency as a function of kFh/|Ro| for the profile
(3.37) for m = 1 for a = 0.7, Ro = 1 and varying Fh: Fh = 0.8 ; Fh = 1

; Fh = 1.2 ; Fh = 1.3 .

Froude number. For example, figure 3.19 displays the growth rate and frequency for a fixed
value of the circulation parameter (a = 0.7), but different Froude numbers. The maximum
growth rate decreases when Fh is above unity and becomes negative for Fh = 1.3. Thus, the
instability is completely suppressed when the Froude number Fh is above a critical value
that depends on the circulation parameter a.

3.6.2 Effect of the Rossby number

The effect of the Rossby number for a fixed Fh is shown in figure 3.20. The Rossby number is
varied between 0.8 and 50, i.e. within the centrifugally stable range for a = 0.7 (−1 < Ro <
254, see figure 3.14b). The maximum growth rate increases with Ro like for the Carton &
McWilliams vortex (figure 3.2a).

Figure 3.21a shows the growth rate as a function of ωr/Ω(rI). All the curves for Ro ≤ 10
go to zero very close to the critical value ωr/Ω(rI) = 1 as previously observed. However,
the growth rate for Ro = 20 and Ro = 50 remain clearly positive beyond this cutoff.
Two examples of eigenmodes for Ro = 5 and Ro = 50 are depicted in figure 3.21b. The
eigenmode for Ro = 50 exhibits oscillations outside the vortex core in contrast to the one for
Ro = 5. Indeed, when the Rossby number is large, the eigensolution for large radius can be
wavelike (see (3.5)) since the parameter β2 = (4/Ro2 − ω2)/(1/Fh2 − ω2) is negative when
|ωr| > 2/Ro (assuming ωi = 0 and Fh < |Ro|/2). Such outward radiation of inertia gravity
waves lead to the radiative instability as shown by Smyth & McWilliams (1998), Schecter &
Montgomery (2004), Billant & Le Dizès (2009), Le Dizès & Billant (2009), Riedinger et al.
(2010), Riedinger et al. (2011), Park & Billant (2012) and Park & Billant (2013).

Since the maximum frequency of the GMW instability is max(ωr) = Ω(rI) = 0.163 for
a = 0.7 independently of the Rossby and Froude numbers, the critical Rossby number at
which the eigenmodes become radiative for some wavenumbers can be estimated at Roc =
2/max(ωr) ' 12. Above this Rossby number, the radiation of inertia gravity waves provides
a second source of instability in addition to the critical layer at rc. This explains why the
mode m = 1 remains unstable beyond the cutoff frequency ωr = Ω(rI) for Ro = 20 and
Ro = 50 in figure 3.21a.
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Figure 3.20: Growth rate and frequency as a function of kFh/|Ro| for the profile (3.37) for
m = 1, a = 0.7, Fh = 1.2 and varying Ro: Ro = 50 ; Ro = 20 ; Ro = 10

; Ro = 5 ; Ro = 2 ; Ro = 1 ; and Ro = −0.5 (a) growth
rate, (b) frequency. The horizontal dotted line in (b) shows the cutoff frequency
ωr = 0.163.
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Figure 3.21: (a) Growth rate as a function of the rescaled frequency ωr/Ω(rI) for the profile
(3.37) for m = 1, a = 0.7, Fh = 1.2 and for different values of Ro : Ro = 50

; Ro = 20 ; Ro = 10 ; Ro = 5 ; Ro = 2 ; Ro = 1 ; and
Ro = −0.5 . (b) Radial velocity of the eigenmode for Fh = 1.2, a = 0.7 for
(Ro = 50, kFh/|Ro| = 0.086: ) and (Ro = 5, kFh/|Ro| = 0.15: ).
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3.7 Conclusions

In this paper, we have investigated the stability of the azimuthal wavenumber m = 1 of
an axisymmetric columnar vortex in a stratified and rotating fluid. As shown by Gent &
McWilliams (1986) and Smyth & McWilliams (1998), this azimuthal wavenumber can be
unstable to an instability which bends the vortex and leads to the formation of lenticular
vortices when the fluid is both stratified and rotating. This three-dimensional instability,
called the “Gent-McWilliams (GMW) instability” herein, can occur in the centrifugally sta-
ble regime and in the quasi-geostrophic limit. These properties make this instability clearly
different from all other known instabilities of columnar axisymmetric vortices: shear insta-
bility, centrifugal instability and radiative instability. We have carried out both numerical
and asymptotical stability analyses of several vortex profiles to better understand the origin
of this instability, to explain why it occurs only in stratified rotating fluids and to derive an
instability condition valid outside the quasi-geostrophic regime.

We have first recovered and extended the numerical results of Gent & McWilliams (1986)
and Smyth & McWilliams (1998) for the stability of the azimuthal wavenumber m = 1 for
the Carton & McWilliams vortex. In the centrifugally stable regime −1 ≤ Ro ≤ 7.39, we
have shown that the maximum growth rate of the GMW instability increases with Ro and
is independent of Fh for Fh ≤ 1. In contrast, when Fh > 1, the maximum growth rate
abruptly decreases with Fh and the eigenmode exhibits a critical layer singularity at the
radius where Ω(rc2) − ω = 1/Fh. Thereby, the maximum growth rate becomes very small
for large Froude number.

These numerical results for the Carton & McWilliams vortex have been completed by an
asymptotic analysis of the long-wavelength bending mode. Such mode is a generic mode
which derives from the translational invariances in the two-dimensional limit. Hence, its
frequency ω vanishes for k = 0 and can be computed by an asymptotic expansion for small
wavenumber k. We have found that there exist two long-wavelength bending modes with
complex conjugate frequency ω. The real part of the frequency ωr and growth rate ωi of
the unstable mode are always positive for finite Rossby and Froude numbers for sufficiently
small wavenumbers and are in good agreement with those of the GMW instability computed
numerically. This shows that the GMW instability exists for long-wavelengths not only in the
centrifugally stable regime: −1 ≤ Ro ≤ 7.39, but also outside of this regime. As the Froude
number is increased above unity, the GMW instability continues to exist but the slope of the
growth rate with k rapidly decreases and becomes negligible because of the damping by the
critical layer rc2 where Ω(rc2) = 1/Fh. The asymptotic results have also allowed us to study
the transition from a stratified to an homogeneous fluid in the case of a non-rotating fluid
(Ro =∞). We have found that the range of wavenumbers of the unstable long-wavelength
bending mode shrinks to zero as the Froude number becomes infinite because of the damping
by the critical layer rc2. In contrast, the stable long-wavelength bending mode continues to
exist as Fh increases. It becomes neutral with a negative frequency as Fh → ∞ as for the
vortices with a non-zero circulation (Widnall et al., 1971).

This asymptotic analysis for the Carton & McWilliams vortex shows that the GMW in-
stability is intimately linked to the existence of a critical radius rc where Ω(rc) = ω as
conjectured by Reasor et al. (2004). In order to prove the role played by the sign of the
vorticity gradient ζ ′(rc) at the critical radius rc, a second long-wavelength asymptotic anal-
ysis has been carried out for vortices exhibiting an algebraic decay of the angular velocity
Ω ∼ an/r

2n for large radius, with n close to unity. The sign of ζ ′ is positive if n > 1 and
conversely is negative if n < 1. In the particular case of n = 1, corresponding to a vortex
with a constant circulation, the long-wavelength bending mode for finite Rossby and Froude
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numbers is known to have a positive frequency ωr with zero growth rate if Fh ≤ 1 and a
negative growth rate if Fh > 1 because of the critical layer rc2 where Ω(rc2) = 1/Fh (Billant,
2010). Here, we have shown that the critical layer rc where Ω(rc) = ω has a positive or
negative contribution to the growth rate if n > 1 or n < 1, respectively. For finite Rossby
and Froude numbers, this positive contribution overcomes the negative contribution of the
critical layer rc2 for sufficiently small wavenumber. Thereby, the bending mode is always
unstable for sufficiently long wavelength if n > 1.

For general vorticity profiles, the latter instability condition becomes ζ ′(rc) > 0 in agree-
ment with the condition derived by Schecter et al. (2002) and Schecter & Montgomery
(2003) under the quasi-geostrophic and asymmetric balance approximations, respectively.
This condition is also equivalent to the Rayleigh inflection point and Fjortoft necessary cri-
teria derived by Gent & McWilliams (1986) in quasi-geostrophic fluids and by Montgomery
& Shapiro (1995) under the asymmetric balance approximation. However, the necessary
instability condition derived herein is not restricted to the quasi-geostrophic or asymmetric
balance regimes but is valid for any finite Froude and Rossby numbers. Furthermore, it is
necessary and sufficient if Fh ≤ 1. Nevertheless, we stress that it is restricted to small vor-
ticity gradients ζ ′ and has been derived in the long-wavelength limit. The numerical results
for the Carton & McWilliams (1989) vortex show that this necessary instability condition
is in practice valid for any axial wavenumber k and magnitude of ζ ′ for finite Froude and
Rossby numbers.

Finally, we have investigated the stability of a family of vortices combining a Lamb-Oseen
and Carton & McWilliams profiles. These vortices exhibit both positive vorticity gradient
ζ ′(r) > 0 for some radii and a non-zero circulation in contrast to the two profiles previously
studied. We have shown that these non-isolated vortices are also unstable to the GMW
instability in stratified rotating fluids, but only for finite axial wavenumbers as previously
observed by Flierl (1988) for piecewise vorticity profiles in quasi-geostrophic fluids. The long-
wavelength limit k � 1 is stable (or marginally unstable) because the vorticity gradient at
the critical radius ζ ′(rc) is exponentially small. This result comes from the fact that the
critical radius rc is very large when the circulation (Γ = 2πa) is non-zero and the frequency
is small: rc ' (a/ω)1/2. Another particularity of the GMW instability for these non-
isolated vortices is that the damping effect of the critical radius rc2 where Ω(rc2) = 1/Fh
can completely overcome the destabilizing effect of the critical radius rc when the Froude
number is sufficiently large.

In summary, the origin of the GMW instability can be traced to a destabilization of the long-
wavelength bending mode of a columnar vortex by a critical layer rc where Ω(rc) = ω/m
when ζ ′(rc) > 0. This mode is specific to the azimuthal wavenumber m = 1 since it derives
from the translational invariances. However, more generally, three-dimensional modes for
other azimuthal wavenumbers m ≥ 2 could be also destabilized by a critical layer if their
frequency range lies in the range 0 < ω/m < Ω0. Some vortex waves for these azimuthal
wavenumbers may indeed have a frequency in this range, both in homogeneous fluids (Kelvin,
1880; Fabre et al., 2006) and stratified rotating fluid (Schecter et al., 2002; Park & Billant,
2013). It would be interesting to investigate their stability for vortex profiles satisfying the
condition ζ ′(rc) > 0.
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3.A Long-wavelength analysis for the Carton & McWilliams
vortex in stratified rotating fluids

In this appendix, the equation (3.2) is solved asymptotically for small kFh and m = 1
for the Carton & McWilliams vortex (3.6) using the expansion (3.13). The frequency ω is
first considered arbitrary for simplicity. Two regions are considered: an inner region where
r � 1/k and an outer region where r � 1. The matching of the solutions in these two
regions will lead to the dispersion relation.

3.A.1 Inner region

At leading order in kFh, (3.2) reduces to

d2ϕ0

dr2
+

1

r

dϕ0

dr
−
[

1

r2
+
ζ ′

rs

]
ϕ0 = 0. (3.38)

The solution which is non-singular at r = 0, is

ϕ0 = Crs. (3.39)

where C is a constant and we recall that s = Ω− ω. At second order, we have

d2ϕ2

dr2
+

1

r

dϕ2

dr
−
[

1

r2
+
ζ ′

rs

]
ϕ2 = H

dϕ0

dr
+

[
φ− s2

1− s2F 2
h

− 1

rs

( 2

Ro
+ ζ
)
H

]
ϕ0, (3.40)

where

H = −2rs
rΩ′ + s(1− s2F 2

h )

(1− s2F 2
h )2

. (3.41)

The solution can be found by reduction of order in the form

ϕ2 = ϕ0J, (3.42)

where

J =

∫ r

0
η
s(2Ω− s+ 2/Ro)

1− F 2
hs

2
dη +

∫ r

0

1

η3s2

[
I1(η) +

4I2(η)

Ro
+

4I3(η)

Ro2

]
dη, (3.43)

and

Ip(η) =

∫ η

0

ξ3s5−p

1− F 2
hs

2
dξ, (3.44)

with p = 1, 2, or 3. The inner solution is therefore

ϕin = ϕ0[1 + k2F 2
hJ ] + · · · . (3.45)

3.A.2 Outer region

In the outer region, we define a rescaled radius such that U = kr with U = O(1). Since Ω
and ζ are exponentially small for r = O(1/k)� 1, (3.2) becomes at leading order

d2ϕ

dU2
− 1

U

[
1 +G

]
dϕ

dU
−
[

1

U2
+ β2 +

4 + 2G

ωU2Ro

]
ϕ = 0, (3.46)
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Figure 3.22: Parameters A ( ), B( ) and D( ) as a function of Fh for the Carton &
McWilliams vortex (3.6): (a) real part and (b) imaginary part.

where

G =
−2(1− ω2F 2

h )

1− ω2F 2
h − ω2U2

, (3.47)

and β2 = (4/Ro2 − ω2)/(1/F 2
h − ω2). Assuming that β2 > 0 and ωi = 0 or ωi 6= 0, the

solution which satisfies the boundary condition at infinity is

ϕout = E
[
K1(βU) +

ωRo

2 + ωRo
βUK0(βU)

]
+O(k2F 2

h ), (3.48)

where E is a constant.

3.A.3 Behaviour of J for large r

Before matching the inner and outer solutions, we need to determine the behaviour of the
function J defined in (3.43) for r � 1. To this end, we assume now that ω is small. We
first determine the behaviour of the integrals Ip(η) defined in (3.44) for η � 1. We have

I1(η) = A (Fh) +O(ω, ω4η4), (3.49)

I2(η) = B(Fh) +O(ω, ω3η4), (3.50)

I3(η) = D(Fh) + F3(η) +O(ω, ω2η4), (3.51)

provided that 1 � η � 1/
√
ω and ωFh � 1. The constants (A ,B,D) are defined in

(3.9), (3.10) and (3.11) and the function F3 in (3.12). For the Carton & McWilliams profile
(3.6), the angular velocity decays exponentially with r so that the asymptotic form of Ω
for large r can be taken as Ω̃ = 0, leading to F3(η0) = F3(η) = 0. Accordingly, we have
I3(η) = D(Fh) for η � 1. The constants (A ,B,D) are plotted as a function of the Froude
number in figure 3.22. We see that they are real and positive for Fh < 1 and complex with
a negative imaginary part when Fh > 1. As mentioned in section 3.4.1, this is because the
integrands are singular at the critical radius rc2 where Ω(rc2) = 1/Fh and the integration
path is deformed in the upper complex plane. From (3.49 − 3.51), we deduce that the
behaviour of J for large r is at leading order

Jr�1 =
4

Ro2
δ(Fh, Ro)

∫ r 1

η3s2
dη, (3.52)
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where δ is defined in (3.8). In order to further integrate (3.52), it is first convenient to write
ω = ρeiθ and to use a change of variable x = e−η

2
/ρ. This yields

Jr�1 = −
2δε2

ρ

ω2Ro2

∫ e−r
2
/ρ 1

x(1− bx)2(1− ερ lnx)2
dx, (3.53)

where b = e−iθ and ερ = −1/ ln ρ.

Since ω is assumed to be small, the integral (3.53) can be computed asymptotically in power
of the small parameter ερ when ερ| lnx| � 1, i.e. when

ρ� x� 1

ρ
. (3.54)

The integration range in (3.53) is therefore split into three intervals:

∫ e−r
2
/ρ

=

∫ x1

+

∫ x2

x1

+

∫ e−r
2
/ρ

x2

, (3.55)

where the bounds (x1, x2) are chosen such that ρ� x2 � 1 and 1� x1 � 1/ρ. The three
corresponding integrals are denoted J1, J2 and J3.

In the first interval, we have x� 1 so that we can write

J1 = −
2δε2

ρ

ω2Ro2

∫ x1 1

x(1− bx)2(1− ερ lnx)2
dx = −

2δε2
ρ

ω2Ro2

∫ x1 1 +O(1/x)

b2x3(1− ερ lnx)2
dx, (3.56)

This yields

J1 =
2δ

ω2b2Ro2

(
2e−2/ερEi(2(ε−1

ρ − lnx1))− ερ
x2

1(1− ερ lnx1)
+O

(
1

x3
1

))
, (3.57)

where Ei is the exponential integral (Abramowitz & Stegun, 1972). Similarly, we have x� 1
throughout the third interval so that

J3 = −
2δε2

ρ

ω2Ro2

∫ e−r
2
/ρ

x2

1

x(1− bx)2(1− ερ lnx)2
dx = −

2δε2
ρ

ω2Ro2

∫ e−r
2
/ρ

x2

1 +O(x)

x(1− ερ lnx)2
dx,

(3.58)
giving

J3 = −
2δε2

ρ

ω2Ro2

[
1

ε2
ρr

2
− 1 +O(x2)

ερ(1− ερ lnx2)

]
. (3.59)

Finally, in the intermediate interval, we have ερ| lnx| � 1 leading to

J2 =−
2δε2

ρ

ω2Ro2

∫ x2

x1

1

x(1− bx)2(1− ερ lnx)2
dx

=−
2δε2

ρ

ω2Ro2

∫ x2

x1

1 + 2ερ lnx+ 3ε2
ρ(lnx)2 +O(ε3

ρ)

x(1− bx)2
dx. (3.60)

66



3.A. Appendix A

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

This gives

J2 = −
2δε2

ρ

ω2Ro2

[
1

1− bx
− ln

(
1− bx
x

)
+ ερ

(
lnx

(
lnx− 2 +

2

1− bx
− 2 ln(1− bx)

)
+ 2 ln(1− bx)− 2Li2(bx)

)
+ ε2

ρ lnx

(
3bx lnx

1− bx
+ (lnx)2 + 6 ln(1− bx)− 3 lnx ln(1− bx)

)
− 6ε2

ρ ((−1 + lnx)Li2(bx)− Li3(bx)) +O(ε3
ρ)

]x2

x1

, (3.61)

where Lin is the polylogarithm function of order n (Abramowitz & Stegun, 1972). We can
also expand J1 and J3 with ερ since ερ lnx1 � 1 and ερ lnx2 � 1. This gives

J1 =
δε2
ρ

ω2b2x2
1Ro

2

(
1 + ερ(1 + 2 lnx1) +

3

2
ε2
ρ

(
2 lnx1 + 2(lnx1)2

)
+O(ε3

ρ)

)
, (3.62)

J3 = −
2δε2

ρ

ω2Ro2

(
1

ε2
ρr

2
− 1

ερ
− lnx2 − ερ(lnx2)2 − ε2

ρ(lnx2)3 +O(ε3
ρ)

)
. (3.63)

The integral J2 can be also simplified using the fact that x2 � 1 and x1 � 1:

J2 = −
2δε2

ρ

ω2Ro2

[
1 + ln(−b) + lnx2 +

1

2b2x2
1

− ερ

(
π2

3
+ 2 ln(−b) + (ln(−b))2 − (lnx2)2 − 1 + 2 lnx1

2b2x2
1

)
+ ε2

ρ

(
(lnx2)3 + π2 + π2 ln(−b) + 3 ln(−b)2 + ln(−b)3

+
3(1 + 2 lnx1 + 2(lnx1)2)

4b2x2
1

)]
(3.64)

Collecting the three integrals, we obtain

Jr�1 = J1 + J2 + J3 =

− 2δ

ω2Ro2

[
1

r2
− ερ + ε2

ρ(1 + ln(−b))− ε3
ρ

(
π2

3
+ 2 ln(−b) + (ln(−b))2

)
+ ε4

ρ

(
π2 + π2 ln(−b) + 3 ln(−b)2 + ln(−b)3

)
+O(ε5

ρ)
]
. (3.65)

Since the small parameter depends on the logarithm of |ω|: ερ = −1/ ln |ω|, the convergence
of (3.65) is quite slow for small ω. This is the reason why we have computed Jr�1 up
to order ε4

ρ. It should be noted that (3.65) can be simplified by using as small parameter
ε̃ρ = −1/ lnω, i.e. equivalently ε̃ρ = 1/r2

c . It yields

Jr�1 = − 2δ

ω2Ro2

[
1

r2
− ε̃ρ + ε̃2

ρ(1 + iπγ)− ε̃3
ρ

(
−2

π2

3
+ 2iπγ

)
− ε̃4

ρ2π
2 +O(ε̃5

ρ)

]
. (3.66)

where γ = 1 when 0 < θ < π and γ = −1 when −π < θ < 0, if the integration is performed
on the real axis. All the complex terms in (3.66) are included in the parameter ε̃ρ except
two. These two terms correspond to the residue at the singular radius rc =

√
− lnω.
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3.A.4 Matching

The inner and outer solutions should match in the overlap region 1� r � 1/k where they
are both valid. To this end, we consider the behaviours of the inner solution (3.45) for
r � 1 and the outer solution (3.48) for U = kr � 1. Using the behaviour of the function J
determined in the previous section for r � 1 and ω � 1, the inner solution for r � 1 is

ϕin = −Cωr + C
2F 2

hk
2

Ro2

δ

ω

[
1

r
− r

r2
c

+
r

r4
c

(1 + iπγ)− r

r6
c

(
−2π2

3
+ 2iπγ

)
−2π2r

r8
c

+

(
1

r10
c

)]
+O(F 4

hk
4). (3.67)

In turn, the outer solution (3.48) becomes at leading order for kr � 1 and ω � 1

ϕout =
E

β0kr
+
Eβ0kr

2

[
ln

(
βkr

2

)
+ γe −

1

2

]
, (3.68)

where β0 = 2Fh/Ro. The expressions (3.67) and (3.68) match at leading order if

E =
k3β3

0Cδ

2ω
, (3.69)

−ω+
δk2β2

0

2ω

[
− 1

r2
c

+
1

r4
c

(1 + iπγ) +
1

r6
c

(
2π2

3
− 2iπγ

)
− 2π2

r8
c

]
= O

(
β4

0k
4

ω
ln(β0k)

)
. (3.70)

The latter relation yields a dispersion relation valid for small k:

ω2 =
k2β2

0δ

2

[
− 1

r2
c

+
1

r4
c

(1 + iπγ) +
1

r6
c

(
2π2

3
− 2iπγ

)
− 2π2

r8
c

]
. (3.71)

We can check a posteriori that it is legitimate to neglect the right-hand side of (3.70). In
fact, (3.71) simply imposes the condition that the inner solution (3.67) decays with r and
this condition could have been obtained from (3.67) without solving the outer problem. An
alternative way of writing (3.71) is

ω2 =
k2β2

0δ

2

[
−ερ + ε2

ρ(1 + iΘ)− ε3
ρ

(
π2

3
+ 2iΘ−Θ2

)
+ ε4

ρ(π
2 + iπ2Θ− 3Θ2 − iΘ3)

]
,

(3.72)
where Θ = π sgn(θ)− θ, ερ = −1/ln|ω| and θ =arg(ω).

3.B Effect of the Froude number on the long-wavelength bend-
ing mode of the Carton & McWilliams vortex in non-
rotating fluids

When Ro = ∞, the matched asymptotic analysis conducted in appendix 3.A and section
3.4.1 for the Carton & McWilliams vortex (3.6) remains valid whatever the Froude number
Fh. In this case, we have therefore the opportunity to study the transition from a stratified
fluid to an homogeneous fluid Fh =∞.

In the limit Ro =∞, the dispersion relation (3.14) can be rewritten in the convenient form
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Figure 3.23: Frequency ωr (thin lines) and growth rate ωi (thick lines) as a function of k
for the azimuthal wavenumber m = 1 for the Carton & McWilliams vortex
(3.6) for (a) Fh = 3, (b) Fh = 4, (c) Fh = 4.5 and (d) Fh = ∞ for Ro = ∞.
The solid lines show the numerical results while the dashed line represents the
asymptotic frequency (3.73).

(see (3.72))

ω2 =
k2Λ

2

[
−ερ + ε2

ρ(1 + iΘ)− ε3
ρ

(
π2

3
+ 2iΘ−Θ2

)
+ ε4

ρ

(
π2 + iπ2Θ− 3Θ2 − iΘ3

)]
,

(3.73)

where

Λ = F 2
hA = F 2

h

∫ ∞
0

ξ3Ω4

1− F 2
hΩ2

dξ, (3.74)

where A is defined in (3.9).

In the limit Fh →∞, Λ tends to a finite value which is real and negative: Λ = −
∫∞

0 ξ3Ω2dξ.
Hence, it is straightforward to see that (3.73) has a solution where ω is purely real and
negative (i.e. Θ = 0)

ω2 = −k
2Λ

2

[
ερ − ε2

ρ + ε3
ρ

π2

3
− ε4

ρπ
2

]
. (3.75)

In fact, this is the only solution of (3.73). As for vortices with a non-zero circulation
(Widnall et al., 1971), the long-wavelength bending mode of the Carton & McWilliams
vortex in homogeneous non-rotating fluid is therefore neutral with a negative frequency.
This implies that there is no critical radius Ω(rc) = ω.

Figure 3.23 shows the two solutions of (3.73) for several Froude numbers from Fh = 3 to
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Fh = ∞ and compares them to numerical results. We see that the branch with positive
growth rate predicted by (3.73) exists only for small wavenumbers when Fh = 4 (figure
3.23b). It disappears when the growth rate vanishes because the integration path is on the
real axis. For Fh = 4.5, this branch shrinks further, and when Fh = ∞ it has completely
disappeared. In contrast, the other branch continues to exist as Fh increases. Its frequency
remains negative but its damping rate diminishes as Fh increases. It becomes neutral in the
limit Fh = ∞. For all the Froude numbers investigated, (3.73) is in good agreement with
the numerical results for small wavenumber.

3.C Long-wavelength analysis for vortices with angular veloc-
ity decaying algebraically in stratified rotating fluid

In this appendix, a long-wavelength asymptotic analysis similar to the asymptotic analysis
of appendix 3.A is carried out for vortices with an angular velocity behaving like Ω ' an/r2n

for large radius. In contrast to appendix 3.A, it is more convenient to assume that ω is small
from the outset and expanded with k2F 2

h

ω = 0 + F 2
hk

2ω2 + · · · . (3.76)

As before, the inner and outer solutions are expanded in the form

ϕ = ϕ0 + F 2
hk

2ϕ2 + · · · . (3.77)

The inner solution will be determined for arbitrary n while the outer solution can be com-
puted analytically only for n = 1 + ε with |ε| � 1.

3.C.1 Inner region

In the inner region, the solutions ϕ0 and ϕ2 have the same form as in (3.39) and (3.42)
except that, since ω = ω2k

2F 2
h + · · · , s can be approximated by Ω and the term −rωC in

the leading order solution (3.39) appears in the second order solution ϕ2:

ϕ0 = CrΩ, (3.78)

ϕ2 = ϕ0

[∫ r

0
η

Ω(Ω + 2/Ro)

1− F 2
hΩ2

dη +

∫ r

0

1

η3Ω2

(
Ĩ1(η) +

4Ĩ2(η)

Ro
+

4Ĩ3(η)

Ro2

)
dη

]
− Cω2r,

(3.79)

where

Ĩp(η) =

∫ η

0

ξ3Ω5−p

1− F 2
hΩ2

dξ, (3.80)

with p = 1, 2 or 3.

3.C.2 Outer region

As in appendix 3.A.2, the outer solution can be determined by defining a rescaled radius
U = kr with U = O(1). However, the angular velocity Ω and vorticity ζ are now not
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negligible since Ω ∼ an/r2n for r � 1. Indeed, the rescaling of (3.2) gives for such a profile:

d2ϕ

dU2
+

1

U
[1 +M ]

dϕ

dU
− ϕ

[
1

U2
+ β0

2 +O(F 2
hω

2, F 2
hk

4n, F 2
hk

2nω)

− 4n(1− n)

U2(1− ωU2n

ank2n )
+

MU2n−1

(k2n − ωU2n/an)

[
2

Ro
+

2(1− n)k2n

U2n

]]
= 0, (3.81)

where M = O(F 2
hω

2, F 2
hk

4n, F 2
hk

2nω) and β0 = 2Fh/Ro.

Hence, since ω = ω2k
2F 2

h , (3.81) reduces at leading order to:

d2ϕ

dU2
+

1

U

dϕ

dU
− ϕ

[
1

U2
+ β2

0 −
4n(1− n)

U2[1− k2(1−n)F 2
hω2U2n/an]

]
= 0. (3.82)

This equation can be solved asymptotically when n = 1 + ε with |ε| � 1. To do so, we
expand the outer solution and ω2 with ε

ϕout = ϕ
(0)
0 + εϕ

(1)
0 + · · · , (3.83)

ω2 = ω
(0)
2 + εω

(1)
2 + · · · . (3.84)

The solution at leading order is

ϕ
(0)
0 = K1 (β0U) . (3.85)

At the next order, we have

d2ϕ
(1)
0

dU2
+

1

U

dϕ
(1)
0

dU
− ϕ(1)

0

[
1

U2
+ β2

0

]
=

4ϕ
(0)
0

U2(1− F 2
hω

(0)
2 U2/an)

. (3.86)

The solution is found by reduction of order

ϕ
(1)
0 = K1(β0U)

∫ U

∞

1

ηK2
1(β0η)

∫ η

∞

4K2
1(β0ξ)

ξ(1− F 2
hω

(0)
2 ξ2/an)

dξdη, (3.87)

where the integration constants have been chosen such that ϕ
(1)
0 tends to zero for U →∞.

3.C.3 Behaviour of the inner solution for large r

In preparation for the matching, we determine the behaviour of the inner solution for r � 1.
We start by determining the behaviours of the integrals Ĩp(η) defined in (3.80). Because
Ω ∼ an/r2n as r →∞, we have for η � (anFh)1/2n

Ĩ1(η) ∼ A (Fh) +O(1/η8n−4), (3.88)

Ĩ2(η) ∼ B(Fh) +O(1/η6n−4), (3.89)

Ĩ3(η) ∼ D(Fh) + F3(η), (3.90)

where A ,B,D are defined in (3.9), (3.10), (3.11) and F3 in (3.12). Using the asymptotic
form of Ω for large radius Ω̃ = an/r

2n gives the function:

F3(η) =

∫ η Ω̃2ξ3

1− F 2
h Ω̃2

dξ = a2
n

[
η4−4n − 1

4− 4n

]
. (3.91)

71



Chapter 3. Stability of a columnar vortex in stratified-rotating fluids

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The behaviour of the second order inner solution (3.79) for r �max(F
1/2n
h , 1) is therefore

ϕ2 ∼ C
[

4

anRo2

δr2n−1

4n− 2
+

an
2Ro2(1− n)

(
r3−2n − r2n−1

2n− 1

)
− ω2r

]
, (3.92)

where δ is defined in (3.8). The behaviour of the inner solution for large r is then

ϕin ∼C
[
an

r2n−1
+ F 2

hk
2

[
4

anRo2

δr2n−1

4n− 2
+

1

2Ro2(1− n)

(
r3−2n − r2n−1

2n− 1

)
− ω2r

]]
+O(F 4

hk
4). (3.93)

If we now further assume that n = 1 + ε with |ε| � 1, we obtain

ϕin = Can

[
1

r
− 2ε

ln r

r
+ k2F 2

hr

[
2δ

a2
nRo

2
+

2 ln r − 1

Ro2
− ω

(0)
2

an

+ ε
(
− ω

(1)
2

an

4δ

a2
nRo

2
(ln r − 1) +

1

Ro2
(2− 2 ln r)

)]]
+O(ε2, k4F 4

h ). (3.94)

3.C.4 Behaviour of the outer solution for small U

In order to match the inner and outer solutions, we need also to determine the behaviour
of (3.87) for U � 1, i.e. for r � 1/k. To do so, we first rewrite (3.87) in the form

ϕ
(1)
0 = M(U)K1(β0U) where

M(U) =

∫ U

∞

χ(η)

ηK2
1(β0η)

dη, (3.95)

and

χ(η) =

∫ η

∞

4K2
1(β0U)

U(1− F 2
hω

(0)
2 U2a−1

n )
dU. (3.96)

When η is small, we have

χ(η) = E − 2

β2
0η

2
+ 2 ln(ηβ0)

(
−1 + 2γe +

2ω
(0)
2 F 2

h

β2
0an

+ ln
ηβ0

4

)
+O(η2), (3.97)

where E is a constant defined as

E =

∫ η0

∞

4K2
1(β0U)

U(1− F 2
hω

(0)
2 U2a−1

n )
dU +

2

β2
0η

2
0

− 2 ln(η0β0)

(
−1 + 2γe +

2ω
(0)
2 F 2

h

β2
0an

+ ln

(
η0β0

4

))
, (3.98)

with 0 < η0 � 1. Using (3.97), we can now determine the behaviour of M for small U . We
obtain

M =G− 2 ln(Uβ0) + β2
0U

2

[
E

2
−
F 2
hω

(0)
2

β2
0an

+ ln(Uβ0)

(
−1 + 2γe +

2F 2
hω

(0)
2

β2
0an

− 2 ln 2

)]
+ β2

0U
2(lnUβ0)2 +O(U4), (3.99)

72



3.C. Appendix C

3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

where G is a constant. This constant can be set to zero without loss of generality by a

simple rescaling of the leading order solution. This implies that ϕ
(1)
0 for small U is of the

form:

ϕ
(1)
0 = MK1(β0U) =− 2 ln(Uβ0)

β0U
+
β0U

2

[
E −

2F 2
hω

(0)
2

β2
0an

+ ln(Uβ0)

(
−1 + 2γe +

4F 2
hω

(0)
2

β2
0an

− 2 ln 2

)]
+O(U3). (3.100)

We can then deduce that the outer solution (3.84) becomes for small U = kr

ϕout =
1

β0kr
+
β0kr

2

[
ln(β0kr)

2
+ γe −

1

2

]
+ ε

[
−2 ln(β0kr)

β0kr

+
β0kr

2

(
E −

2F 2
hω

(0)
2

β2
0an

+ ln(β0kr)

(
−1 + 2γe +

4F 2
hω

(0)
2

β2
0an

− 2 ln 2

))]
+ · · · .

(3.101)

3.C.5 Matching

The expressions of the inner and outer solutions (3.94) and (3.101) match if

Can =
1

β0k
(1− 2ε ln(kβ0)), (3.102)

2Cank
2 F

2
h

Ro2

(
1 + ε

(
2δ

a2
n

− 1

))
=
β0k

2
+
εβ0k

2

(
−1 + 2γe − 2 ln 2 +

4F 2
hω

(0)
2

β2
0an

)
, (3.103)

Cak2F 2
h

[
2δ

a2
nRo

2
− 1

Ro2
− ω

(0)
2

an
+ ε

(
− 4δ

a2
nRo

2
+

2

Ro2
− ω

(1)
2

an

)]
=
β0k

2

(
ln
β0k

2

+γe −
1

2

)
+
εβ0k

2

[
E −

2F 2
hω

(0)
2

β2
0an

+ ln(kβ0)

(
−1 + 2γe +

4F 2
hω

(0)
2

β2
0an

− 2 ln 2

)]
. (3.104)

The first relation gives the constant C while the two others give the dispersion relation

ω =F 2
hk

2(ω
(0)
2 + εω

(1)
2 ) =

anβ
2
0k

2

2

(
− ln

β0k

2
− γe +

δ

a2
n

)
+ εan

β2
0k

2

2

[
1− E − γe −

δ

a2
n

+ ln 2 + ln(β0k)

(
1− 2γe −

2δ

a2
n

+ 2 ln 2

)]
+O(ε2, k4 ln(k)). (3.105)

3.C.6 Generalization to arbitrary profiles with a weak gradient of vorticity
for large radius

In this section, we consider an angular velocity profile different from the form Ω ' an/r2(1+ε)

but still with a weak gradient of vorticity for large radii. In other words, its angular and
vorticity profiles for large radii can be written in the general form

Ω = Ω0(r) + εΩ1(r), ζ = εζ1(r), (3.106)
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where Ω0(r) = an/r
2, ε� 1 and (Ω1, ζ1) are of order unity. In this case, the outer solution

has the same form as found in §3.C.2 except that (3.87) is replaced by

ϕ
(1)
0 = K1(β0U)

∫ U

∞

1

ηK2
1(β0η)

∫ η

∞

ζ ′1(ξ/k)K2
1(β0ξ)

k(Ω0(ξ/k)− ω(0))
dξdη, (3.107)

This implies that the frequency will be of the same form as in (3.26) with ω(0) given by
(3.27) and ω(1) by

ω(1) = 2an

(
kβ0

2

)2 (
−E + g1(k, ω(0), Fh, Ro)

)
, (3.108)

where

E = lim
η0→0

∫ η0
k

∞

ζ ′1(r)K2
1 (β0kr)

(Ω0(r)− ω(0))
dr + g2(k, η0, ω

(0), Fh, Ro), (3.109)

where the functions g1 and g2 will be different for each particular profile considered and
would have to be determined by matching the inner and outer solutions. However, without
determining the explicit expression of these functions, it is easy to see that they should be
real if ω(0) is real. Hence, if δi is small, we can deduce that the growth rate will be at leading
order

ωi = 2an

(
kβ0

2

)2 [ δi
a2
n

− επ ζ
′
1(rc)K

2
1(kβ0rc)

Ω′0(rc)

]
+O(εδi), (3.110)

since the residue of the integral in (3.109) at rc is a−1 = ζ ′1(rc)K
2
1(kβ0rc)/Ω

′
0(rc). Equation

(3.110) can be also rewritten in terms of the full profiles (3.106)

ωi = 2an

(
kβ0

2

)2 [ δi
a2
n

− πζ
′(rc)K

2
1(kβ0rc)

Ω′(rc)

]
+O(εδi). (3.111)
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4
Stability of a pancake vortex in

stratified fluids
In order to understand the dynamics of pancake-like shape vortices in stably stratified fluids,
we perform a linear stability analysis of an axisymmetric vortex with Gaussian angular
velocity in both radial and axial directions with an aspect ratio α. The results are compared
to those for a columnar vortex (α =∞) in order to identify the instabilities. The centrifugal
instability occurs when R > c(m) where R = ReF 2

h is the buoyancy Reynolds number, Fh
the Froude number, Re the Reynolds number and c(m) a constant which differs for the three
unstable azimuthal wavenumbers m = 0, 1, 2. The maximum growth rate depends mostly on
R and is almost independent of the aspect ratio α. For sufficiently large buoyancy Reynolds
number, the axisymmetric mode is the most unstable centrifugal mode whereas for moderate
R, the mode m = 1 is the most unstable. The shear instability for m = 2 develops only
when Fh ≤ 0.5α. By considering the characteristics of the shear instability for a columnar
vortex for the same parameters, this condition is shown to be such that the vortex thickness
is larger than the minimum wavelength of the shear instability in the columnar case. For
larger Froude number Fh ≥ 1.5α, the isopycnals overturn and the gravitational instability
can operate. Just below this threshold, the azimuthal wavenumbers m = 1, 2, 3 are unstable
to the baroclinic instability. A simple model shows that the baroclinic instability develops
only above a critical vertical Froude number Fh/α because of confinement effects.
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pancake vortex and a columnar vortex in stratified fluid

Eunok Yim and Paul Billant
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4.1 Introduction

Several studies have been devoted to the stability of a columnar vertical vortex in stably
stratified fluids. Axisymmetric columnar vortices can be unstable to the centrifugal insta-
bility when the Rayleigh discriminant is negative (Smyth & McWilliams, 1998; Billant &
Gallaire, 2005). Shear instability may also occur when the vorticity gradient vanishes at
some radius (Rayleigh, 1880) since it is a two-dimensional instability. In addition, the vor-
tex can spontaneously radiate internal waves owing to an over-reflection mechanism (Smyth
& McWilliams, 1998; Le Dizès & Billant, 2009; Billant & Le Dizès, 2009; Riedinger et al.,
2010). However, many studies have shown that vortices have a pancake or lenticular shape
in stratified fluids rather than being columnar. For example, interacting columnar vortices
are unstable to the zigzag instability (Billant & Chomaz, 2000; Otheguy et al., 2006; Bil-
lant, 2010; Billant et al., 2010; Deloncle et al., 2011) and evolve into pancake vortices with
a small aspect ratio. Coherent vortices generated from wakes or turbulence in stratified
fluids have also a pancake shape (Lin et al., 1992; Chomaz et al., 1993; Spedding et al.,
1996; Fincham et al., 1996; Bonnier et al., 2000). In laboratory experiments, pancake vor-
tices can be directly generated by different devices imposing a rotation to a layer of fluid
(Flór & van Heijst, 1996; Beckers et al., 2001). Many pancake vortices are also observed
in oceans. Famous examples are the Mediterranean eddies (Meddies) which are formed by
salty water flowing from Mediterranean sea in mid-Atlantic ocean (Armi et al., 1989; Hobbs,
2007). Meddies have typically an horizontal extension of O(100)km and vertical thickness
of O(1)km (Richardson et al., 2000). For these vortices, planetary rotation has an impor-
tant effect in addition to the stable stratification but this effect will not be considered in
the present paper.

Despite the ubiquity of pancake vortices in stratified fluids, only few studies on their struc-
ture and stability exist. The internal structure of a pancake vortex in stably stratified fluids
has been investigated by Flór & van Heijst (1996), Bonnier et al. (2000) and Beckers et al.
(2001). Flór & van Heijst (1996) conducted an experimental study on monopolar pancake
vortices using three different generation methods (rotating sphere, rotating rod and injec-
tion of fluids). They found that disturbances with azimuthal wavenumber m = 2 or m = 3
are unstable when the Froude number F = Vmax/NRvmax is larger than F > 0.1, where
Vmax is the maximum azimuthal velocity, N the Brunt–Väisälä frequency, and Rvmax the
radius of maximum azimuthal velocity. They also showed that the nonlinear evolution of
the instabilities (formations of tripole (m = 2) and dipole splitting), is similar to those for
two-dimensional vortices. Some differences come from the faster decay rate of the satellites
compared to the core for pancake vortices. Bonnier et al. (2000) investigated experimentally
the dynamics of vortices in the far-wake of a towed sphere. The density field inside the vor-
tices shows a pinching of the isopycnals in order to satisfy the hydrostatic and cyclostrophic
balances. Beckers et al. (2001) found similar isopycnal deformations experimentally and
numerically. They have shown that, when the vortex is not initially in cyclostrophic or hy-
drostatic balances, adjustment processes occur and lead to the generation of internal gravity
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waves. A Kirchhoff elliptic pancake vortex in cyclostrophic balance also emits gravity wave
(Plougonven & Zeitlin, 2002). Balanced vortices exhibit particular momentum and density
diffusions. Beckers et al. (2001) and Godoy-Diana & Chomaz (2003) have studied the effect
of the Schmidt number Sc = ν/κ which is the ratio of the diffusion rates of momentum ν
and density κ. When Sc� 1, secondary circulations slow down the decay of the vortex. In
contrast, when Sc < 1, these secondary circulations accelerate the decay of the vortex.

The stability of a pancake vortex as a function of Reynolds number and Froude number
is discussed in Beckers et al. (2003) experimentally and numerically for a vortex profile
with angular velocity Ω = Ω0exp(−(r/R)q − (z/Λ)2), where Ω0 is the maximum angular
velocity, q is the steepness parameter and α the aspect ratio fixed to α = Λ/R = 0.4
with R is the radius and Λ the thickness. Beckers et al. (2003) have determined only
the most unstable modes by performing nonlinear numerical simulations of azimuthally
perturbed vortices using the Navier-Stokes equations under the Boussinesq approximation.
They focused on perturbations with azimuthal wavenumbers m ≥ 2 with a Reynolds number
up to R̃e = 10000 where R̃e = 2

√
πΛRΩ0/ν. They have shown that pancake vortices

with q > 2 are generally unstable to barotropic (i.e. shear) instability in the range of
500 ≤ R̃e ≤ 10000 and 0.1 ≤ F̃ ≤ 0.8 where F̃ = 2

√
πΛΩ0/(RN). The instability is

similar to the shear instability of two dimensional vortices with the most unstable azimuthal
wavenumber increasing with the steepness parameter q (Carton & Legras, 1994). When
q = 2, they found that the vortex is stable.

Recently, Negretti & Billant (2013) have conducted a linear stability analysis of a pancake
vortex with a Gaussian vertical vorticity profile in radial and vertical directions. They
found that the vortex is unstable to gravitational instability when the vortex aspect ratio
α is small such that α/Fh < 1.1, where Fh = Ω0/N . When this condition is satisfied, the
isopycnals are indeed so deformed by the pancake shape that they overturn. The barotropic
shear instability does not exist because the vorticity gradient does not vanish for a Gaussian
vertical vorticity profile. The vertical shear is also never sufficient to trigger an instability
when α/Fh > 1.1.

In this paper, we investigate the stability of an axisymmetric pancake vortex with the same
angular velocity profile as in Beckers et al. (2003) in a stably stratified fluid. The steepness
parameter will be set to q = 2 throughout the paper. In contrast to Beckers et al. (2003),
all the unstable modes will be determined by solving the eigenvalue problem by means of
an iterative method. The Reynolds number will be increased up to Re ≡ Ω0R

2/ν = 100000
and various aspect ratios and Froude numbers will be studied. We have found that the
vortex can be also unstable under some condition to the m = 2 shear instability when
q = 2. In addition, we will show that other types of instability exist: the counterpart of the
centrifugal instability of columnar vortices and two instabilities specific to pancake vortices:
the gravitational instability already extensively studied by Negretti & Billant (2013) but
also the baroclinic instability that has not been observed before in purely stratified fluids.

The paper is organized as follows: we first define the linear stability problem in §5.2. In
§4.3, typical spectra and eigenmodes for the azimuthal wavenumbers m = 0, 1, and 2 will
be presented. The origin of the different modes will be identified thanks to stability criteria
and by comparison to the instabilities of columnar vortices. In §4.4, a parametric study of
the most unstable modes for each m will be then conducted as a function of the aspect ratio,
Froude and Reynolds numbers. From the fact that the centrifugal and shear instabilities
in pancake and columnar vortices have many resemblances, we further show in §4.5 and
§4.6, that their occurrence in pancake vortices can be understood from their growth rate
dependence with the vertical wavenumber in columnar vortices. The instabilities specific
to pancake vortices will be discussed in §4.7. At last, all the different instabilities for each
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azimuthal wavenumber m are summarized in §5.8 in the parameter space: Froude number,
Reynolds number for Re ≤ 10000. In §4.9, comparisons to previous experimental and
numerical studies are presented.

4.2 Problem formulation

4.2.1 The base state

We consider as base flow an axisymmetric pancake vortex with only azimuthal velocity
ub(r, θ, z) = [ur, uθ, uz] = [0, rΩ(r, z), 0] in cylindrical coordinates (r, θ, z). The angular
velocity is chosen Gaussian in both radial and vertical directions

Ω(r, z) = Ω0e
−
(
r2

R2 + z2

Λ2

)
, (4.1)

where R is the radius, Λ is the half thickness and Ω0 is the maximum angular velocity. The
total pressure and density are decomposed as follows:

pt = p0 + p̄(z) + pb(r, z), (4.2)

ρt = ρ0 + ρ̄(z) + ρb(r, z), (4.3)

where the values with the subscript 0 are reference values, those with a bar indicate the
background vertical profiles and those with a subscript b correspond to the perturbations
due to the base vortex. The Euler equations under the Boussinesq approximation are in the
radial and vertical directions

−rΩ2 = − 1

ρ0

∂pt
∂r

, (4.4)

g

ρ0
ρt = − 1

ρ0

∂pt
∂z

, (4.5)

corresponding to cyclostrophic and hydrostatic balances, where g is the gravity. Combining
(4.4) and (4.5) gives the thermal-wind relation:

∂rΩ2

∂z
= − g

ρ0

∂ρb
∂r

. (4.6)

Hence, ρb is given by

ρb(r, z) = −z ρ0

g

(
R

Λ

)2

Ω2
0e
−2

(
r2

R2 + z2

Λ2

)
. (4.7)

4.2.2 Linearized equations

The vortex is perturbed by infinitesimal perturbations (denoted with prime) of velocity
u′ = [u′r, u

′
θ, u
′
z], pressure p′, and density ρ′ as

u(r, θ, z) = ub + u′ = (0, rΩ(r, z), 0) + (u′r, u
′
θ, u
′
z), (4.8)

p = pt + p′, (4.9)

ρ = ρt + ρ′. (4.10)
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Since the vortex is axisymmetric, the perturbations are written as normal modes in the
azimuthal direction

[u′r, u
′
θ, u
′
z, p
′, ρ′] = [ur(r, z), uθ(r, z), uz(r, z), ρ0p(r, z),

ρ0

g
ρ(r, z)]e−iωt+imθ + c.c., (4.11)

where ω is the frequency and m the azimuthal wavenumber. We consider that m is positive
since negative wavenumbers can be recovered by the symmetry: ω(m) = ω∗(−m). Under
the Boussinesq approximations, the linearized Navier-Stokes equations are

− i(ω −mΩ)ur − 2Ωuθ = −∂p
∂r

+ ν

(
∇2ur −

1

r2
ur −

2

r2
imuθ

)
(4.12)

− i(ω −mΩ)uθ + ζur +
∂rΩ

∂z
uz = − im

r
p+ ν

(
∇2uθ −

1

r2
uθ +

2

r2
imur

)
(4.13)

− i(ω −mΩ)uz = −∂p
∂z
− ρ+ ν∇2uz (4.14)

− i(ω −mΩ)ρ+
g

ρ0

∂ρb
∂r

ur +
g

ρ0

∂ρb
∂z

uz = N2uz + κ∇2ρ (4.15)

1

r

∂rur
∂r

+
1

r
imuθ +

∂uz
∂z

= 0 (4.16)

where ζ = 1/r∂(r2Ω)/∂r is the vertical vorticity, N =
√
−g/ρ0dρ̄/dz the Brunt–Väisälä

frequency which is assumed constant, ν the viscosity and κ the diffusivity of the stratifying
agent. The problem is governed by four non-dimensional numbers: aspect ratio (α), Froude
number (Fh), Reynolds number (Re) and Schmidt number (Sc), defined as follows:

α =
Λ

R
, Fh =

Ω0

N
, Re =

Ω0R
2

ν
, Sc =

ν

κ
. (4.17)

In this paper, we keep Sc = 1 for simplicity and in order to avoid the double-diffusion
phenomenon between momentum and mass diffusion (McIntyre, 1970).

4.2.3 Numerical method

Equations (4.12) – (4.16) are discretized with finite element method using FreeFem++
(Hecht, 2012; Garnaud, 2012; Garnaud et al., 2013). Velocity, density and pressure (u, ρ, p)
are approximated with (P2, P1, P1) elements, respectively. The mesh is adapted to the
base state and refined around the vortex core. The domain is restricted to positive radius
r = [0, Rmax] and is set to z = [−Zmax, Zmax] along the vertical. The boundary conditions
at r = 0 differ depending on the azimuthal wavenumber m (Batchelor & Gill, 1962; Ash &
Khorrami, 1995),

m = 0 : ur = uθ = 0,

m = 1 : uz = p = ρ = 0,

m ≥ 2 : ur = uθ = uz = p = ρ = 0.

At the other boundaries r = Rmax and z = ±Zmax, all perturbations are enforced to vanish.
The sizes of the domain are chosen large Zmax = 6Λ and Rmax = 8R compared to the vortex
core sizes. The resulting discretized equations (4.12) – (4.16) are written in the form

− iωBv = Lv, (4.18)
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Run Smin Smax No. of triangles Growth rate (ωi)

1

0.004R

0.7R 40144 0.022116Ω0

2 0.15R 74807 0.018641Ω0

3 0.075R 189396 0.018639Ω0

4 0.04R 306144 0.018638Ω0

5 0.040R
0.075R

88128 0.018740Ω0

6 0.010R 171596 0.018635Ω0

7 0.004R 189396 0.018639Ω0

Table 4.1: Growth rate for different minimum and maximum mesh sizes Smin and Smax for
m = 2, α = 0.5, Fh = 0.5 and Re = 10000. The number of triangles is also
indicated.

where v = [ur, uθ, uz, p, ρ]. The typical size of the matrices B and L is about 106 × 106.
The generalized eigenvalue problem (4.18) is solved with an iterative Krylov-Schur method
using the libraries SLEPc and PETSc (Hernandez et al., 2005; Garnaud, 2012; Garnaud
et al., 2013; Balay et al., 2014). The shift-invert spectral transformation is used to find the
most unstable eigenvalues/vectors around shift values. Spurious modes are eliminated by
excluding eigenvalues varying by more than 10−6 between two successive shift values.

Table 4.1 shows examples of the convergence of the growth rate as a function of the mesh
size. The growth rate varies significantly when the maximum mesh size is varied from 0.7R
to 0.15R (see runs 1 and 2) but becomes almost constant when Smax is smaller than 0.15R
(see runs 2 to 4). In turn, when the maximum mesh size is fixed to Smax = 0.075R, the
growth rate varies very little when the minimum mesh size Smin is lower than 0.01R (see
runs 6 to 7). The mesh adaptation to the base vortex allows to use sufficiently fine meshes
in the vortex core while keeping a reasonable total number of triangles. In the following,
the numerical results are mostly computed for the mesh with the maximum size 0.075R and
minimum size 0.004R (run 3 or 7).

For comparison purposes we have also conducted some stability analyses of a columnar vor-
tex with base angular velocity Ω =exp(−r2). The vertical dependence of the perturbations
can then be expressed in terms of normal modes with a vertical wavenumber k. The equa-
tions (4.12) – (4.16) have been solved by means of Chebyshev pseudo-spectral collocation
method (Antkowiak & Brancher, 2004). The numerical code based on FreeFem++ and
SLEPc for α→∞ has been also successfully checked against the Chebyshev code.

4.3 Some typical examples of spectrum

In this section, we show typical examples of spectrum and eigenmodes for the different
azimuthal wavenumbers m = 0, 1, and 2. The Reynolds number will be fixed to Re = 10000
but the Froude number and aspect ratio will vary from one azimuthal wavenumber to the
other in order to show the most general spectrum for each m. To identify the instability,
the spectra are compared to the corresponding spectra of a columnar vortex for the same
control parameters (Fh, Re). Detailed comparisons between the eigenmodes of columnar
and pancake vortices are also carried out.

4.3.1 m = 0

Figure 4.1 shows an example of spectrum for the parameters m = 0, α = 1, Fh = 0.5,
and Re = 10000. The frequency (ωr) and growth rate (ωi) are non-dimensionalized by
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Figure 4.1: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for a pancake vortex (α = 1)
( : for symmetric and for anti-symmetric modes) and for a columnar vortex
(α = ∞) ( ) for m = 0, Fh = 0.5, and Re = 10000. The mode (C,0)
corresponds to the most unstable mode of the columnar vortex.

the maximum angular velocity Ω0. The unstable mode are displayed by symbols and are
labelled (m, i) where i denotes the ith mode. For each point, there are actually two modes
with a different symmetry with respect to z = 0: symmetric ( ) and anti-symmetric ( ). All
the modes have zero frequency. The real part of the radial velocity perturbation Re(ur)
of the most unstable anti-symmetric mode (marked (0,1) in figure 4.1) is depicted in figure
4.2a. The perturbation lies at the periphery of the vortex core r/R ≥ 1 and in the central
region −0.5 ≤ z/Λ ≤ 0.5 along the vertical. A well-defined axial wavelength about λ ' 0.2Λ
can be seen. The symmetric mode marked as (0,3) (figure 4.2b) is similar to the mode (0,1)
but with a larger extent in the vertical direction −0.7 ≤ z/Λ ≤ 0.7 with a slightly smaller
wavelength λ ' 0.17Λ. The other modes (0,2), (0,4) and (0,5) have similar characteristics
as these two modes: they only differ by the number of nodes along the vertical.

To determine the origin of this instability, we consider the Rayleigh criterion for the cen-
trifugal instability extended to baroclinic vortices (Solberg, 1936; Eliassen & Kleinschmidt,
1957). Centrifugal instability is expected when the circulation decreases with the radius
along isopycnal surfaces

Φ =
1

r3

∂(r2Ω)2

∂r

∣∣∣∣
ρt

< 0, (4.19)

for some radius. The region where Φ is negative for α = 1, Fh = 0.5 is shaded in figure 4.3.
It extends from r = 1 to infinity with a minimum of Φ reached near r = 1.2R and z = 0. As
shown by the dashed lines in figure 4.2, the modes are localized in this region. This shows
that these modes are due to the centrifugal instability. In order to further understand their
properties, the spectrum of a columnar vortex (α = ∞) has been computed for the same
parameters (m = 0, Fh = 0.5, Re = 10000). It is plotted in figure 4.1 as a grey continuous
line. Although the spectrum is discretized for α = 1 and continuous for α = ∞ since the
vertical wavenumber varies continuously, the maximum growth rate in both cases are very
close. Note that there exists a single unstable mode for each wavenumber in the columnar
case. The secondary centrifugal modes with more radial oscillations become unstable only
for larger Froude or Reynolds numbers. Furthermore, their growth rates are much smaller
than the primary modes both for columnar and pancake vortices.
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(b) mode (0,3)
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Figure 4.2: (color online) Real part of the radial velocity perturbation Re(ur) of (a) anti-
symmetric mode (0,1) and (b) symmetric mode (0,3) of figure 4.1. The radius
r and height z are rescaled with the radius R and half height Λ of the base
vortex, respectively. The dashed line represents the contour where the Rayleigh
discriminant Φ vanishes. The dotted line indicates the contour where the angular
velocity Ω of the base vortex is 0.1Ω0.
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Figure 4.3: Contours of Φ/|Φmin| for α = 1, Fh = 0.5. The regions where Φ is negative are
shaded. The contour interval is 0.2.

82



4.3. Some typical examples of spectrum

4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(C,1,1)

(C,1,2)
(1,1)

(1,2)

(1,3)
(1,5)

(1,4)

(1,6)(1,7)

0 0.05 0.1 0.15
0

0.05

0.1

0.15

ωr/Ω0

ω
i/

Ω
0

Figure 4.4: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for a pancake vortex for
α = 0.5 ( : for symmetric and for anti-symmetric modes) and for a columnar
vortex ( ) for m = 1, Fh = 1/3, and Re = 10000. The modes (C,1,1) and
(C,1,2) correspond to modes of the columnar vortex whose frequencies are the
same as the modes (1,1) and (1,5), respectively.

4.3.2 m = 1

The symbols in figure 4.4 show a typical example of spectrum for m = 1, α = 0.5, Fh = 1/3,
and Re = 10000. Several unstable modes exist (labelled (1,1)–(1,7) using the same notation
as for m = 0). This time, all modes have non-zero frequency. Figure 4.5a shows the real part
of the radial velocity of the most unstable mode (1,1). The mode is maximum near r/R = 1
and localized within −1 < z/Λ < 1 with a typical wavelength λ ' 0.57Λ. It resembles to the
m = 0 centrifugal modes (figure 4.2) except that the perturbations overshoot in the region
of positive generalized Rayleigh discriminant. The modes (1,2) and (1,3) are similar to the
mode (1,1) excepted that they exhibit more oscillations along the vertical. In contrast, the
mode (1,5) is different (figure 4.5b): the perturbation is localized within the vortex core
r/R < 1 and maximum near z = ±Λ. The perturbation is mainly located in a region where
Φ is positive and is therefore probably not a centrifugal mode. To identify this instability, it
is useful to compare the spectrum to the one of a columnar vortex for the same parameters
(shown by a thick line in figure 4.4).

The maximum growth rate for a columnar vortex first increases with frequency and then de-
creases owing to viscous stabilization since the corresponding vertical wavenumber is large.
Figure 4.6a,b compare the radial profiles of the horizontal velocity (ur, uθ) of the most un-
stable modes of the pancake and columnar vortices (labelled (1,1) and (C,1,1) in figure 4.4,
respectively). The profiles for the pancake vortex are taken at the level zm where ur is maxi-
mum. The velocities are normalized to the maximum radial velocity in each case. We can see
that the profiles are very close confirming that the mode (1,1) originates from the centrifu-
gal instability. A similar comparison is made in figure 4.7 between the mode (1,5) and the
mode (C,1,2) of the columnar vortex (figure 4.4). The latter mode has been chosen for the
comparison since it has the same frequency as the mode (1,5). The radial velocity profiles
of these modes for the pancake and columnar vortices are very similar. For the columnar
vortex, the mode (C,1,2) corresponds to a mixed mode between the centrifugal instability
and the Gent-McWilliams instability. The latter instability comes from a destabilization of
the long-wavelength bending more by the critical layer where Ω(rc) = ωr when the vorticity
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Figure 4.5: (color online) Real part of the radial velocity perturbation Re(ur) of modes (a)
(1,1), (b) (1.5), (c) (1,4) and (d) (1,7) of figure 4.4. The dotted line indicates
the contour where the angular velocity of the base vortex is Ω = 0.1Ω0. The
dashed line represents the contour where the Rayleigh discriminant Φ vanishes.
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Figure 4.6: Comparison between the (a) radial ur and (b) azimuthal uθ velocities of the
eigenmodes (C,1,1) of columnar (thick grey lines) and (1,1) of pancake vortices
(light black lines) in figure 4.4. ; Real and ; Imaginary parts.
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Figure 4.7: Same as in figure 4.6 but for the modes (C,1,2) and (1,5).

gradient is positive ζ ′(rc) > 0 (Yim & Billant, 2015). We can notice that the radial and
azimuthal velocity components of the perturbation are non-zero on the axis in contrast to
the centrifugal mode (1,1) (figure 4.5a). Thus, the perturbation will partially bend the vor-
tex. For a strongly stratified non-rotating columnar vortex, such bending mode transforms
continuously into a centrifugal mode explaining why there is a single continuous branch in
figure 4.4. However, in presence of strong rotation, the centrifugal instability disappears
and only the Gent-McWilliams instability (also called internal instability) remains (Gent
& McWilliams, 1986; Smyth & McWilliams, 1998; Yim & Billant, 2015). For the stratified
pancake vortex, a continuous transition is also observed: the modes (1,4) and (1,6) exhibit
also the characteristics of the centrifugal mode and but with a non-zero velocity on the axis
like the mode (1,5) as seen in figure 4.5c. Interestingly, these modes seem to concentrate in
the regions where the vertical shear |∂Vθ/∂z| is maximum |z| = r ' 0.71. The mode (1,7)
in figure 4.4 has a very small growth rate and its frequency is slightly negative. As shown in
Appendix 4.C, the radial velocity of this mode (figure 4.5d) is almost identical to the base
angular velocity. It corresponds to the displacement mode which derives from translational
invariance and translates the base flow horizontally (see Appendix 4.C).
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Figure 4.8: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for a pancake vortex (α =
1.2) ( : for symmetric and for anti-symmetric modes) and for a columnar
vortex (α =∞) ( ) for m = 2, Fh = 0.5, and Re = 10000. The modes (C,2,1)
and (C,2,1) correspond to modes of the columnar vortex whose frequencies are
the same as the modes (2,1) and (2,3), respectively.

4.3.3 m = 2

Figure 4.8 shows an example of spectrum for m = 2, Fh = 0.5, and Re = 10000. For a
pancake vortex with aspect ratio α = 1.2, there are three unstable modes (labelled (2,1)–
(2,3)). The radial velocity perturbation of the most unstable mode (2,1) is shown in 4.9a.
The perturbation is maximum near r/R = 1 and localized within −0.5 < z/Λ < 0.5 with
a typical wavelength λ ' 0.26Λ. In the vortex core, it resembles closely the most unstable
centrifugal modes for m = 0 (figure 4.2a) and m = 1 (figure 4.5a). However, inclined rays
can also be seen outside the vortex core. We shall see in §4.4.2 that these perturbations
outside the vortex core correspond to internal gravity waves radiated by the centrifugal
mode. For m = 1, such radiation of internal waves also exists but their amplitude is too
weak to be visible in figure 4.5a. The mode (2,2) in figure 4.8 is a centrifugal mode similar
to the mode (2,1) but the mode (2,3) is different. As seen in figure 4.9b, its radial velocity
is localized in the core and does not exhibit many oscillations along the vertical. For a
columnar vortex, the spectra possess two separate branches (thick grey lines in figure 4.8).
The branch near ωr ' 0.45Ω0 corresponds to the centrifugal instability while the one near
ωr = 0.27Ω0 corresponds to the shear instability.

We see that there is a good correspondence with the spectrum of the pancake vortex. This
confirms that the modes (2,1) and (2,2) are centrifugal modes and shows that the mode (2,3)
is due to the shear instability. In addition, the radial velocity profiles of the eigenmodes of
columnar and pancake vortices are very close both for the centrifugal (figure 4.10) and shear
(figure 4.11) instabilities. Oscillations for large radius corresponding to radiations of gravity
waves are also observed for the centrifugal mode of the columnar vortex (figure 4.10a).

4.4 Parametric study on the most unstable mode

In this section, we investigate the effects of the three main control parameters (α, Fh, Re) on
the most unstable mode of each instability type for m = 0, 1, 2. The control parameters are
varied only in the range Fh/α ≤exp(3/4)/

√
2 ' 1.5, ensuring that the total density gradient
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Figure 4.9: (color online) Real part of the radial velocity perturbation Re(ur) of (a) mode
(2,1) and (b) mode (2.3) of figure 4.8. The dotted line indicates the contour
where the angular velocity of the base vortex is Ω = 0.1Ω0. The dashed line
represents the contour where the Rayleigh discriminant Φ vanishes.
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Figure 4.10: Comparison between the (a) radial ur and (b) azimuthal uθ velocities of the
eigenmodes (C,2,1) of columnar (thick grey lines) and (2,1) of pancake vortices
(light black lines) in figure 4.8. ; Real and ; Imaginary parts.
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Figure 4.11: Same as in figure 4.10 but for the modes (C,2,2) and (2,3).
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Figure 4.12: (a) Growth rate and (b) frequency of the most unstable modes of each instability
type as a function of α, for Fh = 0.5 and Re = 10000. Centrifugal modes: ;
m = 0, ; m = 1, ; m = 2; Shear mode: , m = 2.

∂ρt/∂z = −ρ0N
2/g + ∂ρb/∂z is everywhere negative. When Fh/α ≥ 1.5, the maximum

density gradient which is located at r = 0, z = ±
√

3/2, is positive so that the gravitational
instability can occur.

4.4.1 Effect of the aspect ratio

When the aspect ratio is increased from α = 0.35 to α = 2 for Fh = 0.5, Re = 10000, the
growth rate of the most unstable centrifugal modes for m = 0, 1 and 2 increase slightly while
the corresponding frequencies are almost constant (figure 4.12). The lower limit α = 0.35
corresponds to the appearance of the gravitational instability. It is interesting to notice that
the overall most unstable centrifugal mode for these parameters is not the axisymmetric
mode but the azimuthal wavenumber m = 1. The growth rate of the most unstable shear
mode (m = 2) is positive only for α ≥ 1 and increases with α. The most unstable centrifugal
eigenmode and shear eigenmode for m = 2 are displayed in figure 4.13 for different values
of the aspect ratio. The vertical scale is non-dimensionalised by R instead of Λ in order
to have the same reference vertical scale for the three plots. Hence, we can see that the
wavelength of the centrifugal instability (figure 4.13a-c) is approximately the same whatever
α but the number of oscillations along the vertical increases as the vortex becomes taller.
Correspondingly, the number of distinct centrifugal modes increases with α since the vertical
confinement decreases: for example for m = 2, for α = 0.5 there is one unstable mode; for
α = 1, two modes and for α = 2, five modes (not shown). In contrast, the height of the
shear mode (figure 4.13d-e) is proportional to the aspect ratio.

4.4.2 Effect of the Froude number

Figure 4.14 shows that the growth rate of the most unstable centrifugal modes for m =
0, 1, 2 increase with the Froude number for α = 1, Re = 10000. The growth rates seem
to asymptote to constant values as the Froude number increases but the pancake vortex
becomes gravitationally unstable beyond Fh = 1.5 for α = 1. The centrifugal modes for
m = 0 and m = 2 are stabilized when the Froude number goes below Fh = 0.3 − 0.35. In
contrast, the centrifugal mode m = 1 continues to be unstable for smaller Froude number.
Hence, the mode m = 1 is the most unstable mode when Fh ≤ 0.8 while the axisymmetric
mode is most unstable only above this threshold. The shear mode for m = 2 exists when
Fh ≤ 0.5 and its growth rate increases as the Froude number decreases. As seen in figure
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Figure 4.13: (color online) Real part of the radial velocity perturbation Re(ur) of the most
unstable mode for different aspect ratios: the centrifugal instability for m = 2
for (a) α = 0.5, (b) α = 1, (c) α = 2 and the shear instability for m = 2 for (d)
α = 1, (e) α = 2 for Fh = 0.5 and Re = 10000. The dotted line indicates the
contour where the angular velocity of the base vortex is Ω = 0.1Ω0. Note that
the vertical scale is not scaled by Λ as before but by R.

4.14b, the frequencies of the modes are almost independent of the Froude number except
for m = 1 for low Froude number Fh ≤ 0.5. The most unstable eigenmodes for m = 1
and m = 2 and are shown in figure 4.15 for different Froude numbers. When Fh decreases,
the location of the maximum of the eigenmode for m = 1 (figure 4.15a,b,c) moves from
r/R = 1 to the axis r = 0. Thus, the centrifugal mode transforms continuously into a
bending mode (Gent & McWilliams instability) as Fh decreases. In contrast, the centrifugal
instability for m = 2 (figure 4.15d-f) remains at the same radial location but the angle θ
of the rays with respect to the vertical decreases when the Froude number increases. This
angle is in good agreement with the dispersion relation of internal waves cos θ = ωr/N where
ωr ' 0.45 is the frequency of the centrifugal mode. Therefore, the perturbations outside
the vortex core correspond to internal waves forced by the centrifugal instability. We can
also notice in figure 4.15d-f that the typical wavelength of the centrifugal mode for m = 2
increases slightly with the Froude number: λ ' 0.28Λ(Fh = 0.4);λ ' 0.34Λ(Fh = 1) and
λ ' 0.36Λ(Fh = 1.5). The height of the shear mode (figure 4.15g-i) also increases weakly
with the Froude number.

4.4.3 Effect of Reynolds number

Finally, figure 4.16 shows the dependence of the growth rate and frequency of the most
unstable modes on the Reynolds number for a fixed aspect ratio and Froude number: α =
0.5, Fh = 0.5. The general tendency with Re is similar to the one with the Froude number:
the growth rate of the centrifugal modes increases with Re for all azimuthal wavenumber
m and asymptotes to a constant. For Re ≤ 30000, the centrifugal mode m = 1 is the most
unstable mode while it is the axisymmetric mode above. The centrifugal modes for m = 0
and 2 are both stabilized when Re ≤ 5000 whereas m = 1 remains unstable even for small
Re. The eigenmode for m = 1 then changes gradually to the bending mode. The shear mode
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Figure 4.14: (a) Growth rate and (b) frequency as a function of Fh, for α = 1 and Re =
10000. Centrifugal modes: ; m = 0, ; m = 1, ; m = 2; Shear mode:

, m = 2.
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Figure 4.15: (color online) Real part of the radial velocity perturbation Re(ur) of the most
unstable modes for different Froude numbers: the centrifugal instability for
m = 1 for (a) Fh = 0.06, (b) Fh = 0.14 and (c) Fh = 0.25, for the centrifugal
instability m = 2 for (d) Fh = 0.4, (e) Fh = 1, (f) Fh = 1.5, and the shear
instability for m = 2 for (g) Fh = 0.1, (h) Fh = 0.25 and (i)Fh = 0.4 for α = 1
and Re = 10000. The dotted lines indicate the contour where the angular
velocity of the base vortex is Ω = 0.1Ω0.
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Figure 4.16: (a) Growth rate and (b) frequency as a function of Re, for α = 0.5 and Fh = 0.5.
Centrifugal modes: ; m = 0, ; m = 1, ; m = 2.

for m = 2 is not present for any Reynolds number for the parameters α = 0.5, Fh = 0.5.
The reasons why will be explained in section 4.6. Figure 4.17 shows the radial velocity of
the dominant eigenmode for m = 1 and m = 2 for different Re. As observed when Fh
decreases (§4.4.2), the centrifugal mode for m = 1 (figure 4.17a,b,c) changes continuously
into a bending mode when Re decreases. The typical wavelength increases significantly as re
increases. Regarding the centrifugal mode for m = 2 (figure 4.17d,e,f), the typical vertical
wavelength clearly decreases with Re: λ = 0.3Λ, 0.2Λ and 0.13Λ, for Re = 8000, 30000
and 100000, respectively. However, the number of oscillations along the vertical remains
approximately the same leading to a concentration of the mode toward the mid-plane z = 0.

4.5 Scaling laws for the growth rate of the centrifugal insta-
bility

Billant & Gallaire (2005) have derived an asymptotic formula for the growth rate of the
centrifugal instability for columnar vortices for large vertical wavenumber (k � 1) in the
inviscid limit:

ω = ω(0) − ω(1)N

k
+O

(
1

k2

)
, (4.20)

where

ω(0) = mΩ(r0) + i
√
−φ(r0), (4.21)

ω(1) =
(2n+ 1)i

2
√

2

√
φ′′(r0)− 2m2Ω′(r0)2 + 2im

√
−φ(r0)Ω′′(r0)

−φ(r0)

√
1− φ(r0)

N2
, (4.22)

with n a non-negative integer, φ = 2Ωζ and r0 is given by

φ′(r0) = −2imΩ′(r0)
√
−φ(r0). (4.23)

Here, we show that the formula (4.20) can be used to predict the growth rate of the centrifu-
gal instability in pancake vortices. First, since the centrifugal instability is most unstable in
the limit k →∞ in inviscid fluids, viscous effects can be easily taken into account at leading
order in k by adding a damping term of the form νk2 (Lazar et al., 2013b). Thus, (4.20)
becomes at leading order:

ω = ω(0) − ω(1)N

k
− iνk2. (4.24)
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Figure 4.17: (color online) Real part of the radial velocity perturbation Re(ur) of the most
unstable mode for different Reynolds numbers: for m = 1 for (a) Re = 1000,
(b) Re = 2000 and (c) Re = 30000 and for m = 2 for (d) Re = 8000, (e)
Re = 30000, (f) Re = 100000 for α = 0.5 and Fh = 0.5. The dotted lines
indicate the contour where the angular velocity of the base vortex is Ω = 0.1Ω0.

Using (4.24) and imposing
∂ωi
∂k

= 0, (4.25)

we can deduce that the most amplified wavenumber is given by

kmaxR =

(
ω

(1)
i ReR

2Fh

)1/3

, (4.26)

where n should be set to zero in (4.22) to have the most unstable mode. Substituting kmax
into (4.24) gives the maximum growth rate,

(ωi)max = ω
(0)
i −

3Ω0

F
2/3
h Re1/3

(
ω

(1)
i

R

2

)2/3

. (4.27)

For small Froude number Fh (i.e. large N), ω(1) becomes independent of Fh. Hence, (4.27)
shows that the maximum growth rate of the centrifugal instability is a linear function of
(F 2

hRe)
−1/3. In other words, the maximum growth rate is only a function of the buoyancy

Reynolds number R = ReF 2
h and independent of the aspect ratio. The same result applies

to the corresponding frequency:

ωr = ω(0)
r − (2R2)1/3Ω0ω

(1)
r /(ω

(1)
i R)1/3. (4.28)

Figure 4.18 shows the growth rate and frequency of pancake vortices (symbols) as a function
of (F 2

hRe)
−1/3 for different Reynolds number, Froude numbers and aspect ratios. They

all gather on a single curve for each azimuthal wavenumber m = 0, 1, 2. The theoretical
prediction (4.27) is also plotted with thin grey lines. It agrees quite well with the numerical
results for pancake vortices for m = 0 and m = 2. However, the growth rate for m = 1
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Figure 4.18: (color online) Maximum growth rate (a) and corresponding frequency (b) of
the centrifugal instability as a function of (F 2

hRe)
−1/3 for pancake vortices for

m = 0 (red symbols), m = 1 (blue symbols) and m = 2 (green symbols) for
different control parameters. The grey thin lines show the theoretical prediction
(4.27) and the light black lines correspond to numerical results for a columnar
vortex for Fh = 0.5 and various Re. The different symbols correspond to:
various Re for α = 0.5, Fh = 0.5; various Fh for α = 0.5, Re = 10000; various
Fh for α = 1, Re = 10000; various Fh for α = 0.5, Re = 30000; various α for
Fh = 0.5, Re = 10000; various α for Fh = 0.5, Re = 50000.

decreases with (F 2
hRe)

−1/3 slower than predicted. The growth rate and frequency computed
for a columnar vortex for Fh = 0.5 and various Re are also shown in figure 4.18 by thick
black lines. They also agree with the predictions of (4.27) except for m = 1 for which
the decrease of the growth rate with (F 2

hRe)
−1/3 is also slower than predicted. This slow

decrease for large (F 2
hRe)

−1/3 is due to the transition between the centrifugal and bending
modes for long-wavelength. The formula (4.24) no longer applies in this limit. From figure
4.18, we can deduce that the centrifugal instability for m = 0 and m = 2 is stabilized when
R = ReF 2

h . 1000 while the mode m = 1 becomes stable only when R . 16. The mode
m = 1 is more unstable than m = 0 when R . 4600.

4.6 Condition of existence of the shear instability

In section 4.4, we have observed that the shear instability for m = 2 does not always
exist depending on the aspect ratio and Froude number. The purpose of this section is
to derive a condition for its existence. To this end, we first consider the stability of a
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Figure 4.19: Growth rate for m = 2 for a columnar vortex as a function of the rescaled axial
wavenumber kRFh (a) for different Froude numbers Fh at fixed Re = 10000:

, Fh = 0.1; , Fh = 0.35; , Fh = 0.5; , Fh = 1. (b) For different
Reynolds numbers Re at fixed Fh = 0.5: , Re = 2000; , Re = 5000; ,
Re = 10000.

columnar vortex for different Fh and Re. Figure 4.19a shows the growth rate for m = 2
as a function of the rescaled axial wavenumber kRFh for different Froude numbers for
Re = 10000. There exist two distinct branches: the shear instability for kRFh < 1.6 and
the centrifugal instability for kRFh ≥ 5. The shear instability is most unstable in the
2D limit (k = 0) while the centrifugal instability is intrinsically 3D. Even if the Froude
number is varied, the growth rate curves for the shear instability remain almost identical
when represented as a function of kRFh as reported by Deloncle et al. (2007) for parallel
horizontally sheared flows. In contrast, the centrifugal instability branch varies greatly
with Fh and becomes more unstable as Fh increases because its maximum growth rate
is a function of F 2

hRe for small Fh as shown by (4.27). The scaling of the shear branch is
consistent with the self-similarity of strongly stratified flows (Billant & Chomaz, 2001). Such
scaling applies as long as the Froude number is small and viscous effects, as measured by
the buoyancy Reynolds number ReF 2

h , are negligible. This is the case of all the parameters
investigated in figure 4.19 except Fh = 0.1. The growth rate of the shear instability for
this Froude number departs slightly from the others because of viscous effects. Similarly,
figure 4.19b shows the growth rate for m = 2 for different Reynolds numbers for a fixed
Froude number Fh = 0.5. Similar behaviours are observed, the shear instability branch is
almost independent of the Reynolds number provided that the buoyancy Reynolds number
is not too small. In contrast, the centrifugal instability branch is strongly dependent of Re.
Because of these different behaviours, the shear instability becomes most unstable for small
Froude numbers (see the curve for Fh = 0.35 and Re = 10000 in figure 4.19a) and small
Reynolds numbers (see the curve for Re = 5000 and Fh = 0.5 in figure 4.19b).

Nevertheless, the shear instability is always present in columnar vortices for the range of
parameters investigated. In order to explain why it is absent for some parameters for
pancake vortices, confinement effects have to be considered. Figure 4.19 shows that the
upper wavenumber cutoff of the shear instability is kMR = 1.6/Fh. In other words, the
minimum wavelength is λm ' 4FhR. Since the typical thickness of the pancake vortex is
Lv ' 2Λ, a condition for the existence of the shear instability is that at least one wavelength
fits along the vertical λm ≤ Lv, i.e.

Fh
α
≤ 0.5. (4.29)
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Figure 4.20: Growth rate of the most unstable shear (colored filled symbols) and centrifugal
(grey open symbols) modes as a function of Fh/α for different Fh for fixed
α and Re: α = 0.5, Re = 10000, α = 0.5, Re = 30000; α = 1,
Re = 10000; α = 1.2, Re = 10000 and for different α for Fh = 0.5 and
Re = 10000 .

Figure 4.20 summarizes the growth rate of the most unstable shear and centrifugal modes
for m = 2 as a function of Fh/α for various combinations of Fh, Re and α. The growth rates
of the shear instability collapse approximately into a single curve. This curve has the same
shape as the growth rate curve of the shear instability as a function of kRFh for a columnar
vortex (figure 4.19). Furthermore, the growth rate goes to zero for Fh/α = 0.5 in agreement
with (4.29). Hence, the shear instability is not present in figure 4.16 because the Froude
number Fh = 0.5 and aspect ratio α = 0.5 do not meet the criterion (4.29). In contrast,
the growth rate of the most unstable centrifugal mode for m = 2 varies in a disorganized
way when represented as a function of Fh/α (grey symbols in figure 4.20). This should be
contrasted to figure 4.18 where a very good collapse for the centrifugal mode was observed
when plotted as a function of (F 2

hRe)
−1/3.

Finally, figure 4.21 shows the growth rate for m = 2 as a function of Re for Fh/α = 0.41, i.e.
when (4.29) is satisfied. Both centrifugal (dashed line) and shear (solid line) instabilities
exist. The growth rate of the centrifugal instability strongly depends on Re and vanishes
when Re ≤ 5500 while the growth rate of the shear instability is independent of Re for
Re ≥ 7000 but eventually goes to zero around Re = 3000.

4.7 Instabilities specific to pancake vortices

In the previous sections, we identified and characterized the centrifugal and shear insta-
bilities in pancake vortices by comparison to their counterparts in columnar vortices. We
restricted the parameter range to Fh/α < 1.5 in order to avoid the occurrence of the grav-
itational instability. In this section, we now focus on the range of parameters close to
Fh/α = 1.5. We shall see that another type of instability can occur in addition to the
gravitational instability.

Figure 4.22 shows two examples of spectra for two different Froude numbers such that:
Fh/α = 1.49 and Fh/α = 1.67 for otherwise the same parameters: α = 0.5, m = 2 and
Re = 10000. In figure 4.22a, there exist two distinct groups of modes which have different
frequencies: the first group (labelled CI) is located around ωr/Ω0 = 0.4 while the second
group (labelled BI) is around ωr/Ω0 = 0.8. The maximum growth rate of these two groups
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Figure 4.21: Growth rate as a function of Re for m = 2 for α = 1.2, Fh = 0.5: most
unstable centrifugal mode; most unstable shear mode.
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Figure 4.22: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for a pancake vortex ( :
for symmetric and for anti-symmetric modes) for (a) Fh/α = 1.49 (b) Fh/α =
1.67 for the same parameters m = 2, α = 0.5 and Re = 10000.

are comparable for these parameters. Two distinct groups are also seen for Fh/α = 1.67
(figure 4.22b), i.e. when the parameters are above the threshold for the gravitational insta-
bility. The frequencies are approximately the same as for Fh/α = 1.49 but the second group
near ωr/Ω = 0.8 (labelled GI) has now a much larger maximum growth rate.

Figure 4.23 shows the radial velocity perturbation of the CI and BI modes labelled (2,2a),
(2,1a) and (2,3a) in figure 4.22a. The thick dashed line in figure 4.23 indicates the con-
tour where the generalized Rayleigh discriminant changes sign. The CI mode (2,2a) is a
centrifugal mode with similar characteristics as those described previously. The BI mode
(2,1a), however, shows different properties. The mode is concentrated near r/R = 0 and
z/Λ = ±0.7 which is near the regions of maximum total density vertical gradient. Yet, the
flow is stable to gravitational instability since Fh/α = 1.49 ≤ 1.5. The second BI mode
(2,3a) is located in the same regions but exhibits more radial oscillations and some internal
rays.

The GI and CI modes (2,1b), (2.5b) and (2,8b) of figure 4.22b are shown in figure 4.24.
The GI mode (2,1b) (figure 4.24a) is localized in the regions delimited by thick dashed lines
where the vertical gradient of total density ∂ρt/∂z is positive. This proves that this mode
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Figure 4.23: (color online) Real part of the radial velocity perturbation Re(ur) for Fh/α =
1.49,m = 2, Re = 10000, α = 0.5 of the modes: (a) (2,2a) (b) (2,1a) (c) (2,3a)
(see figure 4.22a). The thick dashed line represents the contour where the
Rayleigh discriminant Φ vanishes. The dotted line indicates the contour where
the angular velocity of the base vortex is Ω = 0.1Ω0. The potential vorticity
radial gradient along isopycnal changes sign on the double dotted dashed lines.

corresponds to the gravitational instability. The GI mode (2,5b) (figure 4.24b) shows more
complicated structures but is also localized near the regions of positive vertical gradient of
total density. The phase velocity of these gravitational modes ωr/m ' 0.45Ω0 is close to
the angular velocity of the base flow Ω ' 0.47Ω0 at the point (r = 0, z =

√
3/2Λ) where the

total density vertical gradient is maximum.

The CI mode (2,8b) is a centrifugal mode similar to mode (2,2a) shown in 4.23a. Figure 4.25a
shows the growth rate of the most unstable BI modes as a function of Fh/α in the vicinity
of the threshold Fh/α = 1.5 for different m for two different fixed aspect ratios α = 0.4 and
α = 0.5 for varying Fh, and for fixed Fh = 0.74 for varying α and Re = 20000. As can be
seen, the azimuthal wavenumbers m = 1, 2, 3 are unstable but not m = 0 and m ≥ 4. The
growth rates are mostly a function of Fh/α only for all m. The curve for m = 3 and α = 0.4
departs however slightly from the two other curves. BI modes only exist in a small range:
1.43 ≤ Fh/α ≤ 1.5, i.e. just below the threshold for the gravitational instability. This means
that BI modes are unstable only when the isopycnals are strongly deformed. Figure 4.25b
further shows that the growth rates of the BI modes decrease when the Reynolds number
decreases for a fixed aspect ratio and Froude number α = 0.5, Fh = 0.74. When Re ≤ 3000,
BI modes are stable.

In order to understand the origin of BI modes, figures 4.26b,c show the total base density ρt
for the same Froude numbers Fh/α = 1.49 and Fh/α = 1.67 as in figure 4.22. The density
ρt for a smaller Froude number Fh/α = 1.33 is also displayed for comparison (figure 4.26a).
When Fh/α increases, the isopycnals are more and more deformed in the vortex core due to
the thermal-wind relation (4.6). This suggests that BI modes could be due to the baroclinic
instability. A necessary condition for the baroclinic instability is that the potential vorticity
gradient along isopycnals

∂Π

∂r

∣∣∣∣
ρt

=
∂Π

∂r

∂ρt
∂z
− ∂Π

∂z

∂ρt
∂r

, (4.30)

changes sign somewhere in the flow (Hoskins et al., 1985; Eliassen, 1983). The potential vor-
ticity reads Π = ωb·∇ρt where ωb is the base vorticity ωb = −∂(rΩ)/∂zer+1/r∂(r2Ω)/∂rez.
The double dotted dashed lines in figure 4.23 indicate the contours where (4.30) vanishes.
The BI modes are located in the vortex core in the vicinity of the lines. This strongly sug-
gests that BI modes are due to the baroclinic instability. However, the condition (4.30) is
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Figure 4.24: (color online) Real part of the radial velocity perturbation Re(ur) for Fh/α =
1.67,m = 2, Re = 10000, α = 0.5 of the modes: (a) (2,1b), (b) (2,5b) and (c)
(2,8b) (see figure 4.22b). The thick dashed line represents the contour where
the Rayleigh discriminant Φ vanishes. The thick dash dotted line delimits the
regions where the vertical gradient of total density ∂ρt/∂z is positive. The
dotted line indicates the contour where the angular velocity of the base vortex
is Ω = 0.1Ω0. The potential vorticity radial gradient along isopycnal changes
sign on the double dotted dashed lines.
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Figure 4.25: Growth rate of the most unstable BI modes as a function of (a) Fh/α: for
α = 0.4 , α = 0.5 and Fh = 0.74 and Re = 20000 and (b) as a
function of Re for α = 0.5 and Fh = 0.74 for different azimuthal wavenumbers:

m = 0, m = 1, m = 2 and m = 3.
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Figure 4.26: Isopycnals of the base vortex for α = 0.5 for different Froude numbers (a)
Fh/α = 1.33, (b) Fh/α = 1.49, (c) Fh/α = 1.67. The vertical gradient of total
density ∂ρt/∂z = 0 vanishes on the thick dashed line in (c). The dotted
lines indicate the contour where the angular velocity of the base vortex
is Ω = 0.1Ω0. The potential vorticity radial gradient along isopycnals changes
sign on the double dotted dashed lines.

also satisfied for Fh/α = 1.33 (figure 4.26a) and continues to be satisfied as Fh/α decreases
further while BI modes disappear for Fh/α ≤ 1.43 for α = 0.5 and Re = 20000 (figure
4.25a).

To understand this, it is interesting to consider a simple model consisting in a vortex with
uniform angular velocity along the radial direction but varying linearly along the vertical
direction:

Ω = Ω̃0 − Ω̃1z, (4.31)

where Ω̃0 and Ω̃1 are constants. The corresponding base density is given from the thermal-
wind relation (4.6) as

ρb =
ρ0

g
r2Ω̃1(Ω̃0 − Ω̃1z). (4.32)

Such angular velocity and density fields are the simplest local approximation of the base
flow in the regions where the BI modes develop. For simplicity, we further consider that the
base flow (4.31) - (4.32) is bounded in a rigid cylinder of radius R and height H between
z = −H/2 and z = H/2. We also assume that the vertical variations of the angular velocity
are weak, i.e. Ω̃1H � Ω̃0. In appendix 4.A, it is shown that the linearized equations (4.12)–
(4.16) in the inviscid limit can be approximated at leading order in Ω̃1 by a single equation
for the pressure

1

r

∂

∂r

(
r
∂p

∂r

)
+

[
−m

2

r2
+ 4F̃h

2 ∂2

∂z2

]
p = 0 +O(Ω̃1), (4.33)

where F̃h = Ω̃0/N . The general solution of (4.33) which is finite at r = 0 is

p = Jm(2F̃hkr)[A cosh kz +B sinh kz], (4.34)

where Jm is the Bessel function of order m of the first kind and A and B are constants. By
imposing that the vertical velocity vanishes at the top and bottom: uz(z = ±H/2) = 0, we
obtain the dispersion relation

ω = mΩ̃0 +
mΩ̃1

k

√(
1− kH

2 tanh(kH/2)

)(
1− kH tanh(kH/2)

2

)
. (4.35)
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This relation is very similar to the well-known dispersion relation for the baroclinic instability
of a linear shear flow in quasi-geostrophic fluid (Eady, 1949). In order that the normal
velocity vanishes at r = R, we have also to impose

2F̃hkR = µm,n, (4.36)

where µm,n is the nth root of the Bessel function of the first kind of order m. As it is well-
known from the Eady problem (Vallis, 2006), (4.35) requires kH ≤ 2.4 to have an instability.
Combining this condition with (4.36) gives therefore

F̃h
α̃
≥ µm,n

4.8
, (4.37)

where α̃ = H/R is the aspect ratio of the base vortex. Since µm,n ≥ µ1,1 = 3.83, (4.37) gives
the condition for instability F̃h/α̃ > 0.8. Below this threshold, the unstable modes predicted
by (4.35) are too large to fit inside the cylinder containing the base flow. Although this model
is very crude, it explains qualitatively why the baroclinic instability for the Gaussian vortex
(4.1) develops only when the vertical Froude number Fh/α is above a critical value.

4.8 Instability map for Re < 10000

In this section, we build a map of the domains of existence of the different instabilities in
the parameter space (Re, Fh) summarizing the results derived in the previous sections. We
focus on the ranges of Reynolds numbers Re ≤ 10000 and low Froude number Fh ≤ 0.5α
which pertains to laboratory experiments in the strongly stratified regime. The centrifugal
instability has been found to occur when R = ReF 2

h ≥ 1000, 16 and 1600 for m = 0, 1, and
2, respectively. These thresholds are shown by solid lines in figure 4.27a,b,c for m = 0, 1, 2,
respectively. A symbol is plotted in these figures for each parameter combination (Re, Fh)
that has been computed numerically for the aspect ratio α = 0.5. The different symbols
indicate if an instability exists or not and its nature. As seen in figures 4.27a and 4.27c,
the threshold for the centrifugal instability in terms of the buoyancy Reynolds number R
discriminates well the centrifugally unstable and stable domains for m = 0 and m = 2.
For m = 1, the threshold ReF 2

h = 16 departs slightly from the observed limit between the
stable and unstable regions for moderate Reynolds numbers. This threshold, which has
been derived from results for Re ≥ 10000 (see figure 4.18), is therefore more approximative
for moderate Re. For m = 2, the shear instability develops when Fh ≤ 0.5α for large Re
(dashed line in figure 4.27c). For low Re, this threshold becomes dependent of the Reynolds
number and the dashed line corresponds to an empirical fit to the observations. Finally,
when Fh > 1.5α (dotted lines), the gravitational instability can develop for any azimuthal
wavenumber. For Froude number just below this threshold, the baroclinic instability can
also occur for m ≥ 1 for sufficiently large Reynolds number.

All these thresholds are plotted together in a single diagram in figure 4.27d for the aspect
ratio α = 0.5. Only low Reynolds numbers are stable. The maximum Reynolds number
ReM which is stable is given by the crossing of the thresholds for the shear instability and
the m = 1 centrifugal instability, i.e. 0.5α ' 4/

√
ReM giving ReM ' 63/α2. Hence, the size

of the stable domain depends strongly on the aspect ratio.

4.9 Comparison to previous works

It is now possible to attempt some comparisons between the present results and the labo-
ratory experiments of Flór & van Heijst (1996) and the numerical simulations of Beckers
et al. (2003).
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Figure 4.27: Stability diagram for α = 0.5 as a function of Re and Fh for different azimuthal
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The solid lines represent the thresholds for the centrifugal instability:
F 2
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hRe = 16 for m = 1; F 2
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The dashed line in (c) is fitted curve to numerical results and shows the
threshold for the shear instability. (d) Schematic diagram of stability for all
azimuthal wavenumbers. centrifugal instability (CI) threshold for each
m; shear instability (SI) threshold for m = 2; baroclinic instability
(BI) and gravitational instability (GI) threshold. Note that for m = 1,
due to the bending mode which is unstable in the long-wavelength limit, the
centrifugal instability (CI) threshold is also marked with bending mode (BM).
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Flór & van Heijst (1996) have observed unstable monopolar vortices that evolved into mul-
tipolar vortices when F = Vmax/NRmax > 0.1, where Vmax and Rmax are the maximum
azimuthal velocity and corresponding radius. In the case of the profile (4.1), we have
Fh = 1.7F . Since the aspect ratio of their vortices is around unity α ∼ 1, the condition
F ≥ 1 corresponds to Fh/α ≥ 0.17. At first sight, this seems incompatible with the con-
dition derived herein for the existence of the shear instability Fh/α ≤ 0.5. However, the
laboratory experiments of Flór & van Heijst (1996) are for low Reynolds numbers O(100)
so that the lower left part of the stability diagram for m = 2 (figure 4.27c) should be con-
sidered. Furthermore, the Reynolds number varies together with the Froude number since
it is the maximum velocity which is varied. Hence, we travel along a straight oblique line
starting from the origin in figure 4.27c. If the slope of this line is not too high, it is therefore
possible to enter the unstable domain as the Froude number increases. This would mean
that the stabilization observed by Flór & van Heijst (1996) for F < 0.1 is mostly due to
viscous effects.

Beckers et al. (2003) have also performed experiments and numerical simulations on pancake
vortices with an aspect ratio α ∼ 0.4. In their numerical simulations, they have not observed
any instability for the profile (4.1) in the Reynolds number range [500, 10000] and Froude
number range [0.1, 0.8]. Their definitions of the Reynolds and Froude numbers are related
to our definitions by: R̃e = V R/ν = 2α

√
πRe and F̃ = V/RN = 2α

√
πFh since they have

taken as velocity scale V = 2
√
πΛΩ0. Hence, using our definitions of Re and Fh, these

ranges correspond to 340 < Re < 6700 and 0.2 < Fh/α < 1.3. Therefore, according to
our results, they should have observed the shear instability when Fh/α < 0.5 and Re is
sufficiently large. However, Beckers et al. (2003) have obtained their results from perturbed
non-linear simulations. Thus, the base vortex decays during the simulations and could
become rapidly attenuated since viscous effects due to vertical shear scale like 1/(α2Re)
and can be significant for small aspect ratio even if the Reynolds numbers Re is large. In
contrast, for steeper angular velocity profiles with q ≥ 3, Beckers et al. (2003) observed the
shear instability when the Reynolds number is sufficiently large. Furthermore, they reported
that the growth rate of the shear instability decreases when the Froude number increases
which is consistent with our results.

4.10 Conclusions

In this paper, we have investigated the stability of an axisymmetric pancake vortex with
Gaussian angular velocity in both radial and vertical directions in a stratified fluid. The
instabilities of columnar vortices such as the centrifugal and shear instabilities have been
observed in spite of this pancake shape. The maximum growth rate of the centrifugal
instability is almost independent of the aspect ratio α meaning that it is weakly affected by
the pancake shape. The asymptotic formula for the growth rate of the centrifugal instability
for short-wavelength derived by Billant & Gallaire (2005) for inviscid columnar vortices
has been extended to viscous fluids and applied to pancake vortices. It shows that the
maximum growth rate for each azimuthal wavenumber m = 0, 1, 2 depends only on the
buoyancy Reynolds number R = ReF 2

h in good agreement with the numerical results for
pancake vortices. The critical Froude number for the apparition of the centrifugal instability
is therefore of the form Fh = c/

√
Re, where the constant c depends on m. We have also

found that the azimuthal wavenumber m = 1 is more unstable than the axisymmetric mode
for moderate buoyancy Reynolds numbers R . 4600. In contrast, the shear instability
occurring for m = 2, is strongly affected by the pancake shape and observed only when
Fh ≤ 0.5α for sufficiently large Reynolds number. This condition can be understood by
considering again the columnar configuration: it ensures that the vortex thickness is larger
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than the minimum wavelength λm ' 4FhR of the shear instability for a columnar vortex for
the same parameters. For m = 1, a displacement mode exists with almost zero frequency
and growth rate.

Two other instabilities specific to the pancake shape have been found. They are due to
the deformations of the isopycnals of the base flow. The gravitational instability can occur
when the isopycnals overturn, i.e. when Fh ≥ 1.5α. For Froude numbers just below this
threshold Fh ≥ 1.43α, the baroclinic instability have been also observed. In order to explain
this threshold, we have considered a simple model consisting in a sheared vortex with an
angular velocity uniform in the radial direction but varying linearly and weakly along the
vertical. When the vortex is assumed to be bounded in a cylinder of radius R and height H,
the baroclinic instability occurs only when the vertical Froude number is above a threshold.
Although this model is only qualitative, it highlights the fact that the baroclinic instability
can not always occur because of confinement effects even if the necessary condition of sign
reversal of the potential vorticity gradient is satisfied. In the future, it would be interesting
to study the non-linear dynamics of these instabilities.
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4.A Stability equations for a vortex with almost uniform an-
gular velocity

In this section, we derive the stability equation (4.33) for a base vortex with the angular
velocity (4.31), i.e. uniform in the radial direction and varying linearly along the vertical.
The assosiated density field is given by (4.32). In the inviscid limit, (4.12) and (4.13) yield
the radial and azimuthal velocities

ur =
is∂p∂r + 2Ωimp

r + 2rΩ∂Ω
∂z uz

s2 − 4Ω2
, (4.38)

uθ =
−2Ω∂p

∂r − sm
p
r + irs∂Ω

∂z uz

s2 − 4Ω2
, (4.39)

where s = mΩ − ω. The vertical velocity is obtained from the vertical momentum and
density equations (4.14) and (4.15)

uz =

g
ρ0

∂ρb
∂r ur − is∂p∂z

N2 − s2 − g
ρ0

∂ρb
∂z

. (4.40)

Combining (4.38) and (4.40) gives

uz =

g
ρ0

∂ρb
∂r

is ∂p
∂r

+2Ωim p
r

s2−4Ω2 − is∂p∂r

N2 − s2 − g
ρ0

∂ρb
∂z −

g
ρ0

∂ρb
∂r

2rΩ ∂Ω
∂z

s2−4Ω2

. (4.41)

We now assume that HΩ̃1 � Ω̃0 and ω = mΩ̃0 + ω1 with ω1 = O(Ω̃1H). This implies

s = −ω1 −mΩ̃1z = O(Ω̃1H). (4.42)

Hence, the velocity perturbations can be simplified at leading order in Ω̃1 to:

ur =
is∂p∂r + 2im(Ω̃0 − Ω̃1z)

p
r

−4Ω̃2
0 + 8Ω̃0Ω̃1z

+O(Ω̃2
1), (4.43)

uθ =
−2(Ω̃0 − Ω̃1z)

∂p
∂r −

sm
r p

−4Ω̃2
0 + 8Ω̃0Ω̃1z

+O(Ω̃2
1), (4.44)

uz =
−iΩ̃1mp− is∂p∂r

N2
+O(Ω̃2

1). (4.45)

Substituting (4.43) – (4.45) into the continuity equation (4.16) gives

is

[
1

r

∂

∂r

(
r
∂p

∂r

)
− m2

r2
p+

4Ω̃2
0

N2

∂2p

∂z2

]
= 0 +O(Ω̃2

1). (4.46)

Since s is different from zero, (4.46) reduces to the equation (4.33) for the pressure. The
general solution is given by (4.34). The boundary conditions at r = R and z = ±H/2 are
assumed to be

ur(r = R) = 0, (4.47)

uz(z = ±H
2

) = 0. (4.48)

104



4.B. Appendix B

4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

m = 1

m = 2

m = 3
m = 4

m = 5

m = 6

0 1 2 3 4 5 6 7
0

0.005

0.01

0.015

ωr/Ω̃0

ω
i/

Ω̃
0

Figure 4.28: Spectrum of the model for different azimuthal wavenumbers: m = 1; m = 2;
m = 3; m = 4; m = 5; m = 6. Filled symbols indicate spectrum predicted

by (4.52) and blank symbols show the numerical results for Ω̃0 = 1, Ω̃1 = 0.01,
R = 5, H = 2, and N = 1.2. For numerical computation Re = 10000 is used.

Using (4.43) and (4.45), these boundary conditions will be satisfied at leading order in Ω̃1 if

p = 0 at r = R, (4.49)

s
∂p

∂z
+mΩ̃1p = 0 at z = ±H

2
. (4.50)

Equation (4.49) leads to the relation (4.36). Using (4.33), (4.50) implies[
−Ω̃1m sinh kH

2 − (ω1 −mΩ̃1
H
2 )k cosh kH

2 Ω̃1m cosh kH
2 + (ω1 −mΩ̃1

H
2 )k sinh kH

2

Ω̃1m sinh kH
2 − (ω1 +mΩ̃1

H
2 )k cosh kH

2 Ω̃1m cosh kH
2 − (ω1 +mΩ̃1

H
2 )k sinh kH

2

] [
A
B

]
= 0.

(4.51)
This leads to the dispersion relation

ω1 =
mΩ̃1

k

√(
1− kH

2 tanh(kH/2)

)(
1− kH tanh(kH/2)

2

)
, (4.52)

so that ω = mΩ̃0 + ω1 is given by (4.35). The stability of the base flow (4.31)–(4.32) has
also been directly computed numerically for Ω̃0 = 1, Ω̃1 = 0.01, R = 5, H = 2, N = 1.2 for
a large Reynolds number Re = 10000. Figure 4.28 shows that the predictions of (4.35) and
the numerical results are in good agreement. For m = 1, 2 and 3, the secondary mode, i.e.
when 2F̃hRk = µm,2, is also unstable in addition to the first mode 2F̃hRk = µm,1.

4.B Secondary modes of the centrifugal instability

In this appendix, secondary centrifugal modes for columnar and pancake vortices are pre-
sented. Figure 4.29 shows the growth rate of the centrifugal instability as a function of the
scaled vertical axial wavenumber kRFh for a columnar vortex for Fh = 0.5 and Fh = 1 for
m = 0 and Re = 10000. When Fh is small as in figure 4.29a, there only exist only one mode
and the stabilization at large k is due to the viscous effect. When Fh is larger (figure 4.29b),
however, the growth rate of the first mode is now increased and a second mode exists with
small growth rate. Hence, a second mode is observed when the first mode is sufficiently
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unstable, i.e. large Fh and Re. The first mode has the simplest radial velocity structure as
shown in figure 4.30a while the second mode exhibits one more radial oscillation as depicted
in figure 4.30b.
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Figure 4.29: Growth rate ωi/Ω0 as a function of vertical wavenumber kRFh for (a) Fh = 0.5
and (b) Fh = 1 for a columnar vortex with m = 0, Re = 10000.

Now figure 4.31a shows a spectrum for pancake vortices for α = 1,m = 0, Fh = 1 and
Re = 10000. As shown in previous sections, the frequency for m = 0 is zero. There exist
12 modes and selected radial velocity perturbations are shown in figure 4.31b,c,d,e. The
most unstable mode has the simplest radial and vertical structures. Modes with smaller
growth rate show more vertical oscillations. In addition, a secondary mode exists as for
the columnar vortex. The velocity perturbation shows only few vertical oscillations like the
most unstable mode but has one more radial oscillation (figure 4.31d). Nevertheless, the
growth rates of the secondary centrifugal mode are much smaller than the first modes.

4.C The m = 1 displacement mode

For m = 1, there exists a displacement mode. This mode displaces the base flow horizontally.
The stream function ψ of the base vortex is

ψ = −1

2
r exp

(
− r

2

R2
− z2

Λ2

)
. (4.53)

Let us consider a small horizontal displacement ∆x and ∆y of the base flow in Cartesian
coordinate x and y. Assuming that ∆x = ∆y � 1,

ψ(x+ ∆x, y + ∆y) ' ψ +
∂ψ

∂x
∆x+

∂ψ

∂y
∆y︸ ︷︷ ︸

ψ̂

. (4.54)

Using chain rule, the streamfunction ψ̂ of the perturbation reads

ψ̂ =
∂ψ

∂r

∂r

∂x︸︷︷︸
cos θ

∆x+
∂ψ

∂r

∂r

∂y︸︷︷︸
sin θ

∆y. (4.55)
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Figure 4.30: The radial ur ( ) and azimuthal uθ ( ) velocities of the (a) first and (b)
second centrifugal modes of a columnar vortex for kRFh = 30, Fh = 1 and
Re = 10000.

Replacing cos θ = (exp(iθ) + exp(−iθ))/2 and sin θ = (exp(iθ) − exp(−iθ))/2i. The radial
and azimuthal velocity perturbations are

ûr =
1

r

∂ψ̂

∂θ
=

1

r

∂ψ

∂r

[(
∆x

2i
− ∆y

2

)
eiθ −

(
∆x

2i
+

∆y

2

)
e−iθ

]
, (4.56)

ûθ =
∂ψ̂

∂r
= i

∂

∂r

(
∂ψ

∂r

)[(
∆x

2i
− ∆y

2

)
eiθ −

(
∆x

2i
+

∆y

2

)
e−iθ

]
, (4.57)

Equation (4.56) and (4.57) mean that the horizontal velocity components are functions of
the base stream function ψ as

ur =
1

r

∂ψ

∂r
=
Vθ
r
, (4.58)

uθ =i
∂

∂r

(
∂ψ

∂r

)
= i

∂Vθ
∂r

. (4.59)

Figure 4.32a,b show (4.58) and (4.59), respectively and figure 4.32c,d show velocity per-
turbations of the displacement mode for m = 1: Re(ur) and Im(uθ) computed for
α = 0.5, Fh = 0.5, Ro = ∞ and Re = 10000. As can be seen, they are almost identi-
cal.
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5
Stability of a pancake vortex in

stratified-rotating fluids
This chapter investigates the stability of an axisymmetric pancake vortex with Gaussian
angular velocity in radial and vertical directions in stratified rotating fluids. The different
instabilities are mapped in the parameter space: Rossby number Ro, Froude number Fh,
Reynolds number Re and aspect ratio α. The centrifugal instability is dominant when the
absolute Rossby number |Ro| is large and is stabilized for small and moderate |Ro| since the
generalized Rayleigh discriminant is positive everywhere. The Gent-McWilliams instability
is then dominant for the azimuthal wavenumber m = 1. It continuously changes to a mixed
baroclinic-Gent-McWilliams instability for Burger number Bu = α2Ro2/(4F 2

h ) < 1 when
the Rossby number is not too large. The shear instability for m = 2 exists when Fh/α is
below a threshold depending on Ro. Similarly, when Bu < 1 and Ro ≤ O(10), the shear
instability transforms in the form of a mixed baroclinic-shear instability. The baroclinic
instability develops when Fh/α|1 + 1/Ro| > 1.46 in qualitative agreement with the analytical
predictions for a bounded vortex with angular velocity slowly varying along the vertical.
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5.1 Introduction

Vortices in geophysical flows have received much attention especially in the oceans due to
their important role in energy and scalar transports as well as mixing. Meddies (Mediter-
ranean eddies) are one of the well-known vortices that are formed by warm salty water
flowing from Mediterranean sea into Atlantic ocean and can live years traveling in the ocean
(Armi et al., 1989; Hobbs, 2007). The thickness of these mesoscale vortices is about 1km
and their diameter about 100km (Richardson et al., 2000). Similar eddies called Ulleung
eddies are formed by warm northward and cold southward currents in East/Japan sea. Once
formed, the eddies are trapped in Ulleung basin near Ulleng island (Chang et al., 2004).
These eddies are also pancake shaped with both warm and cold core, and a life time around
a couple of years. The characteristics of these mesoscale eddies are important because they
can greatly affect the fisheries (Kim et al., 2012). In many places, there exist actually numer-
ous observations of mesoscale eddies for example Reddies (Red ocean eddies) (Meschanov
& Shapiro, 1998) and Swoddies (Slope water oceanic eddies) (Pingree & Le Cann, 1992;
Carton, 2001; Carton et al., 2013).

Idealized models of these vortices have been studied experimentally and numerically with
a layered density stratification (Saunders, 1973; Griffiths & Linden, 1981; Hopfinger & van
Heijst, 1993; Baey & Carton, 2002; Benilov, 2003; Thivolle-Cazat et al., 2005; Aubert et al.,
2012; Lahaye & Zeitlin, 2015) as well as in continuously stratified fluids (Nguyen et al., 2012;
Lazar et al., 2013b,a; Hua et al., 2013). Saunders (1973) studied experimentally the stability
of a vortex produced by releasing a cylindrical volume of fluid into a fluid with a lighter
density placed on a turntable rotating at a constant speed. The spreading of the denser fluid
at the bottom resulted in an anticyclonic vortex which was stable when the Burger number
Bu = (δρg/ρ)H/f2R2 > 1.8, where δρ is the density difference between the two fluids, H
the height, f the Coriolis parameter and R the radius of the inner cylinder. In contrast
when Bu < 1.8, azimuthal disturbances grow on the vortex due to the baroclinic instability.
The azimuthal wavenumber m scaled like m ∼ 1.8Bu−1/2 and the smallest wavenumber
observed was a m = 1 wandering mode of the whole vortex. Similar observation have
been later reported by Griffiths & Linden (1981) and Thivolle-Cazat et al. (2005) when the
inner cylinder volume of fluid is less dense and has smaller depth than the surrounding fluid.
However, m = 1 wandering mode has not been observed for these surface vortices. Numerical
simulations performed by Verzicco et al. (1997) found good agreement with the results of
Griffiths & Linden (1981). Griffiths & Linden (1981) also conducted experiments when a
fluid is injected at constant flux into a rotating fluid with a different constant density or
with a continuous stratification. In this case, barotropic instability first developed and then
baroclinic instability as the anticyclonic vortex grew in size. In the case of the continuous
stratification, they also observed layers above and below the vortex core that they attributed
to the viscous-diffusive instability of McIntyre (1970). A similar instability was observed by
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Hedstrom & Armi (1988) but no non-axisymmetric disturbances were observed to grow in
contrast to Griffiths & Linden (1981). Hedstrom & Armi (1988) have also shown that the
aspect ratio and velocity field were in good agreement with the prediction of the lens model
of Gill (1981) in quasi-geostrophic fluids. Recently, Aubert et al. (2012) and Hassanzadeh
et al. (2012) have proposed and validated a universal law valid in general stratified-rotating
fluids which takes into account a density gradient in the vortex core.

Baey & Carton (2002) have studied the linear stability and the nonlinear evolution of ellip-
tically perturbed circular vortices in a two-layer shallow-water model. They found that the
two-layer model agrees generally with the quasi-geostrophic model except that cyclones are
more unstable than anticyclones at Bu ' 2. Lazar et al. (2013b,a) studied experimentally
and theoretically the stability of vortices in linearly stratified and rotating viscous fluids
with respect to the axisymmetric centrifugal instability. Taking into account the vertical
viscous effects which scale like k2 for large vertical wavenumber k, they obtained analytic
predictions for the most amplified vertical wavenumber and the marginal stability curves in
terms of the Burger, Ekman and Rossby numbers. Lahaye & Zeitlin (2015) have investi-
gated the linear stability and non-linear dynamics of anticyclones with a α-Gaussian profile
in a two-layer shallow-water. They have shown that asymmetric centrifugal modes are more
unstable than the axisymmetric mode for small Rossby number Ro or large Burger number
Bu. For even smaller Ro or higher Bu, the barotropic shear instability is dominant. Billant
et al. (2004) have carried out experiments on a columnar counter-rotating vertical vortex
pair in stratified-rotating fluid. They have shown that the dominant centrifugal instability
developing on the anticyclone is non-axisymmetric with an azimuthal wavenumber m = 1
for small Rossby number and small Froude number.

Nguyen et al. (2012) have conducted a numerical stability analysis of a pancake vortex
in quasi-geostrophic fluids. In the case of a Gaussian angular velocity in both radial and
vertical directions, they found that the dominant instability when the Burger number Bu =
N2Λ2/f2R2 < 1 (where N is the Brunt-Väisälä frequency, Λ the half thickness of the
vortex and R its radius) is generally a baroclinic instability with an azimuthal wavenumber
m = 2. For Bu > 1, the dominant mode is an anti-symmetric m = 1 mode. For very
small Bu < 0.1, higher azimuthal modes m > 2 become dominant. Hua et al. (2013) have
performed non-linear simulations of the dynamics of a lens-shape vortex in quasi-geostrophic
fluids. In addition to the development of asymmetric disturbances, they evidenced layering
in the vicinity of critical levels where the azimuthal phase speed equal the angular velocity
of the vortex. In chapter 4, we have analysed the stability of a Gaussian pancake vortex
in stratified non-rotating fluids. Instabilities similar to those of columnar vortices have
been found. The centrifugal instability occurs when the buoyancy Reynolds number ReF 2

h

is sufficiently large: ReF 2
h > 103, where Fh = Ω0/N is the Froude number based on the

maximum angular velocity Ω0 and Re = Ω0R
2/ν, where ν is the viscosity. The shear

instability can develop when Fh/α < 0.5 where α is the aspect ratio of the pancake vortex.
In addition, instabilities specific to pancake vortices can exist: the baroclinic instability
when Fh/α ≥ 1.43 and the gravitational instability when Fh/α ≥ 1.5.

In this paper, we will continue these stability analyses in the case of a stratified-rotating
fluid in order to link the infinite Rossby number limit (chapter 4) and the small Rossby
number limit (Nguyen et al., 2012). We show that new types of instabilities arise as Ro is
varied while some instabilities can be traced continuously from the stratified non-rotating
limit to the quasi-geostrophic limit.

This paper is organized as follows: the stability problem and methods are formulated in
§5.2. The effect of the Rossby number is investigated in §5.3 while the effects of the other
parameters (Fh, α and Re) are studied in §5.4. Conditions of existence for the shear instabil-
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ity, Gent-McWilliams instability and baroclinic instability are derived in §5.5, §5.6 and §5.7,
respectively. Finally §5.8 summarizes the domains of existence of each type of instability in
the parameter space (Fh/α, Ro).

5.2 Problem formulation

The problem formulation is the same as in chapter 4 except that the fluid is not only stably
stratified but also rotating about the vertical axis at rate f/2. Nevertheless, the main steps
of the problem are recalled here.

5.2.1 The base state

As in Nguyen et al. (2012) and chapter 4, we consider an axisymmetric pancake vortex with
angular velocity

Ω(r, z) = Ω0e
−
(
r2

R2 + z2

Λ2

)
, (5.1)

where (r, θ, z) are cylindrical coordinates, R the radius, Λ the typical half thickness and Ω0

is the maximum angular velocity. The radial and vertical inviscid momentum equations for
such steady base flow are

−rΩ2 − frΩ = − 1

ρ0

∂pt
∂r

, (5.2)

0 = − 1

ρ0

∂pt
∂z
− g

ρ0
ρt, (5.3)

where pt and ρt are the total pressure and density, respectively. Combining (5.2) and (5.3)
gives the thermal-wind equation

∂ρt
∂r

= −ρ0

g

∂

∂z
(rΩ2 + frΩ), (5.4)

yielding
ρt = ρ0 + ρ̄(z) + ρb(r, z), (5.5)

with ρ0 a constant, ρ̄(z) = −N2ρ0z/g where N =
√
−g/ρ0(dρ̄/dz) is the Brunt-Väisälä

frequency which is assumed constant and

ρb(r, z) = −z ρ0

g

(
R

Λ

)2

(Ω + f) Ω. (5.6)

5.2.2 Linearized Equations

We subject this vortex to infinitesimal perturbations of velocity u′ = [u′r, u
′
θ, u
′
z], pressure

p′, and density ρ′ written as

[u′r, u
′
θ, u
′
z, p
′, ρ′] = [ur(r, z), uθ(r, z), uz(r, z), ρ0p(r, z),

ρ0

g
ρ(r, z)]e−iωt+imθ + c.c., (5.7)
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where ω = ωr + iωi, ωr the frequency, ωi the growth rate and m the azimuthal wavenumber.
The linearized Navier-Stokes equations under the Boussinesq approximations are

− i(ω −mΩ)ur − (2Ω + f)uθ = −∂p
∂r

+ ν

(
∇2ur −

1

r2
ur −

2

r2
imuθ

)
(5.8)

− i(ω −mΩ)uθ + (ζ + f)ur +
∂rΩ

∂z
uz = − im

r
p+ ν

(
∇2uθ −

1

r2
uθ +

2

r2
imur

)
(5.9)

− i(ω −mΩ)uz = −∂p
∂z
− ρ+ ν∇2uz (5.10)

− i(ω −mΩ)ρ+
g

ρ0

∂ρb
∂r

ur +
g

ρ0

∂ρb
∂z

uz = N2uz + κ∇2ρ (5.11)

1

r

∂rur
∂r

+
1

r
imuθ +

∂uz
∂z

= 0 (5.12)

where ζ is the vertical vorticity, ν the viscosity, κ the diffusivity of the stratifying agent. The
problem is governed by five non-dimensional numbers: aspect ratio (α), Froude number(Fh),
Rossby number (Ro), Reynolds number(Re), Schmidt number(Sc), defined as follows:

α =
Λ

R
, Fh =

Ω0

N
, Ro =

2Ω0

f
, Re =

Ω0R
2

ν
, Sc =

ν

κ
. (5.13)

The Schmidt number is set to Sc = 1 throughout the paper. As explained in chapter
4, equations (5.8) – (5.12) are discretized with finite element methods using FreeFEM++
(Hecht, 2012; Garnaud, 2012) in the domain 0 ≤ r ≤ Rmax and −Zmax ≤ z ≤ Zmax. The
size is taken as Rmax ≥ 10R and Zmax = 5Λ. They are slightly different compared to
chapter 4 because some modes are more sensitive to radial confinement in the presence
of background rotation. The mesh is adapted to the base flow so that the mesh is finer
(∼ 0.001R) inside the vortex core than outside (∼ 0.1R). The boundary conditions at r = 0
are ur = uθ = 0 for m = 0, uz = p = ρ = 0 for m = 1 and u = p = ρ = 0 for m ≥ 2. At
the other boundaries, R = Rmax and z = ±Zmax, the perturbations are imposed to vanish:
u = p = ρ = 0. The matrix version of (5.8) – (5.12) built by FreeFEM++ is then solved
by means of an iterative Krylov-Schur scheme and a shift-invert method using the SLEPc
and PETSc libraries (Hernandez et al., 2005; Garnaud, 2012; Garnaud et al., 2013; Balay
et al., 2014; Roman et al., 2015). More details can be found in chapter 4. The limit α→∞
corresponding to a columnar vortex has been solved by means of a Chebyshev collocation
spectral method (Antkowiak & Brancher, 2004).

5.3 Overview of the effect of the Rossby number

We first present an overview of the effect of the Rossby number starting from the strongly
stratified non-rotating limit (Fh < 1 and Ro = ∞) previously studied in chapter 4. As
the absolute Rossby number is decreased, some instabilities are stabilized or modified while
new ones arise. This will enable us to connect the purely stratified limit to the quasi-
geostrophic limit studied by Nguyen et al. (2012). Throughout the paper, the exploration
of the parameter space will be restricted to the region stable to the gravitational instability,
i.e. where the total density gradient

∂ρt
∂z

= −ρ0N
2

g
+
∂ρb
∂z

, (5.14)
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Figure 5.1: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for m = 0 for different
Rossby numbers Ro: (a) Ro = ∞, (b) Ro = 20 and (c) Ro = −10 Fh = 0.5
and Re = 10000. Discrete symbols ( : for symmetric and for anti-symmetric
modes) are for pancake vortices for α = 0.5 and thick continuous lines ( ) are
for columnar vortices (α = 0.5).

is everywhere negative. This condition can be rewritten in the form

Fh
α
< c(Ro), (5.15)

where c is a constant depending on the Rossby number. However, it cannot be expressed
analytically in terms of Ro.

5.3.1 m = 0

For m = 0, it has been found in chapter 4 that only the centrifugal instability exists
in stratified fluid when the buoyancy Reynolds number ReF 2

h is sufficiently high. This
remains true when the Rossby number is varied. Figure 5.1 shows two examples of spectra
for Ro = 20 and Ro = −10 together with the one for Ro = ∞, all for the same set of
parameters: α = 0.5, Fh = 0.5 and Re = 10000. The unstable modes are shown by symbols
and are labelled (m, i) where i is the mode number. The maximum growth rate and the
number of modes vary with Ro but these variations are consistent with the spectra of the
most unstable mode of a columnar vortex for the same control parameters (grey continuous
lines). For each point, there exist actually two modes with different symmetry with respect
to the mid-plane z = 0: anti-symmetric ( ) and symmetric ( ). Some examples of modes
are shown in figure 5.2. The modes are localized inside the region delimited by red dashed
lines where the Rayleigh discriminant

Φ =
1

r3

∂

∂r

(
r2

(
Ω +

f

2

)2
)∣∣∣∣∣

ρt

, (5.16)

is negative. The number of oscillations along the vertical increases with the mode number
but there is always only one radial oscillation for the parameters of figure 5.1. The variation
of the growth rate of the most unstable mode as a function of Ro for α = 0.5, Fh = 0.5
and Re = 10000 is summarized in figure 5.3 (dashed line with symbols). The centrifugal
instability is stabilized for small Rossby number in the range −3.5 < Ro < 17. A similar
evolution of the maximum growth rate is observed for a columnar vortex (grey continuous
line). As shown in chapter 4, the growth rate of the centrifugal instability can be predicted
using the asymptotic formula of Billant & Gallaire (2005) for large axial wavenumber k for
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Figure 5.2: (Colour online) Real part of the radial velocity perturbation Re(ur) of the cen-
trifugal instability: (a) mode (0, 1) for Ro = 20 and (b) mode (0, 3) for Ro = −10
indicated in figure 5.1. The horizontal lines are isopycnals of the base density
field. The dotted line indicates the extension of the base flow where Ω = 0.1Ω0.
The thick dashed line ( ) indicates the contour where the Rayleigh discrimi-
nant Φ vanishes.

a columnar vortex with the addition of the leading viscous term as in Lazar et al. (2013b):

ω = ω(0) − ω(1)N

k
− iνk2, (5.17)

where

ω(0) = mΩ(r0) + i
√
−φ(r0), (5.18)

ω(1) =
ni

2
√

2

√
φ′′(r0)− 2m2Ω′(r0)2 + 2im

√
−φ(r0)Ω′′(r0)

−φ(r0)

√
1− φ(r0)

N2
, (5.19)

with n a non-negative integer, φ = (2Ω + f)(ζ + f) and r0 is given by

φ′(r0) = −2imΩ′(r0)
√
−φ(r0). (5.20)

The maximum growth rate predicted by (5.17) for Fh = 0.5 and Re = 10000 is shown by the
dashed grey line in figure 5.3. It is close to the maximum growth rate for both columnar and
pancake vortices. It is worth to point out that the maximum growth rate for Fh = 0.5 and
Re = 10000 is approximately three times smaller than the theoretical upper limit for the
growth rate of the centrifugal instability which is

√
−min(φ) for m = 0 (solid line in figure

5.3) and which is attained in the limit k → ∞ and ν → 0. Note also that min(φ)=min(Φ)
since min(Φ) is minimum on the symmetry plane z = 0.

5.3.2 m = 1

The centrifugal instability has been also observed for m = 1 in stratified non-rotating fluids
(chapter 4). This corresponds to the mode (1,1)–(1,3),(1,5) and (1,8) in figure 5.4a for
α = 0.5, Fh = 0.5, Ro =∞ and Re = 10000. In addition, there exists a mode (1,4) in figure
5.4a which exhibits both the characteristics of the centrifugal and the Gent-McWilliams
instability. The latter instability bends the vortex (Gent & McWilliams, 1986; Smyth &
McWilliams, 1998; Yim & Billant, 2015). Finally, the radial velocity perturbation of mode
(1,9) in figure 5.4a is almost identical to the angular velocity of the base flow such that it
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Figure 5.3: Maximum growth rate of the centrifugal instability for m = 0 as a function of Ro
for a pancake vortex for α = 0.5 ( ) and a columnar vortex ( ) for Fh = 0.5
and Re = 10000 . The dashed grey line ( ) shows the asymptotic maximum
growth rate (5.17) and the solid line ( ) shows the upper limit for the growth
rate of the centrifugal instability for m = 0:

√
−min(Φ). The horizontal dotted

line ( ) indicates the maximum growth rate of the pancake vortex for Ro =∞.
The vertical shaded region is the region unstable to gravitational instability.

displaces the vortex. This mode, which is almost neutral with zero frequency, corresponds to
the displacement mode. The modes (1,6) and (1,7) are mixed modes presenting which exhibit
both characteristics of the centrifugal and bending modes. The spectrum of a columnar
vortex for the same parameter is also shown in figure 5.4a by a continuous grey line for
comparison.

When the Rossby number is decreased to Ro = 20 keeping the other parameters fixed
(figure 5.4b), the spectrum remains qualitative similar to Ro = ∞ with the three main
types of modes: centrifugal ((1,1)–(1,4), (1,6)–(1,8)), mixed bending-centrifugal (1,5) and
displacement (1,9) modes. The structure of these three categories of modes is displayed
in figure 5.5 for Ro = 20. Again the series of the centrifugal modes differ by the number
of oscillations along the vertical (compare (1,1) to (1,3) in figure 5.5) but they have all
a single oscillation along the radial direction. They are localized near the region where
Φ is negative and they tend to be aligned along the base isopycnals. The bending and
displacement modes, which are represented in figures 5.5c,d, are almost identical to those
found for Ro =∞ (chapter 4).

A similar spectrum is observed for Ro = −10 (figure 5.4c) except that there is a clear sepa-
ration between the centrifugal mode and the bending mode. This is similar to the columnar
vortex case (grey solid line) where the Gent-McWilliams instability and the centrifugal in-
stability correspond to two distinct growth rate maxima for negative Rossby numbers in
contrast to positive Rossby numbers (Yim & Billant, 2015). The structure of the centrifugal
modes (figure 5.6a) is similar to those for Ro = 20 (figure 5.5a,b). The bending mode (figure
5.6b) is more localized in the vortex core and corresponds more clearly to a bending of the
vortex as a whole than for Ro = 20 (figure 5.5c) where the mixed bending-centrifugal mode
tends to concentrate at the top and bottom of the pancake vortex.
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Figure 5.4: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for m = 1 for different
Rossby numbers Ro: (a) Ro = ∞, (b) Ro = 20, (c) Ro = −10 (d) Ro = 5, (e)
Ro = 2 and (f) Ro = 1.43 for Fh = 0.5 and Re = 10000. Discrete symbols ( :
for symmetric and for anti-symmetric modes) correspond to pancake vortices
for α = 0.5 and thick continuous lines ( ) are for columnar vortices (α =∞).
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Figure 5.5: (Colour online) Real part of the radial velocity perturbation Re(ur) of (a) the
centrifugal mode (1, 1) and (b) mode (1, 3), (c) the mixed bending-centrifugal
mode (1, 5) and (d) the displacement mode (1, 9) for Ro = 20 (figure 5.4b). The
horizontal lines are isopycnals. The dotted line indicates the extension of the
base flow where Ω = 0.1Ω0. The thick dashed line ( ) indicates the contour
where the Rayleigh discriminant Φ vanishes.
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Figure 5.6: (Colour online) Real part of the radial velocity perturbation Re(ur) of (a) the
centrifugal mode (1, 1) and (b) the bending mode (1, 5) for Ro = −10 (figure
5.4c). The horizontal lines are isopycnals. The dotted line indicates the extension
of the base flow where Ω = 0.1Ω0. The thick dashed line ( ) indicates the
contour where the Rayleigh discriminant Φ vanishes.
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Figure 5.7: (Colour online) Real part of the radial velocity perturbation Re(ur) of the Gent-
McWilliams instability: (a) mode (1, 1) and (b) mode (1, 2) for Ro = 5 (figure
5.4d). The horizontal lines are isopycnals. The dotted line indicates the exten-
sion of the base flow where Ω = 0.1Ω0.

When the absolute value of the Rossby number is further decreased, the centrifugal insta-
bility disappears when Φ > 0 everywhere and only the Gent-McWilliams instability remains
as exemplified in figure 5.4d for Ro = 5. In this case, there are three unstable bending
modes and the first two are displayed in figure 5.7. The first one (figure 5.7a) is similar to
the one previously shown in figure 5.6b for Ro = −10 while the second one exhibits one
more oscillation along the vertical and is thus symmetric (figure 5.7b). There is still also
the displacement mode ((1,4) in figure 5.4d) with a very weak frequency and growth rate
since this mode derives from the translational invariance. All these modes are close to the
spectrum of a columnar vortex shown by the grey solid line (figure 5.4d). The maximum
frequency of the unstable branch of the columnar vortex is ωr = Ω0e−2 = 0.135Ω0. This
corresponds to the maximum frequency for which the gradient of the vertical vorticity ζ ′(rc)
is positive at the critical radius rc where Ω(rc) = ωr. This is the condition of existence of
the Gent-McWilliams instability for a columnar vortex (Gent & McWilliams, 1986; Yim &
Billant, 2015).

So far, all the unstable modes observed for a pancake vortex derived from those for a
columnar vortex. However, when the Rossby number is further decreased to Ro = 2 (figure
5.4e) and to Ro = 1.43 (figure 5.4f), all the unstable modes for pancake vortices have no
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Figure 5.8: (Colour online) Real part of the radial velocity perturbation Re(ur) of the mixed
baroclinic-Gent-McWilliams instability:(a) mode (1, 1) and (b) mode (1, 2) for
Ro = 2 (figure 5.4e). The horizontal lines are isopycnals. The dotted line
indicates the extension of the base flow where Ω = 0.1Ω0.

counterparts in columnar vortices except the displacement mode near the origin ((1,4) in
figure 5.4e and (1,7) in figure 5.4f). For Ro = 2, the most unstable mode (1,1) has a
frequency larger than 0.135 but is still close to the spectra of the columnar vortex. The
structure of the mode (figure 5.8a) is also similar to the Gent-McWilliams mode for Ro = 5
(figure 5.7a) but it tends to be distorted near r = R. Hence, we shall call this mixed mode as
baroclinic-Gent-McWilliams mode. Secondary modes also observed near the frequency ωr ∼
0.25Ω0 (figure 5.4e). Although different, their shape (figure 5.8b) has still a resemblance
with the secondary Gent-McWilliams mode for Ro = 5 (figure 5.7b). For Ro = 1.43, there
is now a series of modes aligned near the frequency ωr ∼ 0.25Ω0 and with a much larger
growth rate than for Ro = 2. A selection of these mode are depicted in figure 5.9. The
first two modes (1,1) and (1,2) show some similarities with those for Ro = 2 (figure 5.8) but
they are clearly more concentrated in the vortex core for r/R0 ≤ 0.5 and are maximum at
a slightly higher vertical level z/Λ = ±0.7. The next modes exhibit more radial oscillations
(figure 5.9c,d) but with still two vertical oscillations, i.e. one per half vertical plane. Similar
modes have been observed in stratified non-rotating fluids when the isopycnal deformations
are sufficiently strong and have been shown to originate from the baroclinic instability.
The deformations indeed increase when the Rossby number decreases for given aspect ratio
and Froude number. The isopycnals even overturn and are subjected to the gravitational
instability when Ro ≤ 1.3 for α = 0.5 and Fh = 0.5. In quasi-geostrophic fluids, a necessary
condition for the baroclinic instability is the sign change of the potential vorticity gradient
along isopycnal (Eliassen, 1983; Hoskins et al., 1985; Ménesguen et al., 2012):

∂Π

∂r

∣∣∣∣
ρt

=
∂Π

∂r
− ∂Π

∂z

∂ρt
∂r
∂ρt
∂r

= 0, (5.21)

where Π = (ζ + f)∂ρt/∂z − r∂Ω/∂z∂ρt/∂r is the potential vorticity and ζ is the verti-
cal vorticity of the base flow. The double dotted dashed line in figure 5.9 shows where
∂Π/∂r|ρt = 0. As can be seen, the modes develop in the vicinity of this line. The baroclinic
instability will be observed in more details in section 5.7.

The effect of the Rossby number on the growth rate and frequency of the most unstable
modes of each instability for m = 1 is summarized in figure 5.10. As already seen for m = 0,
the centrifugal instability (dashed line with circles) is stabilized for small Ro in the range
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Figure 5.9: (Colour online) Real part of the radial velocity perturbation Re(ur) of the baro-
clinic instability: (a) mode (1, 1), (b) mode (1, 2), (c) mode (1, 3) and (d) mode
(1, 6) for Ro = 1.43 (figure 5.4f). The horizontal lines are isopycnals. The dot-
ted line indicates the extension of the base flow where Ω = 0.1Ω0. The double
dotted dashed line ( ) shows where the isopycnal potential vorticity gradient
(5.21) changes sign.
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−2 . Ro . 8. The threshold for positive Rossby number has not been located precisely
because of the difficulty in distinguishing the centrifugal and Gent-McWilliams instabilities
when their growth rates are comparable. As already mentioned, there is indeed a smooth
transition between these two instabilities for positive Rossby number in columnar vortices
(Yim & Billant, 2015). The growth rate of the Gent-McWilliams instability (dashed line
with triangle) is almost constant for large Rossby number. For negative Rossby number,
the Gent-McWilliams instability stabilizes around Ro ∼ −2 like the centrifugal instability.
For positive Rossby number, the Gent-McWilliams instability becomes dominant over the
centrifugal instability when Ro . 7. However, its growth rate decreases as the Rossby
number decreases and becomes minimum for Ro = 2 corresponding to a Burger number
Bu = (αRo/2Fh)2 ≡ (NΛ/fR)2 around unity as indicated in the upper x axis. Below
this Rossby number, the frequency (figure 5.10b) increases beyond the cutoff frequency
ωr = 0.135Ω0 above which the Gent-McWilliams instability no longer exists in the case of
a columnar vortex (Yim & Billant, 2015). Simultaneously, the growth rate re-increases and
the instability becomes a mixed baroclinic-Gent-McWilliams instability. For smaller Rossby
number, the instability becomes the pure baroclinc instability (dashed line with diamond)
with a growth rate increasing dramatically as Ro decreases. However, the frequency satu-
rates at ωr ' 0.25Ω0. The growth rate of the displacement mode (dashed line with square)
remains very low for any Rossby number.

Similar results have been obtained by Nguyen et al. (2012) in quasi-geostrophic fluids except
that the centrifugal instability is absent since Ro � 1. Thus, they have reported only two
modes that they distinguish by their symmetry: a symmetric and an anti-symmetric modes.
When the Burger number Bu = α2Ro2/(4F 2

h ) is larger than unity, the symmetric mode
corresponds to the displacement mode herein and the anti-symmetric mode is similar to
the Gent-McWilliams most unstable mode. In contrast, when Bu < 1, the symmetric and
anti-symmetric modes correspond to the leading baroclinic modes herein. The growth rate
of the anti-symmetric mode is minimum for Bu = 1 like in figure 5.10 when the transition
between Gent-McWilliams and baroclinic instabilities occurs.

Finally, figure 5.11 compares the maximum growth rate and corresponding frequency of the
centrifugal instability for pancake (dashed line with circle) and columnar (grey continuous
line) vortices. As can be seen, they are close. The maximum growth rate and associ-
ated frequency predicted by (5.17) is also represented by a dashed line. It underestimates
the observed growth rate of both pancake and columnar vortices, especially for positive
Rossby number. This discrepancy probably comes from the smooth transition between
Gent-McWilliams and centrifugal instabilities and the difficulty in distinguishing clearly
these two instabilities when their growth rates are comparable.

In summary, for m = 1, the baroclinic instability dominates when Ro is small and the
centrifugal instability takes the place when Ro is large. In between, there exists the Gent-
McWilliams instability for positive Ro. For negative Ro, centrifugal instability is always
dominant. Although, only one particular set of parameters (α = 0.5, Fh = 0.5 and Re =
10000) has been presented, we shall see in the next section that this picture is typical of
other parameter combinations in the strongly stratified regime with moderate and strong
rotation.

5.3.3 m = 2

Finally, we present the effect of the Rossby number on the stability of the azimuthal
wavenumber m = 2 for the set of parameters: α = 1.2, Fh = 0.5 and Re = 10000. Note that
the aspect ratio is also changed to show a typical example of spectrum. In the strongly strat-
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Figure 5.10: (a) Maximum growth rates and (b) corresponding frequencies of the differ-
ent types of instabilities as a function of Ro for m = 1, α = 0.5, Fh = 0.5
and Re = 10000: centrifugal instability , symmetric displacement mode

, Gent-McWilliams instability , mixed baroclinic Gent-McWilliams in-
stability and baroclinic instability . The upper x axis indicates the
corresponding value of the square root of the Burger number

√
Bu. The hori-

zontal dotted lines ( ) indicate the growth rates and frequencies for Ro =∞
for the centrifugal and Gent-McWilliams instabilities. The shaded region is
gravitationally unstable.
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Figure 5.11: (a) Maximum growth rate and (b) corresponding frequency of the centrifugal
instability ( ) for columnar (thick continuous lines) and pancake (α = 0.5)
( ) vortices for m = 1, Fh = 0.5 and Re = 10000. The dashed grey line
shows the asymptotic maximum growth rate (5.17). The dotted line indicates
the Gent-McWilliams instability.

ified non-rotating case, two instabilities have been found: the centrifugal instability for suf-
ficiently large buoyancy Reynolds number ReF 2

h and the shear instability when Fh/α ≤ 0.5
(chapter 4). These corresponds to the modes (2,1)–(2,2) and (2,3), respectively in figure
5.12a. When the Rossby number is decreased, a scenario similar to the one described for
m = 1 occurs. The centrifugal instability becomes less dominant for moderate Rossby num-
ber (see figure 5.12b for Ro = 20) and disappears for small Rossby number (see figure 5.12c
for Ro = 0.8). An example of the structure of a centrifugal mode for Ro = 20 is depicted in
figure 5.13b. In contrast, the baroclinic instability appears for small Rossby number (modes
(2,1)–(2,4) in figure 5.12d for Ro = 0.25). As for m = 1, these baroclinic modes differ by
the number of oscillations in the radial direction and by their symmetry with respect to the
mid-plane z = 0 (figure 5.15a,b,c).

For all the Rossby numbers presented in figure 5.12, shear instability remains present around
the same frequency in the vicinity of the shear instability branch of the columnar vortex
(grey continuous line near ωr/Ω0 = 0.26). However, its growth rate for the pancake vortex
varies with Ro while the maximum growth rate for the columnar vortex is independent of
the Rossby number since the dominant mode is two-dimensional. Accordingly, the shape
of the shear instability mode varies somewhat with the Rossby number (see figure 5.13a
for Ro = 20, figure 5.14 for Ro = 0.8 and for figure 5.15d for Ro = 0.25). The mode
for Ro = 20 is almost identical to the one found for Ro = ∞ (chapter 4). The mode for
Ro = 0.25 (figure 5.15d) is similar but extends vertically around r/R = rI/R = 1.4 where
rI is the inflection point where ζ ′(rI) = 0. The same mode has been found by Nguyen et al.
(2012) in quasi-geostrophic fluids. They argued that this mode originates from a baroclinic
instability induced by the critical layer where ωr = mΩ. As can be seen in figure 5.15d, the
mode tends indeed to be distorted along the critical layer which is shown as a thin solid line.
However, figure 5.12 shows that this mode derives continuously from the shear instability.
For this reason, we will call here this instability: mixed baroclinic-shear instability.

Figure 5.16 outlines the effect of the Rossby number on the maximum growth rate and
associated frequency of each instability. The centrifugal instability (dashed line with circle)
is stabilized for −3 ≤ Ro ≤ 17 and is stronger for negative Rossby number than for positive
ones as already observed for m = 0 and m = 1. Strikingly, the opposite behaviour is
observed for the shear instability (dashed line with filled circle): it tends to be enhanced
for moderate positive Rossby numbers and attenuated for finite negative Rossby numbers.
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Figure 5.12: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for m = 2 for different
Rossby numbers Ro: (a) Ro =∞, (b) Ro = 20, (c) Ro = 0.8 and (d) Ro = 0.25
for Fh = 0.5 and Re = 10000. Discrete symbols ( : for symmetric and for anti-
symmetric modes) are for pancake vortices for α = 1.2 and thick continuous
lines ( ) are for columnar vortices (α =∞).
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Figure 5.13: (Colour online) Real part of the radial velocity perturbation Re(ur) of (a) the
shear mode (2, 1) and (b) the centrifugal mode (2, 2) for Ro = 20 (figure 5.12b).
The horizontal lines are isopycnals. The dotted line indicates the extension of
the base flow where Ω = 0.1Ω0. The thin dash dotted line in (a) shows the
inflection radius rI where ζ ′(rI) = 0. The thick dashed line ( ) in (b)
indicates the contour where the Rayleigh discriminant Φ vanishes.
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Figure 5.14: (Colour online) Real part of the radial velocity perturbation Re(ur) of the
mixed baroclinic-shear mode (2, 1) for Ro = 0.8 (figure 5.12c). The horizontal
lines are isopycnals. The dotted line indicates the extension of the base flow
where Ω = 0.1Ω0. The thin dash dotted line shows the inflection radius rI
where ζ ′(rI) = 0.
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Figure 5.15: (Colour online) Real part of the radial velocity perturbation Re(ur) of the
baroclinic instability: (a) mode (2, 1), (b) mode (2, 2) and (c) mode (2, 4), and
(d) the mixed baroclinic-shear mode (2, 5) for Ro = 0.25 (figure 5.12d). The
horizontal lines are isopycnals. The dotted line indicates the extension of the
base flow where Ω = 0.1Ω0. The double dotted dashed line ( ) shows where
the isopycnal potential vorticity gradient (5.21) changes sign. The thin solid
and dash dotted lines in (d) show the critical layer where ωr = mΩ(r, z) and
inflection radius rI where ζ ′(rI) = 0, respectively.
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Figure 5.16: (a) Maximum growth rates and (b) corresponding frequencies of the different
types of instabilities as a function of Ro for m = 2, α = 1.2, Fh = 0.5 and
Re = 10000: centrifugal instability , shear instability , baroclinic-shear
instability and baroclinic instability . The upper x axis indicates the
corresponding value of the square root of the Burger number

√
Bu. The hori-

zontal dotted lines ( ) indicate the growth rates and frequencies for Ro =∞
of the centrifugal and shear instabilities. The shaded region is gravitationally
unstable.
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Figure 5.17: (a) Maximum growth rates and (b) corresponding frequencies of the centrifugal
instability for columnar (thick continuous lines, ) and pancake (α = 1.2)
(symboled lines, ) vortices for m = 2, Fh = 0.5 and Re = 10000. The
dashed grey line ( ) shows the asymptotic maximum growth rate (5.17).

However, the growth rate of the shear instability decreases to zero as Ro decreases from
Ro = 7 to Ro = 1. Below Ro = 1 (which corresponds to Bu = 1 as indicated in the upper x
axis), it starts to re-increase but the instability is then of the mixed type: baroclinic-shear
instability. Such growth rate minimum for Bu ' 1 is consistent with the results of Nguyen
et al. (2012). This mixed instability exists down to Ro = −0.6 while the classical shear
instability reappears for Ro = −23. The baroclinic instability co-exists for small Rossby
numbers in the range 0 ≤ Ro ≤ 0.4. Its growth rate becomes very high as soon as the
Rossby number threshold is crossed but its frequency remains almost constant ωr = 0.5Ω0

figure 5.16b.

In figure 5.17, the maximum growth rate and associated frequency of the centrifugal insta-
bility for m = 2 for a pancake vortex is further compared to the one for a columnar vortex.
As already seen for m = 0 and m = 1, they are close. The asymptotic formula (5.17)
predicts quite well their characteristics.

5.4 Effect of the other parameters for a fixed Rossby number
around unity

In this section, we now fix the Rossby number to Ro = 1.25 and vary the other control
parameters: Reynolds number, Re, aspect ratio, α and Froude number, Fh. For this value
of the Rossby number, the centrifugal instability is not active but all the other instabilities
seen in section 5.3 may occur for some parameter combinations. Only the most unstable
mode for each type of instability will be studied and the two azimuthal wavenumbers m = 1
and m = 2 will be presented together (m = 0 is stable for Ro = 1.25).

5.4.1 Effect of the Reynolds number

Figure 5.18 shows the effect of the Reynolds number on the maximum growth rate and
associated frequency for α = 0.5, Fh = 0.3 and Ro = 1.25. The growth rates of the Gent-
McWilliams instability (dashed line with triangle) and shear instability (dashed line with
filled circle) asymptote to a constant value for large Re and decreases to zero for Re ' 1000
and Re ' 2000, respectively. Surprisingly, the growth rate of the displacement mode (dashed
line with square) first increases when the Reynolds number decreases. Thereby, it is most
unstable for a finite Reynolds number Re = 500. The instability of the displacement mode
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Figure 5.18: (a) Maximum growth rates and (b) corresponding frequencies of the Gent-
McWilliams instability ( ), displacement mode ( ) for m = 1 and
baroclinic-shear instability ( ) for m = 2 as a function of the Reynolds
number Re for α = 0.5, Fh = 0.3, and Ro = 1.25.

is therefore of viscous origin. A similar viscous instability of the displacement mode of
a columnar vortex exists in stratified-rotating fluids (Billant, 2010). In summary, for the
given parameters α = 0.5, Fh = 0.5 and Ro = 1.25, the m = 1 displacement instability
is dominant for Re < 2000 while the m = 1 Gent-McWilliams instability is dominant for
higher Re.

5.4.2 Effect of the Froude number

The Froude number is now varied for Re = 10000 still for α = 0.5 and Ro = 1.25 (figure
5.19). The displacement mode (dashed line with squares) keeps a very low growth rate
and frequency independently of the Froude number. In contrast, the growth rate of the
Gent-McWilliams instability (dashed line with triangle) fluctuates with Fh: it exhibits two
successive maxima as the Froude number increases before increasing widely when it trans-
forms into the mixed baroclinic-Gent-McWilliams instability. The structure of the mode for
some selected Froude numbers is displayed in figure 5.20. For Fh = 0.05, the mode exhibits
five oscillations along the vertical and is symmetric while for Fh = 0.2, it has only two
oscillations occupying the whole pancake vortex and is anti-symmetric as seen before (see
figure 5.7a). This change of structure explains why there is a slight frequency jump in figure
5.19b (dashed line with triangles) and two growth rate maxima (figure 5.19a). For Fh = 0.4
(figure 5.20c), the mode is of mixed type: baroclinic-Gent-McWilliams with a frequency
above the cutoff ωr = 0.135Ω0 of the Gent-McWilliams instability and below the frequency
ωr = 0.25Ω0 of the baroclinic instability (figure 5.19b).

The shear instability for m = 2 (dashed line with filled circles in figure 5.19) is most unstable
for Fh ' 0 and stabilizes for Fh ' 0.1. However, it becomes again unstable for Fh ≥ 0.3
but under the mixed form of the shear-baroclinic instability (dashed line with stars). When
Fh ≥ 0.4, the baroclinic instability for m = 2 (dashed line with crosses) becomes quickly
strongly unstable as Fh increases but with a constant frequency ωr ' 0.5Ω0. Three examples
of mode corresponding to these three types of instability for m = 2 are shown in figure 5.21.
For small Fh, the shear mode (figure 5.21a) is strongly localized near z = 0 where the
radial shear is maximum. In contrast, the shear-baroclinic mode (figure 5.21b,c) occupies
the whole pancake vortex as already seen in section 5.3.3.
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Figure 5.19: (a) Maximum growth rates and (b) corresponding frequencies as a function of
the Froude number Fh for α = 0.5, m = 1 and 2, Ro = 1.25 and Re = 10000
for different instabilities: displacement mode ( ); Gent-McWilliams instabil-
ity ( ); baroclinic-Gent-McWilliams instability ( ); baroclinic instability
( ) for m = 1; shear instability ( ); baroclinic-shear instability ( ) and
baroclinic instability for m = 2 ( ). The shaded area indicates the gravita-
tionally unstable region.
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Figure 5.20: Real part of the radial velocity perturbation Re(ur) of the most unstable mode
for different Froude numbers: the Gent-McWilliams insatiability (a) Fh = 0.05
and (b) Fh = 0.2, and (c) the mixed baroclinic-Gent-McWilliams instability
Fh = 0.4 for m = 1, α = 0.5, Ro = 1.25, and Re = 10000. The dotted line
indicates the extension of the base flow where Ω = 0.1Ω0.
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Figure 5.21: Real part of the radial velocity perturbation Re(ur) of the most unstable modes
for different Froude numbers: the shear instability (a) Fh = 0.05 and the mixed
baroclinic-shear instability (b) Fh = 0.3 and (c) Fh = 0.45 for m = 2, α =
0.5, Ro = 1.25 and Re = 10000. The dotted line indicates the extension of the
base flow where Ω = 0.1Ω0. The solid lines (—) are the critical layer (rc, zc)
where mΩ(rc, zc) = ωr.

5.4.3 Effect of the aspect ratio

We now vary the aspect ratio keeping the other parameters to the same values as before:
Fh = 0.3, Ro = 1.25 and Re = 10000 (figure 5.22). For m = 1, the displacement mode (dot-
ted line with squares) remains only marginally unstable while the growth rate of the Gent-
McWilliams instability (dashed line with triangles) is large but varies non-monotonically
with the aspect ratio. It exhibits two maxima, for α ' 1 and for large α. For very small α,
the growth rate rises again but the instability is then under the form of the mixed baroclinic-
Gent-McWilliams instability. The full spectra for three aspect ratios are displayed in figure
5.23 along with the spectra for α = ∞, i.e. for a columnar vortex (solid line). For small
aspect ratio (figure 5.23a), there exist only two unstable modes: the displacement mode
near the origin and the baroclinic-Gent-McWilliams instability near ω = 0.2Ω0 whose eigen-
mode is shown in figure 5.24a. This markedly differs from the columnar case (solid line).
In contrast, for larger aspect ratios (α = 3, figure 5.23b), many modes appear within the
frequency range of the columnar vortex. They are however less unstable than for α = 0.38.
At even larger aspect ratio α = 10 (figure 5.23c), the spectrum becomes denser with a bell
shape resembling the spectra of the columnar vortex. However, the maximum growth rate
for the columnar vortex is still higher. The most unstable eigenmode for α = 10 (figure
5.24c) presents a vertical wavelength λ ' 5.23R close to the most amplified wavelength of
the columnar vortex λ ' 4.5R. A longer typical wavelength λ ' 6.16R is observed for α = 3
(figure 5.24b).

As seen in figure 5.22a, the shear instability (dashed line with filled circles) is only unstable
for large aspect ratio α ≥ 2. However, for small α, it reappears in the form of the mixed
baroclinic-shear instability (dashed line with stars). The pure baroclinic instability for
m = 2 (dashed line with cross) also arises for very small aspect ratio.

5.4.4 Scaling in terms of the vertical Froude number

The two previous sections have revealed different growth rate variations as a function of the
Froude number and aspect ratio. However, figure 5.25 shows that the growth rate variations
are actually almost identical when represented as a function of the vertical Froude number
Fh/α. The transition from Gent-McWilliams instability to baroclinic-Gent-McWilliams
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Figure 5.22: (a) Maximum growth rates and (b) corresponding frequencies as a function
of aspect ratio α for Fh = 0.3, m = 1 and 2, Ro = 1.25 and Re = 10000
for different instabilities: displacement mode ( ); Gent-McWilliams instabil-
ity ( ); baroclinic-Gent-McWilliams instability ( ); baroclinic instability
( ) for m = 1; shear instability ( ); baroclinic-shear instability ( ) and
baroclinic instability for m = 2 ( ). The shaded area indicates the gravita-
tionally unstable region.
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Figure 5.23: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra for m = 1 for different
aspect ratios: (a) α = 0.38, (b) α = 3 and (c) α = 10 for Fh = 0.3, Ro = 1.25,
and Re = 10000. The solid line ( ) indicates the spectrum for the columnar
vortex for the same Fh, Ro and Re.
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Figure 5.24: Real part of the radial velocity perturbation Re(ur) of the most unstable mode
for different aspect ratios: the mixed baroclinic-Gent-McWilliams instability
(a) α = 0.38 and the Gent-McWilliams instability (b) α = 3 and (c) α = 10 for
Fh = 0.3, Ro = 1.25 and Re = 10000. The dotted line indicates the extension
of the base flow where Ω = 0.1Ω0.

instability occurs near Bu ' 1 (see the upper x axis) as found in quasi-geostrophic fluid
(Nguyen et al., 2012). The only deviation from this self-similarity is for small Fh/α: when
Fh/α < 0.1, the growth rate of the Gent-McWilliams instability grows with decreasing Fh/α
when α is varied and Fh kept constant whereas it decreases when α is fixed and Fh is varied.
This difference comes partly from viscous effects due to vertical shear since they scale like
1/ReF 2

h because the typical vertical scale Lv scales like Lv ∼ FhR. Thus, they increase when
the Froude number decreases keeping the Reynolds number constant. A small discrepancy
is also observed for m = 2 when Fh/α is small.

5.4.5 Energy budget

The previous section has evidenced a transform of both the shear and Gent-McWilliams
instabilities into mixed baroclinic instabilities when the vertical Froude number is above
a threshold. This transformation is apparent from the frequency and the structure of the
modes. In order to confirm these transformations from the point of view of the energet-
ics, we have computed the energy budget of the modes (Ménesguen et al., 2012). To do
so, the linearized equations (5.8) – (5.11) have been multiplied by the complex conjugate
(u∗r , u

∗
θ, u
∗
z, ρ
∗), respectively and their real part have been integrated over the flow domain.

This gives the energy balances:

ωiEk − Sk = −B −Dk, (5.22)

ωiEp − Sp = B −Dp, (5.23)

135



Chapter 5. Stability of a pancake vortex in stratified-rotating fluids

5

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∞ 10 2 1 0.8 0.6

√
Bu

0 0.2 0.4 0.6 0.8 1

0

0.02

0.04

0.06

Fh/α

m
ax

(ω
i/

Ω
0
)

Figure 5.25: Maximum growth rates as a function of vertical Froude number Fh/α for m = 1
and 2, Ro = 1.25 andRe = 10000. The upper x axis indicates the corresponding
value of

√
Bu. The filled symbols indicate when Fh is varied for α = 0.5 and

open symbols when α is varied for Fh = 0.3. Different symbols are used for
each instability: Gent-McWilliams ( ), baroclinic-Gent-McWilliams ( ),
baroclinic ( ) instabilities for m = 1, and shear ( ), baroclinic-shear ( )
and baroclinic ( ) instabilities for m = 2.
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Figure 5.26: Kinetic and potential energy transfer Sk ( ) and Sp ( ) and energy con-
version B ( ) of the energy balances (5.22) and (5.23) (a) for m = 1 and (b)
m = 2 for α = 0.5, Ro = 1.25 and Re = 10000.
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where

Ek =

Zmax∫
−Zmax

Rmax∫
0

1

2
(uru

∗
r + uθu

∗
θ + uzu

∗
z) rdrdz, (5.24)

Ep =

Zmax∫
−Zmax

Rmax∫
0

ρρ∗

2N2
rdrdz, (5.25)

Sk = −1

4

Zmax∫
−Zmax

Rmax∫
0

r
∂Ω

∂r
(u∗ruθ + u∗θur) + r

∂Ω

∂z
(u∗zuθ + uzu

∗
θ)drdz, (5.26)

Sp = −1

4

Zmax∫
−Zmax

Rmax∫
0

(
g

ρ0N2

∂ρb
∂r

(u∗rρ+ ρ∗ur) +
g

ρ0N2

∂ρb
∂z

(u∗zρ+ ρ∗uz)

)
rdrdz, (5.27)

B =
1

4

Zmax∫
−Zmax

Rmax∫
0

(ρu∗z + ρ∗uz)rdrdz. (5.28)

Ek and Ep are the kinetic and potential energies of the perturbation. The term Sk (Sp)
represents the transfer of kinetic (potential) energy from the base flow to the perturbation.
The term B is the energy conversion from the kinetic to potential energy of the perturbation.
Dk and Dp are the kinetic and potential energy dissipations. They are small and will not be
considered here. The transfers are plotted in figure 5.26 as a function of Fh/α for m = 1 and
m = 2 for α = 0.5, Ro = 1.25 and Re = 10000. These parameters correspond to the filled
symbols in figure 5.25. For both m = 1 (figure 5.26a) and m = 2 (figure 5.26b), the kinetic
energy transfer Sk is positive for Fh/α < 0.5 (Bu > 1.5), while the potential energy transfer
Sp is smaller and negative. This means that the source of the instability is the kinetic energy
of the base flow. For m = 1, a part of the kinetic energy of the perturbation is converted
to potential energy since B is positive. For m = 2 (figure 5.26b), the energy conversion
B is negative for Fh/α < 0.1 and then positive and of the same order as Sk. In contrast,
when Fh/α > 0.5 (Bu < 1.5), the potential energy transfer Sp becomes positive while Sk is
negative. The energy source of the instability is therefore the potential energy of the base
flow. This confirms that the baroclinicity then plays an important role and the instabilities
are of mixed nature: baroclinic-Gent-McWilliams and baroclinic-shear instabilities.

5.5 Condition of existence of the shear instability

In this section, we will show that the variations of the growth rate of the shear instability for
m = 2 as a function of Ro, Fh and α can be directly understood from the characteristics of
the shear instability for a columnar vortex. As demonstrated for stratified non-rotating fluids
in chapter 4, the shear instability for columnar vortices only exists for vertical wavenumbers
k in the range kRFh < 1.6. The minimum wavelength is therefore λmin ' 4FhR. One
wavelength will fit in the thickness of the pancake vortex 2αR only if Fh/α < 0.5. This
condition turns out to explain very well the existence of the shear instability for pancake
vortices in stratified non-rotating fluids. Here, we extend this criterion to arbitrary Rossby
number Ro. Figure 5.27 shows the growth rate of the shear instability for a columnar vortex
as a function of the rescaled vertical wavenumber kRFh/|Ro|. The growth rate is maximum
in the 2D limit k = 0 and decreases monotonically as kRFh/|Ro| increases. When Fh is
fixed and Ro is varied (figure 5.27a), the upper wavenumber cutoff kRFh/|Ro| varies. Note
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Figure 5.27: Growth rate for m = 2 for a columnar vortex as a function of the rescaled axial
wavenumber kRFh/|Ro|: (a) for different Rossby numbers Ro at fixed Fh = 0.5
and Re = 10000: Ro = 20; Ro = 7; Ro = 2; Ro = −3 and
(b) for different Froude numbers Fh at fixed Ro = 2 and Re = 10000:
Fh = 0.1; Fh = 0.5; Fh = 1; Fh = 2.

that the unstable branch near kRFh/|Ro| = 0.5 for Ro = 20 corresponds to the centrifugal
instability. On the other hand, when Fh is varied between 0.1 and 2 at fixed Ro as in
figure 5.27b, all the curves remain similar and stabilizes for kRFh/|Ro| ' 0.3. This suggests
that the wavenumber cutoff can be written kFhR = c(Ro) where c is a function of Ro.
The growth rate of the shear instability is shown in figure 5.28a as a function of Ro and
kRFh. The wavenumber cutoff kRFh first increases as Ro decreases from Ro = ∞ and
then decreases and follow the quasi-geostrophic scaling law kRFh/Ro = const for small
Rossby numbers. For negative Rossby numbers, the cutoff re-increases monotonically as
Ro decreases. As discussed in chapter 4, we consider that the thickness of the pancake
vortex 2αR corresponds to the maximum wavelength (or minimum wavenumber) that can
fit along the vertical. This yields the condition Fh/α ≤ c(Ro)/π for the existence of the shear
instability. This critical vertical Froude number is plotted in figure 5.28b. Assuming further
that the equivalent vertical wavenumber of the most unstable mode of the shear instability
for the pancake vortex is always the smallest fitting along the vertical, i.e. kR = π/α, one
can compare the growth rate of the shear instability for columnar and pancake vortices as
done in figure 5.17 for two different Rossby numbers Ro = 1.25 and Ro = −5. As can
be seen, the growth rate for columnar and pancake vortices are in very good agreement
for both Ro and vanish around the same value of Fh/α (or equivalently kRFh/π). For
Ro = 1.25, the growth rate for the pancake vortex rises again for Fh/α > 0.5 owing to the
mixed baroclinic-shear instability.

A similar comparison is made in figure 5.30 but now as a function of the Rossby number
for the parameters α = 1.2, Fh = 0.5 and Re = 10000 that have been presented in section
5.3.3. The maximum growth rate of the shear instability for the pancake vortex agrees quite
well with the one of the columnar vortex for kR = π/α. In particular, the shear instability
is stabilized in the same range of Rossby number: −20 ≤ Ro ≤ 3. Again, the growth
rate for the pancake vortex rises for small Rossby number but under the mixed form of the
baroclinic-shear instability. As a conclusion, these results demonstrate that the maximum
growth rate of the shear instability in pancake vortices corresponds in good approximation
to its growth rate in columnar vortices for the smallest vertical wavenumber kR = π/α
fitting in the pancake vortex. When this wavenumber is beyond the upper wavenumber
cutoff, i.e. π/α > c(Ro)/Fh, the shear instability is suppressed in pancake vortices.
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Figure 5.28: (a) Growth rate ωi/Ω0 of the shear instability for a columnar vortex as a func-
tion of Rossby number Ro and the rescaled vertical wavenumber kRFh for fixed
Fh = 0.2 and Re = 10000. The vertical dotted line is the wavenumber cutoff
kRFh = 1.6 for Ro = ∞. (b) Critical vertical Froude number Fh/α for the
shear instability as a function of Ro deduced from the wavenumber cutoff for
a columnar vortex.
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Figure 5.29: Maximum growth rate of the shear instability for columnar (for kR = π/α)
( ) and pancake ( ) vortices as a function of Fh/α for m = 2, Fh = 0.3
and Re = 10000 for (a) Ro = 1.25 and (b) Ro = −5. The vertical shaded region
is the gravitationally unstable region. in (a) indicates the baroclinic-shear
instability.
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Figure 5.30: Maximum growth rate of the shear instability for columnar ( ) and pancake
(α = 1.2) ( ) vortices as a function of Ro for m = 2, Fh = 0.5 and Re =
10000. The vertical shaded region is the gravitationally unstable region.
indicates the baroclinic-shear instability.

5.6 Scaling laws for the Gent-McWillliams instability

The fluctuations of the growth rate of the Gent-McWilliams instability as a function of
the vertical Froude number Fh/α (figure 5.25) can be also understood by comparison with
the columnar case. First, the vertical wavenumber k of the Gent-McWilliams eigenmodes
for pancake vortices can be estimated as k = 2π/λ where λ is twice the vertical distance
between contiguous minimum and maximum of the radial velocity perturbation. The growth
rate plotted as a function of this wavenumber scaled by FhR is shown in figure 5.31. The
corresponding growth rate for a columnar vortex is shown by the grey continuous line.

Let us first focus on figure 5.31a where the Froude number is fixed while the aspect ratio
varies. When α increases from α = 0.5 to α = 3, the growth rate of the Gent-McWilliams
instability for the pancake vortex (dashed line with triangles) increases and then decreases
in a fashion similar to the columnar case. In particular, the growth rate is maximum for
kRFh = 0.6 near the most amplified wavenumber kRFh of the columnar vortex. Neverthe-
less, the growth rate maximum for the pancake vortex is much smaller than for the columnar
vortex. Along the curve, the eigenmodes remains similar to the one shown in figure 5.20b,
i.e. the mode has a single oscillation along the vertical and occupies the whole pancake
vortex. However, when α = 3, a secondary mode with a structure similar to the one shown
in figure 5.24b starts to have a growth rate as high as the primary mode. The wavenumber
of this secondary mode is much higher and its growth rate is shown by the dashed line with
diamond in figure 5.31a. When α is further increased, the growth rate of this secondary
mode increases rapidly but its estimated wavenumber decreases only slightly toward the
most amplified wavenumber of the columnar vortex. Along this curve, the eigenmode has
therefore more and more oscillations along the vertical like in figure 5.24c. In other words,
the confinement effect due to the pancake shape becomes weaker as the vortex becomes
taller. Alternatively, when α is kept constant α = 0.5 (figure 5.31b), a similar evolution is
first observed when the Froude number is decreased from Fh = 0.3 to Fh = 0.05 (dashed
line with triangles). When Fh = 0.05, a secondary mode (dashed line with diamonds) be-
comes also unstable as the primary mode. This occurs for the same vertical Froude number
Fh/α = 0.1 as in figure 5.31a. The structure of this secondary mode is shown in figure
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Figure 5.31: Maximum growth rate as a function of the estimated vertical wavenumber kRFh
for m = 1, Ro = 1.25 and Re = 10000. (a) Fh is varied for α = 0.5 and (b) α
is varied for Fh = 0.3. The thick grey line corresponds to the columnar vortex
with the same parameters. The symbols are: for Fh/α > 0.1 and for
Fh/α < 0.1 in Figure 5.25.

5.20a. However, the growth rate of the secondary mode first increases slightly as Fh is
further decreased and then it decreases toward zero while its wavenumber also decreases.

The difference in behaviour compared to figure 5.31a comes probably from the fact that the
buoyancy Reynolds number ReF 2

h becomes too low when the Froude number Fh is decreased
below 0.05. It would be interesting to increase the Reynolds number to test this hypothesis.

5.7 Detailed study of the baroclinic instability

In sections 5.3 and 5.4, the baroclinic instability has been observed for m = 1 and m = 2 near
the threshold for the gravitational instability. Here, we will further study its dependence
on the Rossby number Ro and the vertical Froude number Fh/α. In addition, we will show
that the baroclinic instability destabilizes also higher azimuthal wavenumbers. A theoretical
criterion and scaling laws for the baroclinic instability will be next derived following the
approach used in chapter 4 for stratified non-rotating fluid.

5.7.1 A typical example

Figure 5.32 shows the spectra of the baroclinic instability for α = 0.5, Fh = 0.3, Ro = 0.4
and Re = 10000 for different azimuthal wavenumbers m. These control parameters are very
close to the threshold of the gravitational instability which is Fh = 0.32 for α = 0.5 and
Ro = 0.4. Among all azimuthal wavenumbers, m = 2 is the most unstable. For each m, the
most unstable mode is anti-symmetric (black symbol) and the second most unstable mode is
symmetric (grey symbol). Nevertheless, the growth rate difference between anti-symmetric
and symmetric modes becomes very small as m increases. The displacement mode is also
observed for m = 1 near the origin and the baroclinic-shear mode for m = 2 is located near
ωr/Ω0 = 0.18 with a small growth rate compared to the baroclinic instability. No different
instability type is found for other azimuthal wavenumbers m ≥ 3 . The characteristic
frequency of each azimuthal wavenumber is proportional to m: ωr/Ω0 ' 0.25m, i.e. the
azimuthal phase velocity is constant. In fact, this corresponds clear to the angular velocity
of the base flow Ω(rb, zb) ' 0.25 at the point rb = 0, zb = 1.17Λ where the vertical density
gradient ∂ρt/∂z is maximum for α = 0.5, Fh = 0.5 and Ro = 0.4.
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Figure 5.32: Growth rate (ωi/Ω0) and frequency (ωr/Ω0) spectra of the baroclinic instability
for different azimuthal wavenumbers: m = 1 ( ); m =2 ( ); m =3 ( ); m =4
( ); m =5 ( ) for α = 0.5, Fh = 0.3, Ro = 0.4, and Re = 10000. Grey and black
symbols indicate symmetric and anti-symmetric modes, respectively.

Figure 5.33 shows the first three anti-symmetric eigenmodes for m = 3. As already shown
for m = 1 and m = 2, the number of oscillations in the radial direction increases with
the mode number while the vertical structure remains the same. Figure 5.34a shows the
growth rate as a function of the radial wavenumber l = 2π/λr where the radial wavelength
λr has been measured for each eigenmode as illustrated in figure 5.33b. For each azimuthal
wavenumber, the growth rate decreases monotonically as l increases. As already visible in
figure 5.32, the maximum growth rate exhibits a bell-shape curve as a function of m (figure
5.34b). No instabilities has been found for m = 0 and m ≥ 6. These wavenumber properties
are very reminiscent of the baroclinic instability in parallel shear flows (Vallis, 2006).

5.7.2 Parametric study

Figure 5.35 outlines the effect of the Rossby number on the most unstable baroclinic mode for
each azimuthal wavenumber for α = 0.5, Fh = 0.3 and Re = 10000. When Ro increases, the
growth rate decreases all the more faster than m is large. Hence, m = 3 is the most unstable
azimuthal wavenumber when Ro is close to the threshold for the gravitational instability
whereas m = 1 becomes the most unstable for Ro ≥ 0.5. In contrast, the frequency of each
azimuthal wavenumber is independent of the Rossby number (figure 5.35). Similarly, figure
5.36 shows the effect of the Froude number for α = 0.5, Ro = 0.4 and Re = 10000. The
frequency is again independent of the Froude number (figure 5.36b) whereas the maximum
growth rate (figure 5.36a) increases with Fh/α all the mode faster than m is large.

5.7.3 A simple analytical model

In chapter 4, a model consisting in a bounded vortex with an angular velocity varying
only in the vertical direction has been considered and shown to account qualitatively for the
characteristics of the baroclinic instability in stratified non-rotating fluids. Such model takes
into account the main features of the base pancake vortex in the core where the baroclinic
instability develops. Its stability can be solved analytically when the vertical variations are
weak. Here, this model is extended to take into account a background rotation. The base
angular velocity of the vortex is assumed to be

Ω = Ω̃0 − Ω̃1z, (5.29)

142



5.7. Detailed study of the baroclinic instability

5

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(3, 1)(a)

0 0.5 1 1.5 2

−2

0

2

r/R

z
/Λ

(3, 3)

λr/2

(b)

0 0.5 1 1.5 2

r/R

(3, 5)(c)

0 0.5 1 1.5 2

r/R

Figure 5.33: Real part of the radial velocity perturbation Re(ur) for the three anti-symmetric
baroclinic modes for m = 3: (a) the most unstable mode (3, 1), (b) (3, 3) and
(c) (3, 5) for α = 0.5, Fh = 0.3, Ro = 0.4 and Re = 10000. The dotted line
indicates the extension of the base flow where Ω = 0.1Ω0. The double dotted
dashed line ( ) shows where the isopycnal potential vorticity gradient (5.21)
changes sign.
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Figure 5.34: (a) Growth rate (ωi/Ω0) as a function of the radial wavenumber l for different
azimuthal wavenumbers: m = 1 ( ); m = 2 ( ); m =3 ( ); m =4 ( ); m =5 ( )
and (b) maximum growth rate as a function of the azimuthal wavenumber m
for α = 0.5, Fh = 0.3, Ro = 0.4, and Re = 10000.
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Figure 5.35: (a) Maximum growth rates and (b) corresponding frequencies of the baro-

clinic instability (dark solid lines) as a function of Ro for different azimuthal
wavenumbers: m =1 ( ); m =2 ( ); m =3 ( ); m =4 ( ); m =5 ( ) for
α = 0.5, Fh = 0.3 and Re = 10000. Grey symbols indicate other instabili-
ties: baroclinic-shear instability for m = 2 and displacement mode for
m = 1. The shaded area indicates the gravitationally unstable region.
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Figure 5.36: (a) Maximum growth rates and (b) corresponding frequencies of the baro-
clinic instability (dark solid lines) as a function of Fh/α for different azimuthal
wavenumbers:m =1 ( ); m =2 ( ); m =3 ( ); m =4 ( ); m =5 ( ) for
α = 0.5, Ro = 0.4, and Re = 10000. Grey symbols indicate other instabili-
ties: baroclinic-shear instability for m = 2 and displacement mode for
m = 1. The shaded area indicates the gravitationally unstable region.
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where Ω̃0 and Ω̃1 are constants. From the thermal-wind relation (5.4), the base density is
obtained as

ρb =
ρ0

g

[
Ω̃0 +

f

2
− Ω̃1z

]
Ω̃1r

2. (5.30)

As in chapter 4, we consider that the base flow is contained in a rigid cylinder of radius R
and height H between z = −H/2 and z = H/2. By assuming that the vertical variations
are weak, i.e. Ω̃1H � |Ω̃0 + f/2|, the equation (5.8)–(5.12) in the inviscid limit can be
reduced at leading order in Ω̃1 to

1

r

∂

∂r

(
r
∂p

∂r

)
+

[
−m

2

r2
− C2 ∂

2

∂z2

]
p = 0 +O(Ω̃2

1), (5.31)

where C = 2|Ω̃0 + f/2|/N . Note that the hypothesis Ω̃1H � |Ω̃0 + f/2| is not valid around
R̃o ≡= 2Ω̃0/f = −1. The only difference in (5.31) with the stratified non-rotating case
considered in chapter 4 is contained in the constant C. The general solution of (5.31) is

p = Jm(Ckr) (A cosh kz +B sinh kz) , (5.32)

where Jm is the Bessel function of order m of the first kind and A and B are constants.
Imposing the boundary conditions uz(z = ±H/2) = 0 and ur(r = R) = 0 yield two relations
similar to those for the classical Eady problem (Vallis, 2006)

ω = mΩ̃0 +
mΩ̃1

k

√(
1− kH

2 tanh(kH/2)

)(
1− kH tanh(kH/2)

2

)
, (5.33)

CkR = µm,n, (5.34)

where µm,n is the nth root of Jm. Combining the condition for instability kH < 2.4 and the
fact that µm,n > µ1,1 = 3.83, yield the instability condition

F̃h
α̃

∣∣∣∣1 +
1

R̃o

∣∣∣∣ > 0.8, (5.35)

where α̃ = H/R and F̃h = Ω̃0/N . This condition simply states that the Burger numberBu =
α̃2N2/(f+2Ω̃0)2 based on the absolute angular velocity Ω̃0+f/2 should be below a threshold
for instability. When R̃o � 1, (5.35) recovers the classical condition for the baroclinic
instability (Eady, 1949; Saunders, 1973; Hide & Mason, 1975). We can also derive scaling
laws for the maximum growth rate and the most amplified wavenumber (5.33). For any m,
the growth rate is maximum for the first root of the Bessel function n = 1. An asymptotic
expansion of this root for large m is µm,1 = m + 1.856m1/3 + O(m−1/3) (Abramowitz &
Stegun, 1972). Taking only the leading order of this expansion, i.e. µm,1 ∼ m, (5.34) implies
m/k = CR. The growth rate is thus maximum when the term inside the square root in
(5.33) is minimum, i.e. when kH = 1.6. The most amplified azimuthal wavenumber is
therefore

mmax ' 3.2
F̃h
α̃

∣∣∣∣1 +
1

R̃o

∣∣∣∣ (5.36)

and the maximum growth rate is

ωimax ' 0.6Ω̃1R
F̃h
α̃

∣∣∣∣1 +
1

R̃o

∣∣∣∣ , (5.37)
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Figure 5.37: (a) Maximum growth rate and (b) most amplified azimuthal wavenumber m of
the baroclinic instability for different combinations of Ro and Fh: Ro = 0.4,
Fh varies , Fh = 0.3, Ro varies , Ro = 1, Fh = 0.42 , Ro = 5, Fh = 0.67 ,
Ro = 10, Fh = 0.7 , Ro = −5, Fh = 0.8 and Ro = ∞, Fh varies . Other
parameters are fixed to α = 0.5, Re = 10000. The dotted line in (a) is a fit.

for large m. These scaling laws are tested in figure 5.37 for the baroclinic instability of
the pancake vortex by assuming that Fh/α|1 + 1/Ro| is equivalent to F̃h/α̃|1 + 1/R̃o|.
Different combinations of Fh and Ro for α = 0.5 and Re = 10000. As seen in figure
5.37a, the maximum growth rate align in a straight line when represented as a function
of Fh/α|1 + 1/Ro|. The baroclinic instability only occurs for Fh/α|1 + 1/Ro| ≥ 1.46 in
qualitative agreement with (5.35). Note that the leftmost (star) in figure 5.37a, which is
slightly away from the other points, is for a negative Rossby number Ro = −5. Similarly,
figure 5.37b shows that the most amplified azimuthal wavenumber increases approximately
linearly with Fh/α|1 + 1/Ro|.
Figure 5.38 displays a map of the domain of existence of the baroclinic instability in the pa-
rameter space (Fh/α, Ro). The dashed line represents the threshold Fh/α(|1+1/Ro|) = 1.46
deduced from figure 5.37a. The shaded region delimited by the solid line is gravitationally
unstable. The circle symbols indicate the parameter for which the baroclinic instability has
been observed for m = 2, Re = 10000 and α = 0.5 while the cross symbols correspond to
the parameters stable to the baroclinic instability for m = 2. We can see that there is a
good agreement between the threshold Fh/α(|1 + 1/Ro|) = 1.46 and the numerical results
for positive Rossby number. However, the threshold departs from the numerical results for
negative Rossby number. This is most likely due to the assumption of the slow vertical
variation Ω̃1H � Ω̃0 + f/2 used to derive the theoretical scaling laws. This hypothesis
indeed breaks down around R̃o = −1. Furthermore, the location where the density gradient
is maximum actually varies with the Rossby number implying that Ω̃0 also varies with Ro.
These variations could be taken into account in a refined analysis.

5.8 Map of the instabilities

Figure 5.39 summarizes the different instabilities observed for each azimuthal wavenumbers
m = 0, 1 and 2 in the parameter space (Ro, Fh/α) for Re = 10000 and various aspect
ratios. The symbols indicate the instability type while the lines separate the different
semi-theoretical thresholds that have been derived throughout the paper. The solid lines
correspond to the thresholds for the centrifugal instability that can be obtained from the
asymptotic formula (5.17). For each azimuthal wavenumber, there is a stabilization at
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Figure 5.38: Domain of existence of the baroclinic instability for m = 2 as a function of
Fh/α and Ro for α = 0.5 and Re = 10000: circles ( ) indicate the parameters
unstable to baroclinic instability, crosses ( ) are for the stable case. The shaded
area indicates gravitational instability and the dashed line ( ) corresponds
to the threshold Fh(|1 + 1/Ro|) = 1.46.
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low Froude numbers because the buoyancy Reynolds number ReF 2
h , which control viscous

effects, decreases. The criterion for the baroclinic instability Fh/α(|1+1/Ro|) = 1.46 is again
shown by a dashed line and the condition derived in section 5.5 for the shear instability is
represented by a dotted line. These conditions are generally in good agreement with the
numerical results for all the parameters investigated. In summary, the centrifugal instability
exists for sufficiently high Rossby and Froude numbers. The shear instability for m = 2 is
present below a critical vertical Froude number Fh/α depending on the Rossby number. The
Gent-McWilliams instability for m = 1 is observed over wide ranges of Ro and Fh/α except
when it transforms to the baroclinic-Gent-McWilliams and baroclinic instabilities. The
baroclinic instability occurs only in a small band close to the threshold for the gravitational
instability (shaded region). However, mixed instabilities: baroclinic-shear for m = 2 and
baroclinic-Gent-McWilliams for m = 1 instabilities are also observed beyond the threshold
for the classical baroclinic instability where the Rossby number is not too large.

5.9 Conclusions

We have investigated the stability of an axisymmetric pancake vortex with Gaussian angular
velocity in both radial and vertical directions in stratified rotating fluids. In stratified non-
rotating fluids, chapter 4 and Negretti & Billant (2013) have shown that a pancake vortex can
be unstable to centrifugal, shear, baroclinic and gravitational instabilities. The centrifugal
instability occurs when the buoyancy Reynolds number ReF 2

h is sufficiently large while the
three other instabilities are mostly governed by the vertical Froude number Fh/α when the
Reynolds number is large. The shear instability develops when Fh/α ≤ 0.5 whereas the
baroclinic and gravitational instabilities are active when Fh/α ≥ 1.43 and Fh/α ≥ 1.5,
respectively. In contrast, in quasi-geostrophic fluids, Nguyen et al. (2012) found that, in
general, baroclinic instabilities are dominant for small Burger number Bu = α2Ro2/(4F 2

h ) <
1 while barotropic instabilities are dominant for Bu > 1.

In order to link the two limits: stratified non-rotating and quasi-geostrophic, we have first in-
vestigated the effect of the Rossby number for fixed aspect ratio α, Froude Fh and Reynolds
Re numbers. Then, the effect of the other parameters has been investigated for a fixed
Rossby number of order unity. When |Ro| is large, the centrifugal instability is dominant
since the generalized Rayleigh discriminant Φ is negative. It is stabilized for small Rossby
numbers before that Φ becomes positive everywhere because of viscous effects. The asymp-
totic formula for the growth rate of the centrifugal instability for columnar vortices for long
axial wavenumber (Billant & Gallaire, 2005) works well also for pancake vortices for m = 0
and m = 2. For m = 1, it is in good agreement with the numerical results only for negative
Rossby numbers. For moderate positive Rossby numbers, there is a discrepancy both for
columnar and pancake vortices because the centrifugal instability merges continuously with
the Gent-McWilliams instability. It is therefore not possible to distinguish them when their
growth rates are comparable. The Gent-McWilliams instability for m = 1 exists over wide
ranges of Rossby and vertical Froude numbers. This instability is due to the presence of
a critical radius where Ω = ωr in which the vertical vorticity gradient is positive ζ ′ > 0
(Gent & McWilliams, 1986; Yim & Billant, 2015). For small Burger number Bu < 1 and
not too large Rossby number, the Gent-McWilliams instability transforms continuously into
a mixed baroclinic-Gent-McWilliams instability. Just below the threshold for the gravita-
tional instability, it becomes a pure baroclinic instability with a frequency set by the angular
velocity at the point where the base density vertical gradient is maximum. For m = 1, the
displacement mode which derives from the translational invariance is also weakly unstable.
It is destabilized by viscous effects since its growth rate is maximum for a finite Reynolds
number and vanishes for Ro→∞.
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Figure 5.39: Domain of existence of the various instabilities for different azimuthal wavenum-
bers (a) m = 0, (b) m = 1 and (c) m = 2 as a function of Ro and Fh/α for
Re = 10000 and various α. The different symbols indicate the different instabil-
ities for each set of parameters investigated: centrifugal ( ); Gent-MCWilliams
( ); baroclinic-Gent-McWilliams ( ); baroclinic ( ); shear ( ) and baroclinic-shear
( ) instabilities, and stable ( ). The shaded area indicates the gravitationally
unstable region, the thick solid line shows the asymptotic growth rate for the
centrifugal instability (5.17) and the dashed line ( ) is the threshold the
baroclinic instability: Fh(|1 + 1/Ro|) = 1.46.
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The shear instability form = 2 exists when Fh/α ≤ c(Ro)/π where c is a function ofRo. This
condition derives directly from the fact that the shear instability for a columnar vortex exists
in the vertical wavenumber band 0 ≤ kRFh ≤ c(Ro). The minimum wavenumber fitting
inside the pancake vortex kR = π/α, is therefore unstable only when Fh/α ≤ c(Ro)/π. In
addition, the growth rate of the shear instability for pancake vortices agrees well with the
one of columnar vortices for the wavenumber kR = π/α. When the Burger number is small
Bu < 1 and the Rossby number is not too large, the shear instability transforms continuously
into a mixed baroclinic-shear instability whose eigenmode exhibits deformations along the
critical layer ωr = mΩ and at the inflection radius ζ ′ = 0. Just below the threshold for
the gravitational instability, the pure baroclinic instability is triggered and both baroclinic-
shear and baroclinic instabilities can co-exist. The baroclinic instability can also destabilize
higher wavenumbers m ≥ 3.

An analytical model consisting in a bounded vortex with an angular velocity only varying
slowly in the vertical direction has allowed us to show that the maximum growth rate
and the most amplified azimuthal wavenumber of the baroclinic instability should scale as
Fh/α|1 + 1/Ro| in good agreement with the numerical results for positive Rossby numbers.
The baroclinic instability develops only when Fh/α|1 + 1/Ro| ≥ 1.46. For negative Rossby
numbers around Ro = −1, the model breaks down because the hypothesis of small vertical
variation of the angular velocity compared to the absolute angular velocity Ω0 + f/2 no
longer holds. Altogether, these results have allowed us to draw the domains of existence of
each instability in the parameter space (Fh/α,Ro).
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5.A Discussion on the mixed instabilities: baroclinic-Gent-
Mcwilliams and baroclinic-shear for small Burger number

In previous sections, when the Burger number Bu is smaller than unity, the Gent-
McWilliams instability remains unstable with a frequency larger than the upper cutoff
(ωr = Ω(rI) = 0.135Ω0) for columnar vortices in the mixed form of the baroclinic-Gent-
McWilliams instability. Also, the shear instability re-appears continuously as a baroclinic-
shear instability beyond the vertical Froude number cutoff. Then, for smaller Bu� 1, the
(pure) baroclinic instability appears: for m = 1, the baroclinic-Gent-McWilliams instabil-
ity transforms to the baroclinic instability while the baroclinic-shear instability co-exists
with the baroclinic instability for m = 2. These mixed baroclinic-Gent-McWilliams and
baroclinic-shear instabilities are not observed when |Ro| is large although there exist strong
density deformations when Fh/α is near the threshold for the gravitational instability. This
is different from the pure baroclinic instability because it is observed for all Ro as soon as
the isopycnal deformations are strong enough. This suggests that these mixed baroclinic-
Gent-McWilliams and baroclinic-shear instabilities are not only controlled by the isopycnal
deformations but also need the small Burger and Rossby numbers. Here, we consider the
instability conditions in quasi-geostrophic fluids. By assuming f � 1 and N � 1 in (5.8)–
(5.12), we recover the quasi-geostrophic equation,

∂Π′

∂t
+ J(ψ′, Π̄) + J(ψ̄,Π′) = 0, (5.38)

where Π̄ and ψ̄ are the potential vorticity and streamfunction of the base flow

ψ̄ = −1

2
e−r

2−z2/α2
. (5.39)

Π̄ = ζ + f +
f2

N2

∂2ψ̄

∂z2
, (5.40)

where ζ = 1/r∂(r∂ψ/∂r)/∂r is the vertical vorticity, while (Π′, ψ′) are those of the pertur-
bations, J(a, b) = 1/r(∂a/∂r)∂b/∂θ − 1/r(∂b/∂r)∂a∂/θ is the Jacobian operator

Assuming that the perturbation has the form ψ′ = ψ(r, z) exp(imθ − iωt), (5.38) becomes

(mΩ− ω)

[
1

r

∂

∂r

(
r
∂ψ

∂r

)
− m2

r2
ψ +

f2

N2

∂2ψ

∂z2

]
+
m

r

∂Π̄

∂r
ψ = 0. (5.41)

Multiplying (5.41) with rψ∗ where ψ∗ is the complex conjugate of ψ and integrating in radial
and vertical directions with boundary conditions that ensure that the perturbation vanishes
at r =∞ and z = ±∞ gives

∞∫
−∞

∞∫
0

(
r

∣∣∣∣∂ψ∂r
∣∣∣∣2 +

f2

N2
r

∣∣∣∣∂ψ∂z
∣∣∣∣2
)

drdz = −
∞∫
−∞

∞∫
0

m

mΩ− ω
∂Π̄

∂r
|ψ|2drdz. (5.42)

The left-hand side of (5.42) is real. Hence, the instability condition, Im(ω)6= 0, is then

∂Π̄

∂r
= 0, (5.43)

somewhere which corresponds to the Charney-Stern instability condition. For the m =
1 Gent-McWilliams instability, the condition that the potential vorticity gradient at the
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Figure 5.40: Radial velocity perturbation Re(ur) for the Gent-McWilliams instability for (a)
Bu = 6.25 (Fh = 0.1) and (b) Bu = 0.49 (Fh = 0.36) for α = 0.5, Ro = 1 and
Re = 10000. the critical layer mΩ(rc) = ω, potential vorticity gradient
changes sign, vertical vorticity gradient changes sign and where the
potential vorticity gradient at critical layer is positive. The horizontal lines are
isopycnals.

critical layer should be positive, ∂Π̄/∂r(rc) > 0, gives

∂Π̄

∂r
=
∂ζ

∂r
+

∂

∂r

(
4F 2

h

Ro2

∂2ψ̄

∂z2

)
︸ ︷︷ ︸
O(Bu−1)×ζ

, (5.44)

For large Bu, the gradient of the vertical vorticity is dominant. However, for small Bu,
the second term in (5.44) becomes dominant meaning that there may exist Π̄′(rc) > 0
while ζ ′(rc) < 0. Figure 5.40 shows two example of the Gent-McWilliams instability for
Bu = 6.25 and for Bu = 0.49. As can be seen for large Bu, the inflection radius for the
vertical vorticity (vertical dash dotted line) and the one for the potential vorticity (dashed
line) are close while when Bu is small (figure 5.40b), differ. The thick continuous line
indicates when the potential vorticity gradient is positive at the critical radius (Ω(rc) = ωr).
When Bu is large, it is located at large r but for small Bu, it is above and beneath the
vortex. For a columnar vortex, the stabilization of the Gent-McWilliams instability for a
frequency which is larger than the cutoff frequency ω = 0.135Ω0 comes from the fact that
the vorticity gradient is negative at the critical radius above this frequency. However, for
pancake vortices, even though the vertical vorticity gradient is negative at the critical layer,
regions exist where the potential vorticity gradient is positive as can be seen in figure 5.40b.
Hence, this may explain why the Gent-McWilliams instability continues to exist as a mixed
baroclinic-Gent-McWilliams instability for small Bu for frequency over the frequency cutoff
of the columnar vortex.

The m = 2 baroclinic-shear instability which also occurs when Bu < 1 could be explained
similarly. Figure 5.41 shows the vertical vorticity perturbation of the shear instability m = 2
for different Rossby numbers. When Ro = 3 (figure 5.41a,b), the vorticity deforms around
the inflection point rI where ζ ′(rI) = 0 and the sign changes of potential and vertical
vorticities occur at similar radii. However, when Ro or Bu decreases, the contour where
∂Π̄/∂r = 0 flatten and differs from the inflection radius ζ ′ = 0. This is likely to be the
reason of the reappearance and distortions of the mode of the shear instability above the
cutoff vertical Froude number in the form of the mixed baroclinic-shear instability.
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Figure 5.41: Vertical vorticity perturbation (Re(ζ) and Im(ζ)) for different Rossby numbers:
the shear instability (a,b) Bu = 6.25 (Ro = 3) and the mixed baroclinic-shear
instability (c,d) Bu = 1.4 (Ro = 1.42), (e,f) Bu = 0.84 (Ro = 1.1), (g,h)
Bu = 0.35 (Ro = 0.71) and (i,j) Bu = 0.13 (Ro = 0.43) for α = 0.5, Fh = 0.3
and Re = 10000. critical layer mΩ(rc) = ω, potential vorticity gradient
changes sign and vertical vorticity gradient changes sign.
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5.B Typical eigenmodes for each instability type

Throughout the thesis, only radial velocity Re(ur) is shown. Here, we show other typical
eigenmodes for each type of instability.
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Figure 5.42: Typical eigenmodes for the centrifugal instability (a) ur, (b) uθ, (c) uz, (d) p
and (e) ρ for α = 0.5,m = 0, Fh = 0.5, Ro = −0.1 and Re = 10000.
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Figure 5.43: Typical eigenmodes for the Gent-McWilliams instability (a,b) ur, (c,d) uθ, (e,f)
uz, (g,h) p and (i,j) ρ for α = 0.5,m = 1, Fh = 0.1, Ro = 1.25 and Re = 10000.
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Figure 5.44: Typical eigenmodes for the baroclinic-Gent-McWilliams instability (a,b) ur,
(c,d) uθ, (e,f) uz, (g,h) p and (i,j) ρ for α = 0.5,m = 1, Fh = 0.4, Ro = 1.25
and Re = 10000.
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Figure 5.45: Typical eigenmodes for the shear instability (a,b) ur, (c,d) uθ, (e,f) uz, (g,h) p
and (i,j) ρ for α = 0.5,m = 2, Fh = 0.05, Ro = 10 and Re = 10000.
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Figure 5.46: Typical eigenmodes for the baroclinic-shear instability (a,b) ur, (c,d) uθ, (e,f)
uz, (g,h) p and (i,j) ρ for α = 0.5,m = 2, Fh = 0.3, Ro = 0.4 and Re = 10000.
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Figure 5.47: Typical eigenmodes for the baroclinic instability (a,b) ur, (c,d) uθ, (e,f) uz,
(g,h) p and (i,j) ρ for α = 0.5,m = 2, Fh = 0.3, Ro = 0.4 and Re = 10000.
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6.1 Conclusions

The linear stability of columnar and pancake vortices has been investigated in stratified-
rotating fluids. In the first part of the thesis, the stability of the azimuthal wavenumber
m = 1 of an axisymmetric columnar vortex in a stratified and rotating inviscid fluid has
been analysed. As first evidenced by Gent & McWilliams (1986) and further studied by
Smyth & McWilliams (1998), the instability of the azimuthal wavenumber m = 1 can be
the dominant instability which bends and slices the vortex into pancake-shaped vortices in
strongly stratified and rapid rotating fluids. This three-dimensional instability, called the
“Gent-McWilliams (GMW) instability” herein, can occur in the centrifugally stable regime
and in the quasi-geostrophic limit. The criterion for the instability in quasi-geostrophic
fluids is that the vorticity gradient ζ ′ is positive. We have extended this criterion to arbi-
trary background rotation and stratification by means of numerical and analytical studies.
We have shown that the Gent-McWilliams instability with long wavelength disturbances
is always unstable as long as the Froude (Fh) and Rossby (Ro) numbers are finite for a
vortex with Gaussian angular velocity. When Fh is larger than unity, an attenuation of the
instability occurs due to a critical layer where Ω(rc2) = 1/Fh. To generalize the instability
condition, we have studied two more vortex profiles: a vortex with an algebraic decay of the
angular velocity with exponent n controlling the sign of the vorticity gradient and a vortex
with non-zero circulation by combining a Gaussian and a Lamb-Oseen profiles. The vor-
tex with an algebraic decay is unstable to long-wavelength disturbances when the vorticity
gradient at the critical radius is positive provided that the Froude and Rossby numbers are
finite. Moreover, the condition ζ ′(rc) > 0 is necessary and sufficient for Fh < 1. The study
of the Lamb-Oseen-Gaussian vortex has shown that the critical radius is very large in the
long-wavelength limit. As a result, the vorticity gradient ζ ′(rc) is exponentially small for
long-wavelength. The instability occurs only above a cutoff wavenumber when the critical
point is closer to the vortex core where the vorticity gradient is not negligible.

In the second part of the thesis, the stability of an axisymmetric vortex with a pancake shape
has been analyzed in a continuously stratified and rotating fluid. The angular velocity is
chosen as Gaussian both in radial and vertical directions. Since there exist only few studies
on the linear stability of pancake vortices, the identification of unstable modes has been first
conducted. This step is done by considering generalized stability criteria for the various
instabilities and by comparing the radial profiles of the velocity perturbations to those for
columnar vortices. There exist columnar-like instabilities: centrifugal (for m = 0, 1, and
2), Gent-McWilliams (for m = 1) and shear (for m = 2) instabilities as well as specific
instabilities to pancake vortices: baroclinic and gravitational instabilities. These types of
instability are due to the non-uniform density field inside the vortex. The effect of the aspect
ratio α, Froude Fh, Reynolds Re and Rossby Ro numbers have been next investigated. The
aspect ratio of the pancake vortex has almost no effect on the spectrum of the centrifugal
instability because it is a local instability of short wavelength nature, which is generally much
shorter than the thickness of the pancake vortex. The spectra and scaling laws are very close
to those for columnar vortices. It stabilizes due to viscous effects which are controlled by
the buoyancy Reynolds number ReF 2

h . The Rossby number stabilizes this instability by
increasing the minimum of the generalized Rayleigh discriminant min(Φ) so that it becomes
positive everywhere when |Ro| is O(10). Shear instability exists for small vertical Froude
number: Fh/α < 0.5 for Ro = ∞. This vertical Froude number threshold derives from
the maximum wavenumber cutoff for a columnar vortex meaning that the vertical length of
the pancake vortex should be large enough to fit at least a vertical wavelength of the shear
instability. This holds for all the range of Ro in the form Fh/α < c(Ro) but the constant c
varies with Ro and cannot be expressed analytically. When Ro is small and Fh/α is large
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Figure 6.1: Domains of existence of the various instabilities as a function of Ro and Fh/α.
The lines indicate the thresholds for the centrifugal instability for m = 0 ( ),
m = 1 ( ) and m = 2 ( ) obtained from the asymptotic formula (3.4)
in chapter 5, the shear instability ( ), the baroclinic-shear instability ( ),
the baroclinic instability ( ): Fh(|1 + 1/Ro|) = 1.46 and the gravitational
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(small Bu), the columnar-like shear instability is stabilized but baroclinic-shear instability
appears. The eigenmode is similar to the shear eigenmode but is strongly distorted along
the critical radius and the inflection point rI where ζ ′(rI) = 0. The Gent-McWilliams
instability for m = 1 exists for wide ranges of Ro and Fh/α and becomes the most unstable
in the centrifugally stable region. The growth rate behaves as for the columnar vortex when
Bu is large, but it also transforms to a baroclinic-Gent-McWilliams instability when Bu is
smaller than unity. The displacement mode which exists for m = 1 is weakly unstable with
generally small growth rate and frequency. This mode resembles the base angular velocity
and translates the vortex horizontally. It is a viscous induced instability: it becomes neutral
when Re → ∞ and is most unstable when Re ∼ 500 while it is independent of the other
parameters. A pure baroclinic instability appears for m ≥ 1. This instability is due to the
density deformations of the base vortex due to the thermal-wind relation. Hence, the growth
rate becomes large near the threshold of the gravitational instability when the isopycnals
are strongly inclined in the vortex core. From a simple vortex model, it has been shown
that the baroclinic instability exists in the range Fh/α|1 + 1/Ro| < 1.43 , i.e. only when the
Burger number based on the absolute rotation of the vortex is above a threshold.

Figure 6.1 summarizes the stability conditions as functions of Rossby Ro and vertical Froude
number Fh/α. The thresholds for the centrifugal instability has been derived from the
generalized centrifugal instability condition in chapter 5 and the one for the baroclinic
instability corresponds to Fh/α|1 + 1/Ro| < 1.43. The criterion for the shear instability is
deduced from the minimum wavelength criteria Fh/α < c(Ro) and the one for the baroclinic-
shear instability is a fitted line from the numerical results. The Gent-McWilliams instability
exists everywhere except near the baroclinic instability threshold when Ro is not too large.
It is then in the form of the mixed baroclinic-Gent-McWilliams instability.

6.2 Perspectives

Here, we propose some perspectives to this work.

6.2.1 DNS and laboratory experiments of the instabilities

It would be interesting to perform DNS and laboratory experiments on the Gent-McWilliams
instability. To observe the Gent-McWilliams instability in the laboratory, a stratified ro-
tating tank such that Fh ≤ 1, Ro ∼ O(1) and a single columnar vortex generator would
be needed. The angular velocity profile needs further to satisfy the necessary condition for
instability. In complement to the linear stability of pancake vortices, the next step would be
to simulate the nonlinear dynamics of the instabilities. Experimental observations of these
instabilities would be also interesting.

6.2.2 Effect of double diffusion (viscous-diffusive)

Throughout the thesis, we have fixed to unity the Schmidt number Sc = ν/κ which is
the ratio between the kinematic viscosity ν and the diffusivity of the stratifying agent κ.
However, the typical Schmidt number in the ocean is about 700 for the salt meaning that
the momentum diffuses much faster than salt. Hence, it would be interesting to investigate
the effect of Sc on the instabilities. Figure 6.2 shows an example of the effect of Sc on
the axisymmetric mode of the centrifugal instability studied in chapter 4 for α = 0.5, Fh =
0.5, Ro = ∞ and Re = 10000. Figure 6.2a is for Sc = 1 while figure 6.2b,c are for Sc = 10
and Sc = 500, respectively. When Sc = 10, the frequency of the centrifugal mode is no
longer zero and the maximum growth rate decreases. The real part of the radial velocity
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Figure 6.2: Growth rate and frequency spectra for different Schmidt numbers: (a) Sc = 1,
(b) Sc = 10 and (c) Sc = 500 for m = 0, α = 0.5, Fh = 0.5, Ro = ∞, and
Re = 10000.
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Figure 6.3: Real part of radial velocity perturbations Re(ur) for the mode (a) A, (b) B and
(c) C in figure 6.2. Dotted lines indicate the limit of the vortex where Ω = 0.1Ω0.

Re(ur) of the most unstable mode for Sc = 10 (figure 6.3a) shows still the same centrifugal
mode as for Sc = 1. When Sc becomes even larger Sc = 500, the frequency increases further
and a new branch appears near ωr/Ω0 = 0. The most unstable modes for each branch are
shown in figure 6.3b,c. Figure 6.3b shows still the centrifugal modes but figure 6.3c shows
a very different mode. The mode has shorter wavelength and is localized above and below
the vortex core. It is probably due to the viscous-diffusive McIntyre instability and this
mode is similar to the experimental observations of instabilities near a rotating sphere in
a stratified fluid by Meunier et al. (2014) (figure 6.4). Two instabilities are observed near
the equator and above and below the sphere like in figure 6.3b,c. It would be interesting to
further study these instabilities for pancake vortices.

6.2.3 Density profiles

Another interesting future work would be to consider different density/velocity profiles of
pancake vortices. Here, we have only considered a vortex with Gaussian angular velocity
both in radial and vertical directions and the base density is derived from the thermal-wind
relation. However, some experiments shows that the angular velocity distribution follows
more the profile exp(−rq − z2/α2) with a steepness parameter q larger than 2. It would
be interesting to study the stability of these velocity profiles. Further, the angular velocity
of the vortex could be derived from the density data instead of the opposite. Figure 6.5
shows the Brunt-Väisälä frequency inside a Meddy (Hua et al., 2013). The background
stratification is represented by a dashed line and the stratification inside the Meddy core
is shown by a solid line. As can be seen, the Brunt-Väisälä frequency inside the Meddy is
approximately constant. As shown in chapter 2 (2.2), the isopycnals due to the Gaussian
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Figure 6.4: Layering observed near a rotating sphere in a stratified fluids (Sc = 700). Image
from Meunier et al. (2014).
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Figure 6.5: Vertical profiles of the Brunt-Väisälä frequency N2 in the background (black
dashed lines) and in the core (red continuous lines) of a Meddy. Image is repro-
duced from Hua et al. (2013).
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angular velocity are different from those of the Meddy. The angular velocity of such vortex
could be then retrieved from an inner constant Brunt-Väisälä frequency.

Figure 6.6: A schematic diagram showing a cold core eddy. Image from Legg et al. (1998).

6.2.4 Surface vortices

The stability of surface vortices could be also studied. Most of oceanic eddies are formed
near the surfaces of the oceans as illustrated in Chapter 1 with the examples of Ulleung and
Agulhas eddies. Ulleung eddy is an example of warm core eddy. Now, figure 6.6 shows an
example of cold core eddy (Legg et al., 1998). The eddy is formed by a cool current and due
to the evaporation, the core is kept cooled. Hence, the isopycnals go upward in the core.
Figure 6.7a shows a side view of the isopycnals (Molemaker & Dijkstra, 2000). Due to the
density deformation, the baroclinic instability develop as seen in figure 6.5b. This instability
mode resembles the one of pancake vortices except that the isopycnals are deformed along
the surface (compare figures 6.7 and 6.8). Thus, it would be interesting to further study the
stability of warm/cold core surface vortices.
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Figure 6.7: (a) Isopycnals of the base flow (b) baroclinic instability eigenmode located near
the surface. Image from Molemaker & Dijkstra (2000).
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Figure 6.8: (a) Isopycnals and (b) baroclinic instability for pancake vortices. Dotted lines
indicate the limit of the vortex where Ω = 0.1Ω0.
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Abstract
The stability of vortices in a stratified and rotating fluid is studied numerically and theoretically in order to
better understand the dynamics of vortices in the oceans and atmosphere. In the first part, the stability of a
columnar vertical axisymmetric vortex is analysed. For strong stratification and rapid background rotation
and some vortex profiles such as a Gaussian angular velocity, the dominant instability is a special instabil-
ity, called “Gent-McWilliams instability”, which bends and slices the vortex into pancake-shaped vortices.
Numerical and asymptotic stability analyses for long-wavelength show that this instability originates from
a destabilization of the long-wavelength bending mode by a critical layer at the radius where the frequency
of the mode is equal to the angular velocity of the vortex. A necessary condition for instability is that the
base vorticity gradient is positive at the critical radius. In the second part, the stability of an axisymmetric
pancake-shape vortex with a Gaussian angular velocity in both radial and vertical directions is analyzed de-
pending on the intensity of the stratification, the rotation of the fluid, the aspect ratio α of the vortex and the
Reynolds number Re. In the case of a strongly stratified non-rotating fluid, centrifugal and shear instabilities
are shown to have similar characteristics as for columnar vortices. The centrifugal instability occurs when
the buoyancy Reynolds number ReF 2

h (where Fh is the Froude number) is above a threshold and can be non-
axisymmetric close to the threshold. The shear instability develops only when the vertical Froude number
Fh/α is low such that the vortex thickness is larger than the cutoff wavelength for a columnar vortex for the
same parameters. Gravitational and baroclinic instabilities are also observed, respectively, above and just
below the threshold Fh/α = 1.5 which corresponds to a zero maximum total density gradient. A simple model
predicts the characteristics of the baroclinic instability. Strongly stratified rotating fluids are next considered.
The centrifugal instability becomes stabilized for small Rossby number Ro, in agreement with the generalized
Rayleigh criterion. An instability similar to the Gent-McWilliams instability of a columnar vortex occurs for
small Froude and Rossby numbers. The occurrence of the shear instability continues to be governed by con-
finement effects. Mixed shear-baroclinic and baroclinic-Gent-McWilliams instabilities are also observed when
the isopycnals are strongly deformed in the vortex core. The baroclinic instability develops when Fh/α(1 +
1/|Ro|) > 1.46, i.e. when the Burger number based on the absolute angular velocity is below a threshold.

Keywords: instability, columnar vortex, pancake vortex, stratified fluid, rotating fluid

Résumé
La stabilité de tourbillons dans un fluide stratifié en rotation est étudiée numériquement et théoriquement
afin de mieux comprendre la dynamique des tourbillons dans les océans et l’atmosphère. Dans la première
partie, la stabilité d’un tourbillon colonnaire vertical est analysée. Pour des fortes stratifications et des
rotations rapides, certains tourbillons comme ceux ayant une vitesse angulaire gaussienne présente une insta-
bilité particulière, appelée “instabilité de Gent-McWilliams”, qui courbe et découpe le tourbillon en couches.
Des analyses numériques et asymptotiques pour de grandes longueurs d’onde montrent que cette instabilité
provient d’une déstabilisation du mode de déplacement de grande longueur d’onde par une couche critique
au niveau du rayon où la fréquence du mode est égale à la vitesse angulaire du tourbillon. Une condition
nécessaire d’instabilité est que le gradient de vorticité de base soit positif au niveau du rayon critique. Dans la
deuxième partie, la stabilité d’un tourbillon axisymétrique en forme de crêpe avec une vitesse angulaire gaussi-
enne dans les directions radiale et verticale est analysée en fonction de l’intensité de la stratification, de la
rotation du fluide, du rapport d’aspect α du tourbillon et du nombre de Reynolds Re. Dans le cas d’un fluide
fortement stratifié non-tournant, les instabilités centrifuges et de cisaillement ont les mêmes caractéristiques
que celles des tourbillons colonnaires. L’instabilité centrifuge se produit lorsque le nombre de Reynolds de flot-
tabilité ReF 2

h (où Fh est le nombre de Froude) est supérieur à un seuil et est non-axisymétrique près du seuil.
L’instabilité de cisaillement ne se développe que lorsque le nombre de Froude vertical Fh/α est faible de sorte
que l’épaisseur du tourbillon est plus grande que la longueur d’onde de coupure d’un vortex colonnaire pour les
mêmes paramètres. Des instabilités gravitationnelles et baroclines sont également observées, respectivement,
au dessus et juste en dessous du seuil Fh/α = 1.5 qui correspond à un gradient de densité total maximum nul.
Un modèle simplifié prédit les caractéristiques de l’instabilité barocline. Le cas des fluides fortement strat-
ifiés-tournants est ensuite considéré. L’instabilité centrifuge disparâıt pour les nombres de Rossby Ro petits,
en accord avec le critère de Rayleigh généralisé. Une instabilité semblable à l’instabilité de Gent-McWilliams
d’un tourbillon colonnaire se produit pour les faibles nombres de Froude et Rossby. L’existence de l’instabilité
de cisaillement continue d’être régie par des effets de confinement. Des instabilités mixtes, Gent-McWilliams-
barocline et cisaillement-barocline, sont également observées quand les iso-densités sont fortement déformées
dans le coeur du tourbillon. L’instabilité barocline se développe lorsque Fh/α(1 + 1/|Ro|) > 1.46,
c’est à dire lorsque le nombre de Burger basé sur la vitesse angulaire absolue est inférieure à un seuil.

Mots clés: instabilité, tourbillon colonnaire, tourbillon crêpe ou lenticulaire, fluide stratifié, fluide tournant
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