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Abstract

This work presents a new recursion scheme to compute the cartesian derivatives of potentials on the smooth surface of a connected
solid. The advocated strategy solely appeals to boundary-integral equations and a very few informations regarding the surface geometry.
The whole algorithm is carefully tested against analytical solutions both for interior and exterior problems by implementing a collocation

points method.
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1. Introduction

Let us consider a solid particle occupying the bounded
domain 2 enclosed by a smooth, insulating and closed sur-
face S, of unit outward normal n, immersed in a viscous
and conducting liquid metal. It has been shown [1] that
when subject to uniform ambient electric and magnetic
fields E and B this particle experiences a rigid-body motion
whose determination requires to calculate surface integrals
of the following types

I = / V6 )(x)dS(x), 1> = / Wb, )xdSx), (1)

where ¢ denotes the perturbation electrostatic potential,
harmonic in the unbounded fluid domain @ = R*\ 2 and
subject to the Neumann boundary condition V¢ -n=
E - n on the insulating surface S and ¢ ; = 0¢/0x; whereas
¢ ;= 0>¢p/dx0x; for usual Cartesian coordinates x;=
OM - e;. In addition, occurring vector or tensor cartesian
components V; or Wy in (1) are given. Clearly, the key eval-
uation of /; and I, appeals to accurate approximations of

* Tel.: +33 1 69 33 36 79; fax: +33 1 69 33 30 30.
E-mail address: sellier@ladhyx.polytechnique.fr

0045-7825/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.cma.2006.05.003

¢, and ¢ ; on the boundary S. At a very first glance, one
may think about estimating /; by the determination of ¢
on S (as explained in Section 2.1) and the computation
of its tangential derivatives (because we know the normal
component V¢ -n=E - n this procedure indeed provides
the required potential gradient, V¢, on the surface). How-
ever, such an approximation of the needed tangential
gradient, V¢p — [V¢ - nln, requires to resort to high-order
boundary elements on S. For example, using 6-node
(curvilinear) triangular boundary elements yields a linear
approximation of the tangential gradient but only at inte-
rior points of the elements. If one may content oneself with
this procedure for 7, the case of I, is far more tricky: if in-
deed it remains possible to deduce inner constant approxi-
mations of second-order tangential derivatives of ¢ on each
quadratic boundary element (such as previously alluded to
6-node curvilinear triangular elements) the obtention of
the needed second-order normal derivatives, by exploiting
V?¢ = 0 on S, necessarily requires the intricated use of lo-
cal coordinates (as achieved in [2-4]). In the same spirit, the
calculation of the third-order derivatives ¢ ;; would at least
require to resort to cubic interpolations of ¢ on S and a
cumbersome link for the third-order normal derivative in
terms of local coordinates. Accordingly, one needs another
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procedure in computing high-order derivatives of the
potential on the surface. One might object that, except
for the motivating cases of I; and I,, one seldom needs to
compute the derivatives of potentials on the surface. How-
ever, it is sometimes worth evaluating ¢ and/or its deriva-
tives not on but near to S and the well-known and widely
employed integral representations of ¢(M) and its deriva-
tives, in terms of the values of ¢ and the normal flux
V¢ -n on S (see Section 2), experience dramatic losses of
accuracy as M approaches S. Even more and more refined
surface meshes fail in adequately handling such difficulties.
To remedy to these troubles it seems quite suitable to ap-
peal to the Taylor expansion of ¢ about a point M, of S
close to M and this approach rests on the accurate estima-
tion of more and more higher order cartesian derivatives of
¢ at this point M, on S, at least is MyM is not parallel to
n(M,). Similar worries actually also arise in linear elasticity
for the key evaluation of the surface stresses near or on a
boundary. If most of available papers deal with an
hyper-singular boundary-integral equation for the required
stress Cartesian components [5-8] and the displacement
Cartesian derivatives [9] note that [10] and [11] end up with
a non-singular boundary-integral equation in 2D and 3D
problems, respectively.

Recently [2-4] proposed a general method to compute
derivatives of potentials, displacements, stresses on the
boundary in both 2D and 3D problems arising in potential
theory and linear elasticity. The approach resorts to local
curvilinear normal and tangent coordinates in a neighbor-
hood of S and notes that each normal derivative 3" ¢/on"
(of order k > 2) may be expressed, by exploiting the har-
monic equation, in terms of tangential derivatives of order
k — [ of the normal derivatives 61¢>/6nl for 0</<k—1,
(under the notation 3°¢/0n = ¢). Hence, on S the deriva-
tives (with respect to the local coordinates) up to order
k = 2 are deduced from tangential derivatives of ¢ and
Y = V¢ -nup to order k and k — 1 respectively. It is proved
that, writing the integral representation A[y]= B[¢] on S,
each tangential derivative of  of order m > 1, denoted
by 1//5’"), fulfills the boundary-integral equation A[x//ﬁ’”)] =
C, on S, with C,, obtained from ¢f”’>,¢ and wﬁ” wit
2<I<m—2if m = 2. Successively solving such integral
equations as m increases from 1 to k — 1 (k > 2) thus pro-
vides on S the derivatives of ¢ with respect to local coordi-
nates up to order k. To the present day, this procedure has
been successfully and numerically worked out for k = 2 (by
a Galerkin method) and 2D interior or exterior Dirichlet
problems for the Laplace and plane linear elasticity equa-
tions only. Actually, the numerical implementation for
k =3 and/or 3D problems encounters the following
difficulties:

(i) For k > 3, one needs accurate approximations of
higher and higher order tangential derivatives of both
¢ and the local metric tensor on S. Even if the surface
is analytically given this requires more and more cal-
culations and when ¢ is not analytically prescribed

more and more refined meshes on S since one then
also needs to numerically approximate ¢ on the
boundary.

(i) One has to build the encountered right-hand sides
C,,, a task which becomes involved as m increases.

(ii1) In 3D cases two tangential coordinates are needed
and this results in a tedious calculation of C,,, even
for k=2.

(iv) Finally, the obtained derivatives are expressed in
local coordinates only. This appears somewhat dam-
aging for subsequent use of these derivatives (for
instance for surface integrations of derivatives, as
needed for I; and ) or Taylor’s expansions of
both the potential and its derivatives in the vicinity
of the boundary.

This work presents a new procedure free from all the
previous drawbacks (ii)—(iv). The advocated treatment
gives the cartesian derivatives ¢, , , if needed up to large
orders m > 1, without any amount of complexity as m
increases and solely makes use of the unit normal vector
n and the mean curvature on the surface S. More precisely,
the paper is organized as follows. A new boundary-integral
equation and a suitable bootstrapping algorithm that
provides the cartesian derivatives of ¢ up to order m > 1
are established in Section 2, both for interior and exterior
problems and a the surface S of one connected solid. The
general case of the surface of a collection of connected
solids is addressed in Section 3 whereas a numerical imp-
lementation and illustrating benchmarks, both for one
and several connected solids, are presented in Section 4.
Finally, a few concluding remarks and suggestions close
the paper in Section 5.

2. Interior or exterior problems for one connected body

Let us call connected solid a nonempty, compact and
connected subset of R® whose smooth boundary S has only
one connected component and denote by €; its interior. We
further designate by Q, the exterior domain Q, = R*\ @
and by n the unit outward normal on S, as sketched in
Fig. 1(a) and (b).

Throughout the paper Cartesian coordinates Xx;=
OM -e; and the usual tensor summation notation are
adopted with x =OM = xe; and r = |x| = (x,~x,~)l/2. Both
for interior (2 = Q,) and exterior (Q2 = €,) cases, the poten-

a b

Fig. 1. (a) Case of the interior problem: Q@ = Q. (b) Case of the exterior
problem: Q = Q,.
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tial ¢ is governed by the usual mixed boundary value
problem

V¢=0inQ, Vop-n=FonS', ¢=UonS" =5\S (2

with prescribed Neumann and Dirichlet data F and U and
the following additional far-field behavior and compatibil-
ity condition

|r¢p) < O(1) asr— oo for exterior Cases (2= Q,), (3)

/F(y) dS(y) =0 if §'=S for interior Cases (2= ;). (4)
s
Let us introduce the usual Sobolev spaces H'(Q;) = {u
such that u € LX(Q,) with Ou/dx; € LX(Q,) for i=1,2,3},
W(Q,) = {u such that u/(1 + %> € LA(Q,) and du/dx; €
L*(Q,) for i=1,2,3}, the standard boundary Sobolev
space H 1 %(S) as alluded-to in [4] and detailed in [15], and
its dual Sobolev space H*I/z(S) via the usual L>-duality.
For X C S we furthermore define the dual Sobolev bound-
ary spaces H'/*(X) and H~"*(Z) with H'*(%) = {u defined
on X such that # € H'/?(S) if 4 =u on X and &t = 0 on
S\ 2}. Then [12], under the additional conditions (3) or
(4), the problem (2) admits a unique solution ¢ in W(Q,)
or H'(Q,) as soon as Uc Hl/z(S”) and Fe Hﬁl/z(S’) for
exterior problems or interior problems respectively if
S # 8. If §’=S5 any well-posed interior problem (such
that the compatibility condition (4) holds) admits a solu-
tion ¢ € H'(Q) unique up to an arbitrary constant for
Fe H*I/Z(S). For any encountered case, we look at the
cartesian derivatives ¢ ;= 0¢/0x;, ¢ ;=(¢,),...at the
boundary S.

2.1. Obtention of the normal flux on the surface

In this subsection it is assumed that S’ # S and we
briefly give a well-established procedure to obtain the
potential ¢ and its normal flux V¢ - n on the whole bound-
ary. If G(x,y), H(x,y)=VGy n(y) and A(x) respectively
denote the usual free space Green’s function, its normal
derivative on the surface S and a function % such that

G = gy Mooy = 2
h(x) = / H(x.y)dS(y) (5)

we first note that, because S admits a tangent plane
everywhere,

hx)=—1if x€Q, hx)=-1/2ifxeSs,
h(x) =0 if x € Q.. (6)

In addition, the second Green’s identity yields the widely
employed integral representation

/S{G(X’ Y)[Vé -nl(y) — ¢(y)H(x,y)}dS(y) = Fo(x),
forx € Q (7)

with, as henceforth adopted in the whole paper, signs — or
+ for interior or exterior problems respectively. If Q is
bounded (case of the interior problem) the above pro-
perty (7) easily arises (see [13,14]) from the basic link
V2G(x,y) + d(y — x) = 0 where & denotes the usual Dirac
generalized function. For exterior problems one intro-
duces, as depicted in Fig. 2, the bounded domain Q, en-
closed by S and the sphere S, = {y; |y — x| = p} centered
at x € Q= Q, and of large enough radius p. Relation (7)
then holds for the interior problem in @, of boundary
SUS, and outwarding unit normal ey(y) = (y — X)/p on
S, and —n on S. Noting that the far-field behavior (3)
and the 1/r-decay of G make the integration on S, vanish
as p tends to infinity, one thus deduces (7) for the exterior
problem.

For interior problems, substituting (6) in (7) then yields

/S (G(x,y)[V - nl(y) — [$(y) — (IH(x, )} dS(y) =0,
forx e Q;US. (8)

Indeed, (8) clearly holds if x belongs to 2 = Q, and it actu-
ally remains true as x tends to S because each occurring
integral remains regular in such a limit process. The case
of exterior problems is again handled by using the bounded
domain Q, and letting p tend to infinity. Noting that for
xeQ,us

s, X—y

P

one this time ends up, for any exterior problem, with the
relation

/S{G(X’Y) [V -nl(y) = [¢(y) — ¢(x)H (x,y)} dS(y) = —¢(x),
forxe Q,US. (10)

If x is located on S the above links (8) and (10) result in
boundary-integral equations that relate the potential ¢ to
its normal flux V¢ -n on the boundary. More precisely,
taking into account the mixed boundary value conditions

o\Q, ! n '

T P

Fig. 2. Case of an exterior problem. The surface, S,, of the sphere
centered at x is indicated by the dashed curve.
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(2) on S’ # S and S”, one obtains the well-posed bound-
ary-integral equation

[iow - ¢<x>1("|;y_)'y|“3(y> as(y) - 2n(1°1)$(x)

_ [ [V¢-n](y)
_/s Ix -yl 45(3);

with — and + signs for interior and exterior problems
respectively. Each integral occurring in (11) is regular and
the boundary-integral equation (11) admits a unique solu-
tion ¢ € HI/Z(S), Vo -ne H_I/Z(S) as soon as S’ # S if
Vo -n=Fe H XS and ¢ = Ue H"*(S"). If one resorts
to a N-node mesh on S (for example for a collocation point
implementation as achieved in Section 4) and denotes by
g(n) the value of the function g at the nth node M(n), the
discretized Eq. (11) provides N relations for the general-
ized 2N-unknown X =(¢(1),...,0¢(N); [V -n]1),...,
[V¢ - n](N)) whereas the boundary conditions (3) provide
N additional relations: ¢(M(n)) = U and [V¢ - n}(M(n)) =
F if M(n) belongs to S” and S’ respectively. In summary,
we now assume that ¢ and its normal flux F =V - n are gi-
ven on the whole surface S, i.e. on a prescribed N-node
mesh of S.

xeSs (11)

2.2. Obtention of the potential gradient on the surface

This subsection establishes the key boundary-integral
equation that permits us to deduce the cartesian compo-
nents ¢ ;= V¢ - e; of the gradient on S from the previous
knowledge of the normal flux F=V¢ -n and a very few
informations on the geometry. We successively present
and prove the boundary-integral equation of interest.

The surface is smooth enough so that it admits continu-
ous normal n(x)=nfx)e; and mean curvature H.x):=
—C(x)/2 with C(x) =[V - n](x) (for these latter definitions
of differential operators on the surface S the reader is
directed to [15]). For x on S such assumptions make it
possible to introduce, for i € {1,2,3}, the surface integrals

_ [ | —=x)-n(y) n(y)-e
1[(X7S) - K [ |X—y|2 C(y)‘| |X—y| dS(Y)7
C(x) = [V -nJ(x). (12)

Each above integral I(x,.S), that only depends upon x and
the geometry, indeed is regular since (6) yields for x on S

/ (y —x) -n(y)| n(y) - &dS(y)
s | 2nx -y Ix — |

=m(x) + /S

For any function g differentiable in a neighborhood of S
let us also define, as in [16], the tangential derivative D;g
on S as

w} m(y) — (X)), (13)
2n|x —y|

[Dygl(y) = ni(y)g ;(y) — n;(y)g.(y)
= (e;Ae;)- (nAVg)lyl (14)

The last equality (14) indeed clearly shows that [D;g](x) so-
lely involves tangential derivatives of g at the point x of S.

Theorem. If the surface S and the potential ¢ satisfy the
assumptions

(1) The boundary S admits continuous normal n and mean
curvature C.

(ii) The potential is of C"**' regularity at any point X of S,
i.e. there exist « >0, C; > 0 and C, > 0 such that for'y
on S and close enough to x

lp(y) — (x) — V(x) - (y —x)| < Ci[x —y["*,
[Vo(y) — Vo(x)| < Cox -y, (15)

then the following boundary-integral equations govern,
for i € {1,2,3}, the required potential gradient V¢ =
¢,tei

+2n¢ ,(x) — [Dyp)(x)1;(x,S)

+/ [Dij‘b](Y)_[lziqu](X) (x—y)-e;dS(y)
s x—y]|

F(y) = F(x)
x—y[’
xesS (16)

— FXL(x.5) + / (x—y)-eds(y),

N

with signs — or + for interior or exterior problems
respectively and a normal flux F(x)= [ V¢ - n] (X) given
on the whole surface S (as explained in Section 2.1).

Proof. The derivation of (16) is achieved in three steps
and, for conciseness, omitted details and elementary calcu-
lations are displayed in Appendix A.

Step 1: Since it concentrates all the difficulties we first
consider an exterior problem and introduce for x € QU S
the potentials Y(y) = ¢(x) + Vo(x) - (y —x) and y(y) =
(y — x) - e;. Of course, /(y) and y(y) are harmonic in Q but
do not exhibit the ‘good’ far-field behavior (3), previously
invoked in establishing (10). Again we resort to the
bounded domain Q, (see Fig. 2) and apply (8) to ¥ and
y; for this domain. We then end up with two surface
integrals: one over S and the other one over S,. Keeping
the notations p = |y — x| and e (y)=(y — x)/p and in-
voking symmetries we easily obtain

[ v nmoyasy — [ TSNS
(17)
[ ey as) = [ SPEN o, )

j [f(y) —f(x)]H(x,y)dS(y) =0 for f =4 and ' =y,
(19)

Accordingly, the integral on S, vanishes and the relation
(8) also holds for yy and ;! More precisely, from the defi-
nition of i; it follows that
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/S {n;(y)G(x H(x,y)}dS(y) =0
forx e QUS, (20)

y)— (Y —x) ¢

whereas the combination of (10) for ¢ with (8) for iy imme-
diately provides, under the definition of v, the regularized
relation

/ () Vo(x).(y — x)]}H(x, y)dS(y)

- / [V (y) — VH(x)] - n(y)G(x,y) dS(y)
forx e QUS. (21)

For x = x; and y = ye; we set G, = 0H/dy; and observe
that G; = —0G/0x;. From the definition H = G jn; one thus
obtains 0G/0x; = —G ;n;. Exploiting these properties and
(20), the derivation of (21) with respect to x; yields the
key identities

/{w ) — (Vg m)(x)

V() - ny) - }G (x,y) dS(y)

+/S[ (x) = $(y) — V(x) - (x — y)]
)

X Gyy(x, ¥)y(y) dS(y)
forx e QUS. (22)

Let us emphasize that (21) and (22) not only hold in @ but
also on the boundary. As the reader may easily check, un-
der assumptions (i) and (ii) each integral in (22) is regular
for x on S. Note that (22) turns out to be a boundary-inte-
gral equation for V¢ on S as soon as one knows ¢ and its
normal flux V¢ - n on the boundary. As achieved in steps 2
and 3 it is however possible to restrict the needed surface
quantities to n, V¢ - n and the mean curvature C.

Step 2: For 0 <e < 1 let us introduce, for x on S, the
open set d. = {y € S, |x —y| < ¢} and denote by T and T}
the first and second integrals on the right-hand side of (22)
with the domain S replaced by S(e) = S\d.. Of course, (22)
now reads: ¢ ,(x) = lim._o(7] + T5). Setting

K (x) = / G dS(),
Ji(x) = /S( ) G.i(x,y)dS(y), (23)

one immediately obtains, for F(x) =[V¢ - n](x), the decom-

position
- / ()~ IG5 9)dS () + P00
— (0K, (x). (24)

From our definition (14) a few elementary algebra yields
Gij(x )’)”j()’) = G ;(x,y)ni(y) — Dy[G ],
Dy;lfg] = fD;;[g] + gDy;lf]. (25)

Since G ;(x,y)=0 for y on S(e) one thus deduces the

decomposition
T, = /s(q {GJDij[f] - Dij[G,jf]}dS(Y) (26)
f=¢(x)—dy) =V (x-y)
Exploiting the above definition of f, one further obtains
Dy[f] = [Dy¢l(x) — [Dy](y) + ¢ ;(x)mi(y)

— ¢,(x)n;(y) — [Dy¢](x). (27)

Appealing to (6) for x on S and the definition (23) of K;(x)
one thus arrives at

T( / { Dljd) Dqu’) )}G,j(xv}I) dS(Y) + ¢,i(x>/2
UK DRI~ [ DylsGJasty)
g,(x) / G, (x,y)n,(y) dS(y). (28)

d(e)

Step 3: We equip the closed boundary ¢, of d. (which is
not a circle centered at x) with its unit outward normal v
and tangential vector t =n A v. As shown in Appendix A,
the Stokes theorem ensures that

,-vd

47r151§3[ ‘(x)] = —Li(x,S) + lim [?{ 5

e—0
where p = |x — y| and ds is the differential arc length on the
closed path c.. The first integral on the right-hand side of
(24) or (28) are regular as e vanishes. Accordingly, if we
rewrite the stated relation (16) as L{x)=2n¢ (x)+
D[V¢] — E[F]= 0 we finally deduce from (24) and (28) that

Li(x) = Wm{[4}* + ¢ A, +  ;P5] (%)},

A% (x) = —4n / D;;[fG ;]dS(y), (30)

R B L e

(31)
— /S ( )4n[ni(Y)G,j — m;(y)
ot nives

€

G|dS(y)

dsty). (32)

Because (see Appendix A for details) all quantities
A%¢(x), 4“(x) and Pj(x) vanish as € goes to zero, we end
up with (16) for the exterior problem. For interior poten-
tials note that ¥ and y; of course fulfill (8) whereas (21)
and (22) hold with left-hand sides ¢(x) and ¢ (x) replaced
with zero. Hence, (16) is also proved for interior problems.

The key relation (16) may be understood as an integral
representation of the gradient at the surface: namely, from
the knowledge of ¢ and the normal flux F=V¢ -n one
should deduce the value of V¢ on S. Unfortunately, within
this point of view one faces with troubles in a numerical
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implementation due to the need of adequate and consistent
interpolations of ¢ and F on the boundary elements. More
precisely, in establishing (16) we actually assumed that
¢ and F are C"** and C** on S and if it is easy to obtain
C** approximations of F, i.e. such that |F(y) — F(x)| <
Gsly — x|* for x, y on S and C3 >0, «> 0, it is tedious to
build C"* approximations of ¢ on boundary elements for
a 3D problems. In order to circumvent such damaging
drawbacks in any numerical implementation, we rather
exploit (16) as a Fredholm boundary-integral equation of
the second kind for the gradient V¢ once n, C and the
normal flux F are given on S. In this approach we only
need C°* approximations of F; a criterion fulfilled by any
usual boundary elements. [

2.3. A boostrapping algorithm for high-order cartesian
derivatives

In this subsection we show how to obtain on the N-node
mesh of S high-order cartesian derivatives of the potential
by a recursion scheme. More precisely, for m > 2 we
assume that:

Assumption 1: n and C are known on the N-node mesh,
Assumption 2: all cartesian derivatives ¢, , ~ of order
m — 1 are known on the N-node mesh (as explained in
Section 2.2 for m=2), and we look at the cartesian
derivatives ¢; , of order m on the same N-node mesh.

For any given values of indices i,...,i,_1 in the set
{1,2,3} the required derivatives ¢, , , is obtained, for
im € {1,2,3}, by appealing to the following steps:

Step 1: Obtention of the normal flux V¢
N-node mesh.

First we note that our function ¢, , |
the well-posed boundary value problem

Vi, ] =0 inQ ¢ =U onS, (33)
[rd; ;. | <O(1) asr— oo for exterior problems, (34)

with, under our Assumption 2, a prescribed Dirichlet data
Uj,.i,, on S. As explained in Section 2.1, we thus obtain
the normal flux V¢, ,  -n on the given N-node mesh

by exploiting (11) which becomes the following Fredholm
boundary-integral equation of the first kind

B[vd),[lmim,l ‘n] = Ai[(bjl..jm,l] on S, (35)
with operators A_, A4 and B defined as

Asfu] = =2n(1 £ Du(x) + /S [M(Y)—”(’Tl](x;ﬁy)-ndS(y)

Blu] = / u(y)dSty) (36)
s [x—l
Step 2: Obtention of ¢, , , on the N-node mesh.
Since ¢, ,  is harmonic in Q we deduce its gradient
Vo, i =b, i i€, on the N-node mesh from the
value of n, C and the previous normal flux V¢ ‘n

-n on the

I

actually fulfills

TR ifedm—1

)

Jleedm—1

on S, as explained in Section 2.2. More precisely, we end
up with the Fredholm boundary-integral equation of the
second kind

C.i[V¢ |=D[V¢ -n] onS, (37)

1Dy J1edp—

where operators Cy and D are readily defined by inspecting
(16). Solving the above Eq. (37) then provides the required
cartesian derivatives ¢, , ., for prescribed indices iy, . ..,
i,—1 and i,, € {1,2,3} on the N-node mesh.

In summary, the computation up to any order m > 2
and on a given N-node mesh of the cartesian derivatives
of ¢ subject to (2)—(4) is achieved by using the following
strategy:

(1) Preliminary computational work
(i) The values of n and C are prescribed at each
nodal point M(n) from an analytical description
of the surface (as anyone knows, it is indeed
very difficult to accurately compute the required
mean curvature C solely from the location of

the employed nodes).

(ii) The integrals [I(x,Q), previously defined by
(12), are computed at each node M(n).

(iii) The discretized integral Eqgs. (35) and (37) yields
discretized and fully populated N X N square
matrices B and A and 3N x 3N square matrices
C, and D respectively. These matrices are com-
puted together with the LU factorizations of
the influences matrices B and C.

(2) Obtention of the gradient of ¢ on the N-node mesh
(1) If S # S one first obtain the normal flux
F=V¢ - n on the whole mesh by solving (11)
under the prescribed boundary conditions (2).
One thus encounters a dense and 2N X2N
square matrix for the generalized and discret-

ized unknown X = (¢,V¢ -n) on S.

(i1) Solve the discretized Eq. (37) to obtain the poten-
tial gradient V¢ = ¢ e; on the N-node mesh.

(3) Obtention of the cartesian derivatives ¢, ; for
2<k<m
We successively work out as k increases from 2 to m the
following steps:
(i) Compute V¢, ;|
by solving (35).
(i) Compute the gradient Vo, , = ¢,

iy .dp—1ig

the given N-node mesh by solving (37).

-n from the value of ¢,

ik

€, on

Ik

Observe that we do not need derivatives of C or addi-
tional efforts as m increases for the advocated boostrapping
scheme.

3. Case of a collection of connected solids

So far we only paid attention to the surface S of one
connected solid. However, some encountered applications
(for instance the analysis of particle-particle interactions
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/a

QO

S, Sy

Fig. 3. Exterior problem for a multiply connected boundary S. Case of
two surfaces S; and S5, i.e. L=2.

in our motivating problem of induced migration) involve
several connected solids and one then faces with a bound-
ary S consisting, as depicted in Fig 3, of a finite number
L > 2 of surfaces S;, [ € {1,..., L} associated to connected
solids Q,.

We equip each surface S; with a Nnode mesh, note
N =37 N, and assume that both n and the mean cur-
vature C are given at each node of the total mesh on
S = ULIS,. The potential ¢ again fulfills the well-posed
boundary value problem (2) and (3) for Q; = R*\ Q, and
adequate additional conditions become:

/ F(y)dS,(y) =0 if S; C §' for interior problems.
S

(38)
As the reader may easily check by proceeding as detailed in
Section 2.1 for one connected solid boundary, the values of
¢ and its normal flux V¢ -n on the entire surface S =
ULIS, again satisfy (11). Because for x on S, we actually
have

JESIE OIS
s x— Y|
this boundary-integral equation also reads

if 14 p, (39)

Con(1F () + / [¢<y>—¢<x>]wds<>
Ix -y’
/qs X=¥) ) 4, )
I#IJ S |
—/ [v|i)](| )dS( ) ifxes,. (40)

Taking into account the boundary conditions (2), one
again arrives at a discretized linear system of 2N X 2N
dense influence matrix and 2N generalized unknown
X =(¢,V¢ -n) on the given N-node mesh of the whole
boundary S. Thus, we henceforth assume that V¢ - n has
been determined at each node and two circumstances arise:

(1) Case of an interior problem

Because we know n, C and V¢ - n on S, we can immedi-
ately deduce, as advocated in Section 2, the cartesian deriv-
atives of ¢ on the N,-node mesh on each surface S,. Since
this procedure holds for any surface S, it provides the
required cartesian derivatives of ¢ on S.

(2) Case of an exterior problem

In such a case we cannot any more invoke the results
established in Section 2 because the surface S is made of

a collection of several surface S;. The proposed procedure
then consists in the following steps:

(1) Step 1: We first resort to a single-layer representation
of ¢ in QU S, i.e. we set

L

B0 =D ). Bx) = / 4(¥)dS,(y)/Ix — ¥l

forx e QUS. (41)

From the knowledge of the normal flux V¢ -n on S, the
introduced ‘source’ densities ¢i,...,q; are governed by
the classical Fredholm boundary-integral equation of the
second kind

g+ [ 50K

4:(y)(x —y) -n(x) — V-
2 / Ty S = (Ve

pef{=1,...,L}. (42)

Note that any integral occurring in (42) is regular. If the
integral over S, is denoted by .%,(x), the use for x on S,
of (6) indeed yields

Z,(x) = q,,<x>{ [ Db s Zn}

[9,(¥) —¢,(®)](x —y) -
" /Sp |X - Y|3

ds, (Y)

for x € S,

n(x)dS, (y)

(43)

Eq. (42) is well-posed: as soon as V¢ n¢€ Hfl/z(S) it
admits a unique solution (gi,...,q;) in H_I/Z(S) (see
[12]). These unknown ‘source’ densities ¢,...,q; may be
efficiently and accurately obtained by resorting to iterative
and/or fast multipole methods because the interaction
between two different points x and y on S quickly decays
(it exhibits the strong 1/|x — y|*-decay).

(ii) Step 2: When looking at the derivatives of ¢ on the
surface S, it is fruitful noting that our single-layer potential
¢, obeys

Vi, =0 inQ,

Vo] -m=F,: [V -n— X[V, -n on S, (44)
I#p
(0,M)¢,| < O(1) as |0,M] — o, (45)

where ©Q, denotes the unbounded domain outside S, and,
as indicated in Fig. 3, O, designates a given point inside
S,. In other words, the potential ¢, obeys a well-posed
exterior Neumann problem about the surface S,. More-
over, it is straightforward to compute on the N,-node mesh
of S, the normal flux F,, introduced by (44), from the total
normal flux V¢ -n and the previously obtained ‘source’
densities ¢;, [ # p. Accordingly, one immediately gains at
each node on S, the cartesian derivatives ¢,; . of order
m = 1 by applying the recursion scheme presented in Sec-
tion 2.3 for each surface S,. Finally, the cartesian deriva-
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tives of the total potential are readily computed on the sur-
face S, from the link

109 = b )0+ Y ql<y>[ :

I#p ‘X - Y|

} dsi(y)

(46)

as soon as one notes that available recursion relations
[17] easily provides the required cartesian derivatives of
1/]x — y|, with respect to x, at any desired order.

4. Numerical implementation and illustrating benchmarks

In order to test the efficiency of the procedure proposed
in Sections 2 and 3 for one or several connected solid(s)
respectively, we present in this section a numerical imple-
mentation and a few illustrating and carefully selected
benchmarks against analytical and available solutions.

4.1. Numerical method

For simplicity the normal flux F = V¢ - n is prescribed
on the surface, i.e. S'=S in (2) (if this is not the case,
one has only to invert the additional integral Eqgs. (11) or
(40) by the technique described below). Thus, we need to
compute the integrals I(x,S) or I{x,S;) and to invert the
boundary-integral Egs. (16) (or (37)), (35) and (42) that
all adopt the form MX = Y with X unknown and a right-
hand side Y to be accurately evaluated. As previously
mentioned, we implemented a collocation point Boundary
Element Method although a Galerkin method may be also
employed. Since details are available in any standard text-
books (see, among others, [18-20]), we only briefly present
the main steps of the procedure.

Step 1: Henceforth, we choose L > 1 with L =1 for one
connected solid with surface S = S;. The N;-node mesh on
S; consists of N,(/) 6-node triangular elements A§e>, with
1 < e < Ny(I), which are mapped to the standard triangle
A of inequations 0 <& <1, 0<é6 <1 and & +6 <1
in plane cartesian and intrinsic coordinates & = (¢, ;) by
six bilinear shape functions 4,, such that

il(f) = (253 - 1)53, i2(5) = 4¢,&5, }4(5) = (251 - 1)51»
(47)
i4(5) =4¢,&, /15(5) = (252 - 1)527 ié(ﬁ) =464, (48)

if one sets &3 =1 — &) — &. Any function g on S is inter-
(e) ; (em) s
polated on the element 4,”, of nodal points y,”" with

m € {1,...,6}, by using the same shape functions. Hence,
6 6
g¥) =Y (g™ fory=y(&) = dn(&y"
m=1 m=1

(49)

if g™ designates the value of g at the node y\*" of S; and
one thus builds a continuous and isoparametric interpola-
tion of g on the whole surface S which is quite suitable
because we assume that g is C*% ie. |g(y) — g(x)| <
C,ly — x|* for x, y on S and C,> 0, o> 0.

Step 2: Any encountered weakly singular integral is of
the following form

_ [ &)
R](X) - /S, |X _y| dSl(y)a

Ry(x) = /S 5x) - i((y_)];F SRIEL YT (50)

with a = e; or a € {n(x),n(y)} and we exploit the decompo-
sition
Ne(l)

[ xasi) = > 1.

e=1

1w = [ rixauaz (s1)

where J designates the Jacobian of the mapping of our
cartesian coordinates y to the triangular coordinates &.
Each integral /! (x) is accurately computed as indicated
in [21]if x does not lie on the element Age) and by analytical
removal of the 1/|x — y|-type weakly singular behavior via
polar coordinates centered at x in the space of intrinsic
coordinates & otherwise. Hence, one only faces with regular
integrations which are numerically performed by standard
Gaussian integrations formulas (see, for instance, [22]).

Step 3: Under the treatment of steps 1 and 2, each
boundary-integral equation becomes a discretized matrix
system of N, 2N or 3N unknown for Egs. (35), (42) and
(37). The solution is obtained by using a LU factorization
algorithm (subroutines DGETRF and DGETRS of the
Lapack Library) for any illustrating example (L < 3) but
(42) should be adequately solved by an iterative methods
as soon as L becomes large (roughly exceeding 10).

4.2. Numerical benchmarks

The previous numerical implementation holds for
smooth enough but arbitrarily shaped surfaces S; (one only
needs an analytical description of .S; that exactly gives the
required unit normal n and mean curvature C). For each
retained illustrating example S; is the surface of an ellipsoid
of semi-axis a;(/), ax(/), as(/) which is ‘centered’ at the point
O; (see Fig. 3 for L=2) of cartesian coordinates
x{l) =00, e;. For any point x =xe; of S; if we set
X =x; —x;(I) it follows that (without summation over i
in (52))

) 22 22 -
X X X3 s(X)%;
+ + =1, n(x)-e= ,
ai(l) a3(l) ~ a3(]) () a; (1)
) 22 )
-2 X X2 X3
= 52
CT=antan T an G2)
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In order to define the Nr-node mesh on S; we introduce the
elliptical angles 0, € [0,2n] and ¢, € [0, 7] such that

X1 =a(I)sing,cos0;, X, = ax(!)sing,sin0,,

X3 =az(l)cosp, for x; =x; —x;(I) (54)
and locate each point of S; by its angles (0;, ¢;). Under these
notations, the Nrnode mesh is characterized by two posi-

tive integers N,(/) = 3, E(/) = 0 and consists of the points
x = (8, ;) such that

01 =2n(ng — 1)/No(l), @, =mn,/[2N,(1)],
No(l) = 12 x 2F0) (55)

for positive integers ng and n,, that obey the conditions

1 <ng <Ng(l) if 2< n, <2[N,(1) - 1], (56)
ng =2k with k € {0,...,No(l)/2 — 1} if n, € {1,2N,(I) — 1}.
(57)

Accordingly, the pair (N,(/), E(/)) defines a N-node mesh
of N.(/) boundary elements on S; with

Ny =2{1+No(D[N,(1) = 1]},

Ne(l) = No()INo (1) = 1], No(1) = 12 x 20 (58)

and for convenience we shall note N; = [N,(/), E(])].

4.2.1. Case of the surface S of one connected solid: L =1

We spread N = N; =[N,(1), E(1)] nodal points M(n),
with n € {1,...,N}, on § and consider both interior and
exterior illustrating potential problems. If g and g,um
respectively denote the exact and computed values of g
at the point M on S the employed numerical error (g) is
the relative /°°-norm of the error defined as

 Maxor,.w)|g(M (1)) — guum (M (n))]

(g) i

if [g| : Max(y on 5)|8(M)| # 0, (59)
(g) : Max(—1,..v)|&num (M (n))| if g=0o0nS. (60)
Table 1

Numerical errors and order of convergence o with respect to N2

sphere

Note that the selected relative error (g) provides a clear
indication of the incurred local error at each point of the
boundary S. In addition, one readily needs to evaluate
for each addressed numerical benchmark the /*°-norm |g]
of g=¢, and g = ¢ ;. Whenever possible this is analyti-
cally achieved. In other cases, one locates any point M
on S by its angles 0 and ¢, as introduced in (54), and it
has been possible to obtain in closed form each partial
derivative G :=0G/00 and G, := 0G/0¢ of the function
G(0, ) = g(M). The requested quantity |g| is then numeri-
cally obtained by iteratively enforcing to zero those deriv-
atives Gy and G, through a two-dimensional Newton—
Raphson algorithm whose suitable guess value (0,, ¢,) is
guided by the evaluation of |G(0, )| on a fine grid in the
domain [0,27n] % [0, 7].

Besides the errors (g) it is worth calculating the order of
convergence o with respect to N ~12 with N the number of
collocation points. For errors (g)' and (g)” associated with
N’ and N”, respectively the number « is computed as
follows:

%= ~2log((g)"/(g))/ log(N"/N'). (61)

(1) Potential problems for a sphere.

The following problems are addressed for the unit sphere
S={x,r=1} for N'=[4,01=74, N"=[6,1]= 242 or
N" =112,2]1=1058 collocation points and a prescribed
normal flux V¢ - n:

(a) The interior potential ¢ = x;xx3 with V¢ -n=
3x1x,x3. For this potential note that |¢ ;| = 0.

(b) The exterior case of V¢ - n =n" e, which admits the
exact solution ¢ = —x,/[2r’] outside the unit sphere
(for r=1x| = 1).

The associated values of the /”°-norm |g| are given in
Appendix B. As indicated in Table 1, the computed
cartesian derivatives exhibit a nice convergence
towards the exact values as the number N of collocation

for first- and second-order cartesian derivatives of potentials at the surface S of a unit

(g); o (a), N' (a), N (a), N (b), N’ (b), N” (b), N

(¢1); o 0.274987 0.054851; 2.9 0.005940; 3.2 0.070757 0.012800; 3.1 0.001747; 2.9
(¢2); o 0.204884 0.054851; 2.4 0.005940; 3.2 0.065337 0.012127; 3.1 0.001402; 3.1
(¢3); o 0.200368 0.056076; 2.3 0.007365; 2.9 0.048747 0.013753; 2.3 0.001956; 2.8
(P11); o 0.175995 0.060885; 1.9 0.013007; 2.2 0.188937 0.035614; 3.1 0.004741; 2.9
(d.12); o 0.097378 0.050092; 1.2 0.010822; 2.2 0.108113 0.034426; 2.1 0.004637; 2.9
(Pp13); o 0.096749 0.065197; 0.7 0.010228; 2.7 0.156295 0.046441; 2.2 0.005984; 3.0
(Pp21); o 0.137258 0.050092; 1.8 0.010822; 2.2 0.108325 0.028433; 2.4 0.003747; 2.9
(¢.22); o 0.132980 0.065197; 1.3 0.013007; 2.3 0.164448 0.035501; 2.8 0.004992; 2.8
(P23); o 0.141025 0.065197; 1.4 0.010228; 2.7 0.124870 0.029341; 2.6 0.005427; 2.4
(Pp31); o 0.140420 0.063853; 1.4 0.011034; 2.5 0.142334 0.038800; 2.4 0.005837; 2.7
(¢32); o 0.182878 0.063853; 1.9 0.011034; 2.5 0.129976 0.026091; 2.9 0.003593; 2.9
(Pp3); o 0.194082 0.072146; 1.8 0.016348; 2.1 0.100155 0.027197; 2.4 0.004833; 2.5

Labels (a) and (b) indicate results for selected interior and exterior problems (a) and (b), respectively whereas N’ =[4,0]=74, N" =[6,1] =242 and
N" =112,2] = 1058. The associated values of the /°°-norm |g| are given in Appendix B, Table 5.
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Numerical errors and order of convergence o with respect to N2 for first- and second-order cartesian derivatives of potentials at the surface S of the
ellipsoid a(1) =1, ax(1) = 0.8 and ,(3) = 1.5

(g); (c), N' (c), N (c), N (d), N' (d), N (d), N

(p1); o 0.105198 0.018826; 3.1 0.003137; 3.3 0.026527 0.008327; 2.1 0.001547; 3.1
(¢2); o 0.066638 0.015554; 2.6 0.002279; 3.5 0.054597 0.008941; 3.3 0.002462; 2.3
(¢3); o 0.129888 0.029200; 2.7 0.006766; 2.7 0.043300 0.011882; 2.4 0.003033; 2.5
(dp11); 0.122808 0.048079; 1.7 0.012803; 2.4 0.086126 0.022115; 2.5 0.005112; 2.7
(¢.12); 0.048284 0.022823; 1.4 0.005045; 2.7 0.083069 0.048693; 1.0 0.008662; 3.1
(P13); 0.137843 0.051232; 1.8 0.013070; 2.5 0.076200 0.032966; 1.5 0.006300; 3.0
(Pp21); o 0.067429 0.024450; 1.8 0.005320; 2.8 0.085134 0.021584; 2.5 0.004835; 2.7
(¢ 22); & 0.178981 0.082386; 1.4 0.022547; 2.4 0.193129 0.031528; 3.3 0.009793; 2.1
(Pp23); 0.118376 0.039800; 2.0 0.010852; 2.4 0.147535 0.027247; 3.1 0.005894; 2.8
(Pp1); 0.162265 0.051109; 2.1 0.015254; 2.2 0.09389%4 0.039016; 1.6 0.011319; 2.3
(¢ 32); 0.107586 0.035236; 2.0 0.011034; 2.1 0.156953 0.048854; 2.1 0.012648; 2.5
(Pp3); 0.084732 0.024246; 2.3 0.008030; 2.0 0.168433 0.029058; 3.2 0.011048; 1.8

Labels (c) and (d) indicate results for selected interior and exterior problems (c) and (d), respectively whereas N’ =[8,0]= 170, N” =[12,1]= 530 and
N" =[18,2] = 1634. The associated values of the />°-norm |g| are given in Appendix B, Table 5.

points increases both for the interior and the exterior
potentials. The refined 1058-node mesh provides accu-
rate enough results for any further surface integration
on S, as needed for our motivating integrals /; and I,

(see definitions (1)).

(2) Potential problems for an ellipsoid.
We take O, =0, ai(1)=a=1, ax(1)=b=0.8, a3(1) =
¢=1.5 and successively employ N' =[8,0]=170, N' =

[12,1]=530 and N"”
following potential problems:

[18,2] = 1634 nodal points for the

(c) The interior potential ¢ = xjxox3 with V¢ -n=
sS(X)x1xox3[a 2+ b2+ ¢ 2.
(d) The exterior potential ¢(x) = 1/[2r] for r = |x|.

Again, we provide the associated values of the /°°-norm
|g| in Appendix B. As revealed by Table 2, we still obtain
excellent agreement between the computed and exact carte-

Table 3

Numerical errors (g); = (g)» and order of convergence o with respect to N~

1/2

sian derivatives on the surface of the ellipsoid both for inte-
rior and exterior cases (c) and (d). Note that we spread a bit
more nodal points on our somewhat ‘slender’ ellipsoid than

S

Fig. 4. (a) Side view of the 2-sphere cluster with O;0, = 2de; and d > 1.
(b) Top view, in the x;—x; plane, of the 3-sphere cluster.

of first- and second-order cartesian derivatives of the exterior potential at

the multiply connected surface S; U S, of a 2-sphere cluster versus the number Ny = N, of nodal points on S| and S, for two center-to-center distances 2d

(g)p o (i), N’ (i), N" (i), N’ (ii), N’ (ii), N (i), N

<¢>,1),; o 0.015711 0.001822; 3.9 0.000154; 3.6 0.015023 0.001746; 3.9 0.000153; 3.5
(‘7’,2)1; o 0.014815 0.001822; 3.9 0.000154; 3.6 0.016498 0.001746; 3.9 0.000153; 3.5
(¢3)i; o 0.019907 0.001985; 4.2 0.000069; 4.9 0.019071 0.001903; 4.2 0.000067; 4.8
<¢),1.>,; o 0.066927 0.012555; 3.0 0.001440; 3.1 0.067904 0.012615; 3.1 0.001449; 3.1
<d>,12>,; o 0.046019 0.012898; 2.3 0.001772; 2.9 0.046119 0.012739; 2.3 0.001762; 2.9
(d13)s 0.046977 0.013973; 2.2 0.001982; 2.8 0.045661 0.013719; 2.2 0.001956; 2.8
<¢),21>,; o 0.073424 0.012898; 3.1 0.001772; 2.9 0.073505 0.013041; 3.1 0.001762; 2.9
<d>,22>,; o 0.133780 0.024611; 3.1 0.002824; 3.1 0.069302 0.012615; 3.1 0.001449; 3.1
(pa3)is o 0.051481 0.013947; 2.4 0.001982; 2.8 0.050085 0.013719; 2.4 0.001956; 2.8
(ps1)5 o 0.042023 0.005985; 3.5 0.000610; 3.3 0.045403 0.005809; 3.7 0.000600; 3.3
<d>‘32>,; o 0.036623 0.005985; 3.5 0.000610; 3.3 0.039540 0.005809; 3.5 0.000600; 3.3
(pa3)5 o 0.058510 0.009314; 3.3 0.000752; 3.6 0.047658 0.008212; 3.2 0.000761; 3.4

(i) case d = 2. (ii) case d = 1.2. Here we have N' =[4,0]= 74, N" =[6,1]=242 and N"" =[12,2]=1058.
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on the unit sphere in order to gain computed results of
comparable accuracy.

4.2.2. Case of the surface S of a collection of connected
solids: L = 2

Since any interior case actually reduces to interior prob-
lems for the simply connected surfaces S; we restrict our
benchmarks to exterior potentials. The numerical error (g),
on S, for a function g defined on the whole surface S is
given as defined in (59) and (60) where one replaces the sur-
face S with the surface S; of the considered sphere. The
value of each /*-norm |g| is computed as mentioned in
Section 4.2.1.

(1) Case of a 2-sphere cluster.
We consider, as depicted in Fig. 4(a), two unit spheres
S and S, centered at O; and O, respectively with
0,0, =2de; and d> 1. The exterior potential is ¢
(M)=1/0,M +1/O,M and its normal flux is pre-
scribed on S=S;US,. For symmetry reasons
(g)1 = (g)2 for g= ¢, and g = ¢ ;. These errors are
given in Table 3 if d =2 or d=1.2 (close spheres)
for three numbers (N;= 74,242 or 1058) of colloca-
tion points on the spheres. Clearly, computed results
are in excellent agreement with theoretical ones both
for moderate (d=2.0) and small (d=1.2) gaps
between the spheres. If the numerical errors are com-
parable for these two center-to-center distances one
of course expects a loss of accuracy for near-touching
spheres (as d — 1) because the approximation of the
integral on the right-hand side of (46) deriorates as
d — 1 vanishes.
(2) Case of a 3-sphere cluster.

Finally, we consider a 3-sphere cluster with centers of
the spheres in the x; — x, plane and located at the
vertices of an equilateral triangle, as sketched in
Fig. 4(b). Again, the center-to-center distance is
denoted by 2d and each sphere has unit radius so that
d> 1. More precisely, we set

Table 4
Numerical errors (g); and order of convergence o with respect to N~
multiply connected surface S; U S, U S5 of a 3-sphere cluster with d =1.2

1/2

499

2d cos (o) 2d sin(oy)
=200 ) = 2R
== =h=—"77
alz%”(zﬂ) with 7 =1,2,3. (62)

The exact potential is ¢(M) = 1/O,M + 1/O,M + 1/OsM
and we confine ourselves to the severe benchmark
d = 1.2, a case of very close spheres. For symmetry reasons
note that (g); = (g);. As shown in Table 4, the computed
errors for the cartesian derivatives vanish as the number
of collocation points on each sphere increases.

5. Concluding remarks

In summary, a new procedure has been both proposed
and numerically worked out and tested for the accurate
approximation of the cartesian derivatives of potentials
on a simply or multiply connected surface. The advocated
recursion scheme appeals to the same and very few bound-
ary-integral equations and geometrical informations on the
geometry (the normal vector and the mean curvature)
whatever the order of the required derivatives. These pleas-
ant features make it possible to successively compute, if
necessary, higher and higher order derivatives at a reason-
able cpu cost. Exterior problems for a multiply connected
surface consisting of a large number of simply connected
boundaries may be easily addressed by using iterative
methods for the integral-equations bearing on the whole
surface. Finally, let us note that the proposed approach is
likely to apply to the Helmholtz equation and linear elasti-
city in 3D problems. Such challenging tasks are under
current investigation.

Appendix A

This Appendix both establishes (29) and proves that
A7°(x),4}“(x) and Pj(x) vanish as ¢ goes to zero. The

for first- and second-order cartesian derivatives of the exterior potential at the

()i o (a), =1 (b), =1 (c), [=1 (a), I=2 (b), [=2 (c), [=2

(p1)i; o 0.013926 0.001616; 3.9 0.000155; 3.4 0.013622 0.001587; 3.9 0.000152; 3.4
(2)i o 0.012897 0.001583; 3.8 0.000155; 3.4 0.015101 0.001781; 3.9 0.000151; 3.6
(Pp)i; o 0.019566 0.001926; 4.2 0.000092; 4.4 0.019566 0.001926; 4.2 0.000092; 4.4
(p11)r o 0.066649 0.012515; 3.0 0.001422; 3.1 0.061909 0.011988; 3.0 0.001389; 3.1
(125 0.041147 0.011338; 2.3 0.001562; 2.9 0.041083 0.011207; 2.4 0.001544; 2.9
(P13 o 0.048032 0.013777; 2.3 0.001956; 2.8 0.046054 0.013565; 2.3 0.001937; 2.8
(po1)is o 0.065806 0.011364; 3.2 0.001564; 2.9 0.066016 0.011174; 3.2 0.001540; 2.9
(¢ 22)i; 0.053278 0.009965; 3.1 0.001169; 3.1 0.070187 0.013061; 3.1 0.001490; 3.1
(P23 o 0.049833 0.013597; 2.4 0.001944; 2.8 0.050648 0.014101; 2.3 0.001985; 2.8
(1) o 0.040017 0.005855; 3.5 0.000609; 3.3 0.039937 0.005729; 3.5 0.000596; 3.3
(P 32)i; 0.032362 0.005774; 3.1 0.000602; 3.3 0.033735 0.005939; 3.2 0.000619; 3.3
(Pps3)is o 0.062707 0.009768; 3.4 0.000818; 3.6 0.062706 0.009768; 3.4 0.000818; 3.6

(a) case Ny =[4,0]=74. (b) case N;=[6,1]=242. (c) case N;=[12,2]=1058.
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starting point is the usual Stokes’ theorem that gives, for
any vector u defined and smooth enough in a neighbor-
hood of S,

/ rot(u) -ndS(y) = ]{ u-tds(y), (63)
S(e) Ce

where the tangential and unit vector t is defined as intro-
duced right after (28) and ds denotes the differential arc
length on the closed path ¢.. From (63) it is possible to
obtain, if C:=V - n on the smooth enough boundary S(¢)
and v = t A n, the identities

/S gl asty) = f glei N ey) - tds(y), (64)

/ st = / (:

+ f gv-e;ds(y). (65)

[Cg + Vg -n|[n-e]dS(y)

In establishing the above results it is fruitful reminding
(see [23, p. 1081 and 1084]) the usual identities

(aAnb)Ac=(a-c)b— (b-c)a,

66
rot(aAb) =(V-b)ja— (V-ab+ (b.V)a—(a.V)b. (66)
Accordingly, the definition (14) becomes
Dyg = (e;Nep) - (nAVE)=[VgA(eAe)|-n
=rot[g(e; Ae;)]-n (67)

and using (63) we obtain (64). Selecting a =n and b = ge;
in applying (66) and taking into account the definition of
C and the property n;-n =0, the reader may also easily
check that

[rot(n A ge;)] -n =g, — [Cg+ Vg -nle; - n. (68)

The use of (63) in conjunction with (68) then provides (65).
Because 4nG(x,y) = p~ ! with p = |x — y| a straightforward
application of (65) for g=p~' then proves (29). In addi-

tion, from (64) and our definitions (14) of Dy, (26) of F
and (30)—(32) one obtains
1
) == f (5) rtene) - ast)
Ce W
f=0(p"™) with >0, ds=0(p), (69)
1
a0 = [ )= nol(5 ) asty)
d(e) P/

) [ /. (%)J_dswn 4 eif(”] (70)

“(x n,(x) —n; — (n;(x) — n; vds(y)
Pj(x) = f;[( i(x) —n;(y))e; — (ni(x) — ni(y))ej] )
+ f lene) e+ iy - nel v 2

In view of (69), that takes into account our property (15),
A%(x) clearly vanishes with e. For our smooth boundary
S the first integral on the right-hand sides of (70) and
(71) also collapses with e. Because [n(y)e; — n(y)e;] v=
(e; A e) - (v An)and t =n Av the quantity Pj;(x) thus tends
to zero with e. Finally, we consider the last term arising
in (70), further denoted by n(x)Kj(x). The integral over
d(e) in Kj(x) is treated by using (65) and carefully taking
care of the orientation of the tangential vector t. One thus
arrives at

Kj(x) = /d . <;)de(y)+ ]{ ef'vjs(”
MR —

10| 7(5) 0|0 fast (12)

Clearly, the integral over d(¢) in (72) vanishes with ¢ and
this closes the proof.

Appendix B

Computed values of the /*-norms |¢,| and |¢ ;| either
for one connected solid (Table 5) and a collection of con-
nected solids (Table 6). These values are obtained either
analytically or numerically as detailed in Section 4.2.1.

Table 5
Computed values of the /°°-norms |¢ | and |¢ ;| for the problems (a) and
(b) for a sphere and (¢) and (d) for an ellipsoid considered in Section 4.2.1

lg] (a) (b) (c) (d)

1] 0.50 0.75 0.6 0.501172109
] 0.50 1 0.75 0.781250000
5] 0.50 0.75 0.4 0.355481059
[¢.11] 0 8/V15 0 1

[.12] 1 8/V15 1.5 1.141951010
|,13] 1 5/\V3 0.8 0.536543873
22 0 3 0 1953125000
[ 23] 1 8/V15 1 0.943929861
| 33] 0 8/V15 0 0.976562500
Table 6

Computed values of the /*°-norms |¢ | and |¢ ;| for the 2-sphere cluster
(with d = 2 for (i) and d = 1.2 for (ii)) and the 3-sphere cluster with d = 1.2
(/=1 and /=2 rows)

lgls (i) (ii) I=1 /=2

|é.1ls 1.01431739 1.05883156 1.14656830 1.17069207
)2l 1.01431739 1.05883156 1.16745862 1.05761683
|5s 1.04000000  1.08650519  1.11956142 1.11956142
[¢.11s 1.98825507 1.96837442  2.06648896 2.16211465
|p1al,  1.50125920  1.51270937 1.70395343 1.72717688
lpasl,  1.50408962 1.52014837 1.53307521 1.54064421
l[poal,  1.98825507 1.96837442  2.62316431 1.91525806
|posl,  1.50408962  1.52014837 1.53985593 1.50135529
|pssl,  2.07407407  2.72886297  1.93676893 1.93676893
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