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The aim of this paper is to study the expansion with respect to the large and real
parameter A of the integral

1 1
II(\) ::/ / . a8 logh (21) . . logh™ ()
0 0
Xf(x1,. .., xn)g( A2t .ozl )dey ... Ay,

where for i € {1,...,n} : a; > 0, [; € N and «; is complex with Re(a;) > —1.
Moreover, f is a smooth enough function and g belongs to B,(]0,+o0]), a space
defined below. The derivation of such an asymptotic expansion is established by
induction on the integer n and makes use of a basic concept: the integration in the
finite part sense of Hadamard.

1. Introduction

In many problems, it is worth finding the asymptotic expansion with respect to the
large and real parameter A of the integral

TV = /0 h(z)g(Az®) das, (1.1)

where a; > 0 and the pseudofunctions h and g present more or less restrictive
behaviour, respectively, near the critical point zero on the right and at infinity.
Several methods are available to deal with JI*(\). The reader is for instance referred
to Bleistein & Handelsman (1975) or Wong (1989) for an approach based on the
Mellin transform and also to Estrada & Kanwal (1990) for a distributional point
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1196 A. Sellier

of view (here obtained by writing JM()\) = (G(Nzy),h(x1)) if N = A/, G is
the generalized function such that G(X ) := g(X?) and (,) designates a duality
bracket). Moreover (see Sellier 1994, theorem 3), the concept of integration in the
finite part sense of Hadamard (1932) turns out to be an alternative and powerful tool
to treat the integral J'(\) when pseudo—functions h and g offer, respectively, near
zero and at infinity an expansion involving complex powers of z; and integer powers
of log(z1). In such a case and for given A, the function w(z;) := h(:vl) g(Az]') may
be not integrable on a neighbourhood of zero and J#()\) = fp fo h(z1)g(Az$) daq,
where fp means an integration in the finite part sense of Hadamard (see §2).
A special case of (1.1) is provided by

L'\ = /01 2 log" (1) f(x1)g(Aai?) day, (12)

with oy € C if C designates the set of complex numbers, Re(a;) > —1,l; € N,
f € C®[R) and g € S(R), the Schwartz space. Under these strong assumptions
the asymptotic expansion of I*()) is easy to obtain (the reader may consult Brun-
ing (1984), theorem 1, case n = 1). Nevertheless, it is possible to weaken the
assumptions both bearing on functions f and g by using Hadamard’s concept.
This is achieved by introducing for r > 0 a set containing S(R) which is the
space of complex pseudo-functions B, (]0,+o0[) := {complex function g bounded
on R, and there ex1sts a neighbourhood of infinity in which the function g obeys
g(z) = Ze OZm 2% gemz ™ log™ (z) + 7°G°(x) with function G bounded and
Re(Ap) < --- < Re(Ag) <r < s}. Then (see §3, theorem 11), one obtains up to
o(A™") the asymptotic expansion of I'(\) when f is bounded on [0, 1], smooth enough
on a neighbourhood on the right of zero and g € B,.(]0, +00|).

The question of finding the asymptotic expansion of multidimensional integrals
is more difficult and not so much investigated. When g(t) := e'#*, the method of
steepest descents is used (see Bleistein & Handelsman 1975; Wong 1989). Observe
that Estrada & Kanwal (1992, 1994) dealt with the asymptotic expansion of certain
multidimensional generalized functions. In this paper we are interested in expanding
forn>1, (a1,...,a,) €RE™, (Iy,...,1,) € N* and (,...,a,) € C™ with Re(a;) >

—1 the integral
/ / oz logh (1) .. logh (xn,)

Xf(x1,. . xn)gAxit .. zd)day ... day, (1.3)

which is an extension of If (\) to n > 2. According to Bruning & Heintze (1984) and
also Bruning (1984), such a question is crucial when deriving an asymptotic expansion
of the trace of the equivariant heat kernel. Barlet (1982), and also Bruning (1984),
indeed showed that for f € C*(R"), g € S(R) and (a1,...,a,) € R,

Z > Z < TP f > log? (N A~ (@itpil/as (1.4)

i=1 peN j=

with J :=l;+---+1,+n—1and TP designates a generalized function with support
in theset {z = (z1,...,2,) € [0, 1]” [1}-, z; = 0}. Unfortunately, these works do not
provide the dlstrlbutlons T»J. This was done by using Mellin transform for n = 2,
(l1,l2) = (0,0) and (al,az) € R%? by McClure & Wong (1987). Accordingly, this
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Asymptotic expansion of multidimensional integrals 1197

study was mainly motivated by the paper by Bruning (1984), i.e. the very first aim
was to detail the above-mentioned generalized functions T2P+.

Since the proposed approach also permits us to deal Wlth a function g belonging
to a space larger than S(R), this paper presents the derivation of the asymptotic
expansion of I()\) up to order o(A™") when g € B,.(]0,+oo[) and f is a smooth
enough function. Not only each generalized function 7?7 but also new coefficients
(G, f) (related to the behaviour of function g near infinity) will be given. This
expansion is proposed for (l1,...,l,) € N*, (a1,...,a,) € C™ with Re(e;) > —1 and
is based on the use of the integration in the finite part sense of Hadamard.

This work is organized as follows. In § 2, multidimensional integration in the finite
part sense of Hadamard and a useful lemma are introduced. Two basic theorems
are exhibited in §3. As a consequence, the case n = 1 (see theorem 11) and an
important lemma (see lemma 12) are proved. The asymptotic expansion of I () and
a key proposition are presented in §4. Finally, the derivation of the stated theorem
is achieved in several steps and by induction in §§5 and 6.

2. The concept of integration in the finite part sense of Hadamard

As outlined in the above introduction, the important tool for this paper is the con-
cept of multidimensional integration in the finite part sense of Hadamard. Thereby
this section not only introduces both this notion and appropriate functional spaces
but also useful results. For detailed explanations regarding the one-dimensional case
the reader may successively consult Hadamard (1932), Schwartz (1966) and Sellier
(1994). By now, C denotes the set of complex numbers.

Definition 1. For r > 0, the complex function h is of the second kind on the set
10, 7[ if, and only if, there exist a complex function H, a family of positive integers
(M(n)), and two complex families (8,) and (gnm) such that

N M(n)

Ve €]0,7[, h(e) = Z Z Brm€® log™ (€) + H (€), (2.1)

n=0m=K(n)

Re(Bn) < Re(Bn-1) < ... <Re(B1) < Re(By) :=
21_{% H(E) € C and hyo:=0 for ﬁ() =0. (22)

According to Hadamard’s concept (see Hadamard 1932; Schwartz 1966) the finite
part in the Hadamard sense of the quantity h(e), noted fp[h(e)], is the complex
1im€__,0 H(G)

Definition 2. A complex function f € L} (]0,+oo], belongs to £(]0, +o0[, C)
if, and only if, the function hy defined on ]0,r] by hf f(z)dz is of the
second kind. Moreover, the hnear transformation fp acting on 8 (]0, +o0[, C) is such

that for any f € £(]0,+0o[,C) : fp [, f(z) dz := fplhs(e)].

Definition 3. A complex function f belongs to the set P(]0,+o0[,C) if, and
only if, f € LL_(]0,+oo[,C) and there exist positive reals ny and Ay, two functions
F° € Ll([O ns],C) and F> € L'([Af,+oo[,C), two families of positive integers
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1198 A. Sellier
(J(3)), (K (1)) and complex families (o), (f}), () and (f;’) such that

IoJ0)
= ZZ flxilog’  + FO(x), a.e. in]0,7n/],
i=0 j=0
Re(ar) < Re(ar—_1) < ... < Re(a1) < Re(ayg) := —1,; (2.3)
L K()
= Z e logh x + F*°(x), a.e. in [Af, +00],
1=0 k=0
Re(vr) < Re(yp-1) < ... < Re(m) < Re(yo) := 1. (2.4)

Observe that definition 3 implies a specific behaviour of the function f near zero
and near infinity. For instance, if there exists (¢, j) with 7é 0 then f is singular at
zero (i.e. admits no limit as = tends to zero) and is not 1ntegrable on the set |0, 7¢].

Proposition 4. For j € N, a € C and two real values a and b with 0 < a < b,
then

b
/ 2%log’ xdz = PJ(b) — Pi(a), (2.5)

th P = 250 e par) o= g logh(t). (2.6
wit _1(t).—-—j—_-;—1——, else =t Zk'a-i— 1+]kog(). (2.6)

This result leads to the next proposition.

Proposition 5. P(]0,+oo[,C) C £(]0,+00[,C) and for any f € P(]0, +o0],C),

o [ 1 M—huifdﬂl/f

I J@) L K()
+/ Fo(x)dx+/ (@) dz+ Y > fAPI(6) =D fRPr,(B),
0 B i=0j=0 1=0 k=0

(2.7)
for any pair (6, B) such that 0 < § < ny and Ay < B < +o0.

For f € 73510 +oo[ () and according to definition 3 and proposition 4 the function
f f(z)dz is indeed of the second kind. Application of definition 1 and
some algebra ensure the equality (2.7).
Change of variable when dealing with this specific integration may generate correc-
tive terms. The following lemma gives those additional terms for two useful changes
of variable when the function belongs to P(]0, +ocl, C).

Lemma 6. Consider f € P(]0,+oo[,C) and two real values \ and a with A # 0
and a > 0. If we set sgn(\) := \/|A|,

oY) sgn(X)oco
hAf@M=M/ SO0

J(0) K(0)

gl A lo
+Zé—1anf0] | l Z‘SlvofOk i+1 )

k+1
Al (2.8)
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Asymptotic expansion of multidimensional integrals 1199

where for complex values z; and z3; 6., ., = 0 except if 21 = 23 : ., ,, = 1. Moreover,
for the change of variable r := t*

fp / " f@)dz = fp / " Ry dee) = fp / Tarpey . (29)

Proof. These results are deduced by applying definition 3. Equality (2.8) is proved
in Sellier (1994). Consider now the relation (2.9). For f € P(]0,+oo[,C) and € = 0,
we introduce the complex functions ‘

1/e 1/e€
) :/ flx)dz, ha(e) := f(*)d(t*), and A(e) := ha(e) — hi(e).
(2.10)
Since f € L .(]0,+o0[,C), change of variable x := t* is legitimate for A(e) and leads
to

1/€* 1/e € 1/e®
A(e):/ f(z)dz — f(a:)dx=/a f(:c)d:c-'r/ f(z)de. (2.11)

a 1/6
Use of expansions (2.3) and (2.4) for € small enough makes it possible to write
€ 1/€®
A(e) =/ Fo(x)d:r+/ F*(z)de
€2 1/e

1 I L K@) e

+ Z Z / “og’ xdx + Z Z i / ™" logh xdz. (2.12)

i=0 j=0 1=0 k=0 1/€

Because a > 0, F° € L*([0,7;],C) and F*> € L'([A}, +o0[,C) the function

D(e) = /E FO(z)dx + /1/1/6‘1 F*(x) dx

tends to zero with e. Application of proposition 4 allows us to cast A(e) in the next
form

I J@) ' L K@)
=SS OIPL () - PL(eN + 30 ST AEIPE (%) = PE ()] + D(o).
i=0 j=0 1=0 k=0

(2.13)
Since f € P(]0, +oo[,C), hy is of the second kind. Moreover, combination of equalities
(2.6) and (2.13) shows that A is of the second kind. Consequently, hy = h; + A
is also of the second kind and the new function g defined by g(t) := at®~!f(t%)
belongs to £(]0, +oo[, C). Finally, the assumptions Re(a;) < —1, Re(y;) < 1 and the
definitions (2.6) associated with lim,_o D(¢) = 0 and assumption a > 0 ensure that
Fp[A(e)] =0, i.e. provide the result (2.9).

For 0 < b S, +oo it is also easy to define for an appropriate function f the
quantities fp fo z)dz or fp fb x) dx. Application of definition 2 leads to the
introduction of the sets P(]0,b[,C) := {f e L} .(]0,b],C) and if f_ obeys f_(z) :=
f(z) ae. in ]0 b and f_(z) := O a.e. in b, 400, then f_ € P(]0, +oo[ C)} and
P()b, +o0[,C) := {f € L ([b, +o0[,C) and if f obeys [+(z) := f(z) a.e. in [b, +00]
and f(z) —0 a.e. in |0, b[, then fi € P(]0,+o0[,C)}. For f € P(]0,b],C),

fp/f dx—fp/ /o
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1200 A. Sellier
and for f € P(]b, +ool,C),

fp/oo f(z)dz := fp/oo fo(x) dez.

If 0 < c < +ooand f € P(]0,c[,C) then for any real b such that 0 < b < ¢

fp /0 f()de = fp / f(z)do + fp /,, f()da

(this latter integral reducing to a usual integration if ¢ < 4o00). For instance, if
f € P(0,b[,C) and X is real and non-zero, lemma 6 yields

b/ J(0) 7+ I/\I

b
tp [ @z =ro [ sO0AN) +Za_1aofm (2.14)

This study also requires the extension of thls concept of integration in the finite
part sense of Hadamard to the case of multidimensional integration. More precisely,
we are interested in defining for n > 2 and f a smooth enough function, the quantities
L! such that

by by
= 1(z1 , dzo | dzq, .
fp/o g1(z ){fp/o g2(z2) f (1, T2) 902] z1 (2.15)
by
L£>3 fp/ g1(r1)

b bn
X {fp/o g2(x2) ... [fp/o gn(:cn)f(xl,...,xn)dxn] ...dxz] dzi,

where for all 1 € {1,...,n} : 0 < b; < +o00 and g; € P(]0,b;[,C). Observe that, for
any function g;, it is possible to find the positive integer ¢; := inf{m € N, z2™g;(z) €
L*([0,b;],C)}. By now, it is assumed that f is continuous on an open set U containing
the compact [0, b1] x ... x [0, b,]. If ¢ := max(qi,...,qn) = 0 each function g; belongs
to L*([0,b;],C) and L{ reduces to a usual integration.

For n > 1, some convenient notations are introduced. If z = (zy,...,z,) € R” and
p=(p1,...,pn) € N", it is understood that |p| := p1 +...+p,, a? := 2 ... 2P~ and
that the differential operator DP, of order |p|, satisfies DP := 9Pt /Qz* ... 0P~ /Oxbr =
DIPl/§zh ... §xPr. Moreover, for ¢ = (qi,. .., q,) € N™ if {2 designates a bounded and
open subset of R™ and 042 its boundary, D(@1+9)((2) is the set of complex functions
f such that for any p = (p1,...,p,) € N* with 0 < p; < ¢ (Vi € {1,...,n}) DP(f)
exists and is continuous on an open set U countaining the compact {2 U 92. When
n =1 and ¢ € N*, one may remember that for f € DI(2) and (z,y) € 2 x 2 the
Taylor polynomial expansion of this function f of order ¢ — 1 at point y, noted Tf ”
and the associated remainder Rq , obey the well-known relations

(Z) )
Z Py, (216)

R, (2) = f(z) = T}, (z) = (7}% / (1= fOly + 1z —y))dt. (217)

Application of the previous notations allows one to define the integral Lg for f
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Asymptotic expansion of multidimensional integrals 1201

belonging to D(@:92)(]0, b1 [x]0, by[). As already outlined, L} turns out to be a usual
integration if (g1,¢2) = (0,0). Assume that 92, > 1 (the case ¢ = 0 will be later
discussed), then the functlon Bs[f](z1) = fp fo 92(x2) f(x1, z2) dzo takes the form

b2 q2_1 12 b2 12
By[f](z1) =/ 92(2) R [ f] (w1, w2) da + ) 9 i]:(ﬂh,())fp/ ga(2) 2 da

0 i2=0 Lo 0 19:

(2.18)
for any z; € [0, b1], and with equality (2.17)
a2 1 2
q2 _ Ly _ qg—la f

R [f(z1,22) = T /0 (1—t) 5P (21, tas) dt. (2.19)

Since f € D@92)(]0,by[x]0,by[), the derivatives 9% RE[f](z1,x2)/0z} exist on
[0,b1] x [0, bg] for 0 < i1 < g1 (they are obtained by derivating equality (2.19) because
as continuous on the compact [0,b;1] x [0,b2] the functlon 8“6’2 [0z 02 (21, x2)
is bounded on it) and By[f] € D®(]0,b;[). Thus, L = fpfo g1(x1) Bg[f](l'l)dIl
admits a sense. If ¢; > 1, some algebra yields

by ba q1—1 az’lf l‘
t= [Mae| [ {fnra - X Gl 0mTy

q2—1 o; q1—1gz2—1
22 811+22
S 0B TS E 0.0 B e dn] an

iz 11 12 ’ 17
z
i2=0 O3 i1=0 ig= o 0x1 05 1

qlzl [ / xilgl(:cl)dxl] [fp/ob2 g“z{ (0, xz)gz(xg)d:rz]
qzzl [ / l”ézgz(l'z)dxz] [fp/ob1 g:g:(a:l,())gl(xl)dxl]

i2 —0
wlel 1 gy . "

Y =500 fp [ atgi(z)de| |fp [ 2Pga(z2)dra).
1120 130 111! 83:1 637 0 0

(2.20)

It is clear that the first integral on the right-hand side of (2.20) is a usual one.
Consequently, Fubml s theorem applies to this first term. Each of the remaining
contributions to L2 involve one-dimensional integrations in the finite part sense of
Hadamard which are all legitimate (for instance, the function 8% f/9z% (0, z2) be-
longs to D%(]0, bs[)). If g2 > 1 and ¢; = 0, one obtains

by by a2-1 o) ig
= [ aw)| | {f(ﬂflaifz)_Zg‘é(wl,o)%}%(%)dm] de,

i2=0

mzl [ /xé’gz(xz)dxz“ Obl gzéf(xl,())gl(xl)dxl}, (2.21)

and for g; > 1, go = 0 the function By[f] rewrites By[f](z1) fo g2(x2) f(x1, z2) dzo
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1202 A. Sellier

and

by by -1 o) ia
L Z/O 91(z1) [/O {f(ﬂﬁhﬂﬁz) -3 gxz{(oaxz)f }gz(xz)d@] dz;
i1=0 1

+(h21 il [fp/ xilgl(ﬂﬁl)dxl] [/Obl ailf(O,xz)gz(xz)dxz]. (2.22)

11
= oz}

These expansions (2.20)(2.22) of the integral L] also show that for z = (21, z5)

fp / " @) [fp / ? (e (@) dxg] da,

=fp /Ob2 g2(x2) [fp/ob1 91($1)f(33)d$1] dzs.

|
For n > 3, the following proposition holds.

Proposition 7. Consider n > 3 and families (b;), (9:), (¢;) with Vi € {1,...,n} :
0 < b < 400, gi € P(0,b], C) ¢; := inf{m € N,z™g;(z) € L'([0,b;],C)}. It is
possible to define by induction for f € D) (]0, bl[x . x]0,b,[) the complex

b1 ba
L£ = fp/o gl(xl)iifp[) gg(xz)...

x [fp /Ob" In(@)f (@1 s 20) dxn} . dxz} day (2.23)

and if o denotes any permutation of the set {1,...,n}
; bo(1) bo(2)
=fp [ (@) [fp | s (eaa
0
bo(n)
X [fp/ Go(n) (xa(n))f(xla cee ’xn) dxo(n):! e dxa(Z):| dxa(l)' (224>
0

Proof. For f € D) (10,by[x ... x]0,b,[) and (x1,...,2,) = (y,z,), the func-
tion B,[f](y) := fp fo In xn)f(y,xn)dxn rewrites

bn
Bulf](y) = / 0 () (@ 20) Ay i g = O, (2.25)

gn—1 oin f b i
Bn[f](?J) = inzzo Bacﬁ{” (y,O) |:fp/0 gn(IEn)m diﬂn]

bn qn 1 dn
+/ gn(fcn)%' [/ (1_75)%—18 (y,txn)dt] dzy, ifgn>1
0 (Qn - 1)’ 0
(2.26)
Consequently, the function B,[f] belongs to D@ 2-1)(]0,by[x ... x]0,b,_1[) and

LI =L; "[ !_ This latter relation provides L{ by induction and also leads to Lf =

Phil. Trans. R. Soc. Lond. A (1996)



Asymptotic expansion of multidimensional integrals 1203

1B . Brpialf] £ 9 < p<n—1and B;B, [f] B;[B;[f]]. The reader may easily

n—

prove (2.24) by 1nduct10n for n > 3, since it is true for n=2and L{ = L" ]. [ |

Proposition 7 introduces L but it is worth obtaining a formula to calculate such
a quantity. For k € {1,...,n}, 6, and t; are two operators acting on R™ and such
that if (y1,...,Yn) = 6k(z1,...,2,) and (21,...,2,) = te(21,...,2,) then yp = 0,
2z, = tpry and for i # k, y; = z; = z;. The next proposition gives the required
expansion.

Proposition 8. Following proposition 7, consider for n > 3 families (b;), (g:),
(), E:={i e {l,....,n}q = 1} = (§(1))ieqr,...m} if m = card(E) > 1, and also
S,n = {0, 0 is a permutation of {1,...,m}}. Then, for

fe D(ql,m,qn)(]o,bl[x - x]0, by )

L = fp/ob1 !11(1131)[1%’/01)2 92(x2) . ..
x [fp/obn gn(xn)f(xl,...,xn)dxn] de} dz;
:/Obl gl(:rl)[/ob2 ga(z2) ... [/Ob gn(2n) HR‘“[f](:cl,...,a:n)dxn] ...d:cg] day

jEE

G~ gGm—1l m

£33 T sty

iin!
ij1=0  ij0my=01=1 i

xJ

gy [0 )
Sm\E

ie{l,.. (1) i5(m)
3ajj(1) .. .8ajj(m)

e~ Giem) 1

1_67"12201) Z Z

0ESy p=1 tieN=0  Gi(o(r)=0

(o (k) ZICIO)) (bs,9%)
[/ 9i(o(k ))(u>‘”—%( ! du] JieGlo))pir<icm

ﬁ » (k))[ dlian T Fiiewm) f (6 5 )

i . ; L6 T

7 (o (1)) 2-((7(1_,)) j(O’(l)) ](U(p))
x5y - 0% )

where C?, := m'/[p'(m p)!] for positive integers m, p such that 0 < p < m;
the operators T%, R% obey for g, > 1 and h € D@9 (]0,by[x ... x]0,by[) the
definition

(6]-(1) e 6j(m):c)]

_|_

z‘d

l—| =
Il

qr—1
lk a’Lkh
THRE) = 3 T g Gy RUT@) = b@) ~TUAE), (220
Zk =0
and the integral J, elgé{l qy (] is defined later (see (2.31)).

Proof. First, it is indeed assumed that m = card(E) > 1 so that L{ is not a

Phil. Trans. R. Soc. Lond. A (1996)



1204 A. Sellier

usual integration. Consider b € D@ (]0,b;[x ... x]0,b,[) and (I,p) € {1,...,n}?
with | # p. According to (2.27), T@T%[h] = T®[T9%[h]] = T9wT%[h]. Moreover,
RuT%[h] = T%[h] — T®*T%[h] = T%[h — TU[h]] = T RU[h); T*R¥[h] = T"[h —
T%[h]] = R®T%[h] and R®R¥[h] = h — T%[h] — T%[h] + T2T%[h] = R¥» R%[h).
Thus, the identity f = [R%®) + T%®]. . [R%m + T%][f] may be cast into the
useful and well-known form

f= H R%[f] + H T%|f _6_’"1
JEE JEE m!
m—1
X Z Z CP T%(W) ... T9@) Rl p+D) ... Rl f], (2.28)

c€S, p=1

where 6,1 = 0 except if m = 1: §;; = 1. Relation (2.17) combined with the definition
of operator t; ensures

(o (m)) 1 o
. m (0’( )) ol 8 J(o(m))f

Rt (fl(x) = [—(1(—7(_))m———1_]'/o [1 = tj(o(my)| ¥ T ST [t (o(m)) @] At j(o(m)),
Jhetm ' Tj(o(m))

(2.29)

and thereafter R%i-tm)[f] € D”ﬁa(m))(ql>“"q")(H#J(o(m))]() i[), where for n > 2 and
1 < k < n the operator r} acting on R” is defined by 7} (z) = ri(z,. .. ,xn) =v=
(v1,...,Vp_1) With:

(i) ifk—-lthenvl—xzﬂ, 1<ig<n—1;

(ii)if k=nthenv, =xz;, 1 <i<n—1;

(i) if2<k<nm—1thenv;, =z;for 1 <i<k—1landv; =ax4 for k<i<n—1.
It is also clear that the function

Gi(o(p+1)) * * * Gj(o(m)) RVC@+) ... Rli(=(m) [f]

belongs to the set

n(mpl)

Dlite+1)  Titon) (A1) (3
if B is defined by

B= H ]Oabl[

i3{j(o(p+1)),....i(a(m))}
thanks to the relation

m 9j(o (k)

2 1
RUGG+) ... RUGo)[f](z) = H % / [1 = tj(o(pray )G
kepi1 Dilo (k) — 0

1 . )
O%ie(p+1)) | O%i(a(m))
X [/ 1- tj(a(m))]qj(a(m))‘l ’ ’ f
0

4j(o(p+1)) . Adi(a(m))
6x3(d(p+1)) 6zj(v(m))

X[tj(o(p+1)) " * ti(o(m) @] dt.f(a(m))] o dEo(pi1)) (2.30)

and definition ¢; := inf{m € N,z™g;(x) € L'([0,b;],C)}. For an integer 1 < d < n,
A= (Di)ieq1,...,.ay € {1,...,n} and families (¢;)icq1,....n}, (hi)ieqa,.. o, such that Vi €
{1,...,n}:0 < ¢ < o0, by is a complex function; the complex J;¢ C“ : [F] is defined
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for any function F such that [[];c (i 4 b, (p,)]F(2) € Ll(Hje{l,..‘,d} [0,¢p,],C) by
TR = / (W F(u)du, ifd=1, (2.31)
cishi)
1(EA / h’P1 (xpl e

x[/ hpy(Xp ) F(xpy s ... xp,)dap, | - - dzy, ford>2
0

Observe that Fubini’s theorem applies to the above integral. Equality (2.30) proves

. . - EET . o (o (m z (e(1)) i (o (p))
that each derivative %) tita@) [RIew+1) - .« R [f]]/0 cc]mm) 00
exists for 0 < 45, < q] a), VI € {1,...,p} and that each integral LY admit
a sense for w = T%@) ... T%@EE) RieE+) ... Ry [f], and according to defini-

tions (2.27) and (2.31) takes the form

b1 bn
fp/ g1 (371) e [fp/ gn(ZEn)qu("(l)) co T RAi(er+1)) L
0 0

X R%i(a(m)) [f](m) dxn] coodxy

%G~ iemn—l p

i (o (k)) '(a(k))
= D ) H[ / (ot () = du]

ij(o (k)

te)=0  ii(o(p)=0 k=1
(b4,91) i (o
XJie (5o w41, o) [Rq“ SRR
_ i tFiiemn [ f]
X Rt mn { B L D) G = Biton®) | |- (2.32)
Tie) " Mo
To conclude, use of equality (2.28) leads to the result. [ |

3. The asymptotic expansion for the one-dimensional case

This section presents two important theorems which give the expansion, with
respect to a large and real parameter A, of a class of integrals. The one-dimensional
case reduces to an application of those theorems. A basic lemma will be also derived.

Definition 4. For a complex function h, two complex families (a,), (@nm,) such
that the sequence (Re(a,)) is strictly increasing (Re(ap) < Re(a) < ... < Re(an))
and a family of positive integers (M (n)), the following and abridged notations are
used:

(i) for two reals r and € > 0,

N M(n)
E €™ log™ € := E E rm €2 log™
m,Re(a)<r n=0 m=0

where N := sup{n, Re(a,) < 1};
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1206 A. Sellier
(i)
m,M(n)
}LILI}] h(u) = Z U™ log™ u
n,Re(aqn)<r

means that there exist a real s = r and a complex function H? bounded in a neigh-
bourhood on the right of zero in which

h(u) = Z Q™™ log™ u + u* H (u)
m,Re(a)<r

and if there exists (n,m) with a,,, # 0 then Sy(h) := inf{Re(a,,), where n is such
that there exists m € {0,..., M(n)} with a,, # 0};
(iii)
m,M(n)
ukrfooh(u) = Z At " log™ u
n,Re(an)<r

means that there exist a real s > r and a complex function H° bounded in a
neighbourhood of infinity in which

W)= Yt lu ) og™ u+ uC HE ()
m,Re(a)<r

and if there exists (n,m) with a,,, # 0, then Sy (h) := inf{Re(c,), where n is such
that there exists m € {0,..., M(n)} with a,,, # 0}.

This definition allows us to introduce two useful functional spaces.

Definition 5. For two real values 71, 72, and 0 < b < +oo0, the sets £2(]0,b[,C)
and F2(]0, b[, C'), respectively, satisfy

(A) £2(]0,b[,C) := {f, f is a complex pseudo-function and there exist complex
families (o), (Ai;) with (Re(a)) strictly increasing, a family of positive integers J(7)

with
3,J(4)
lli%f() Z Az log’ ;
i, Re(a;)<r

if b < +oo then f € L, (]0,b],C) else f € Li (]0,+oo[,C) and there exist complex
families (7,,), (Bnm) with (Re(y,)) strictly increasing, a family (M (n)) with

m,M(n)

lim f(z)= Z Bpmx~ " log™ x};

Tr— 400
n,Re(vn)<r2

(B) F2(]0,b[,C) is the set of pseudo-functions K(z,u) such that, for X\ large
enough, K (z, z) € P(]0,b[,C) and K(z,u) satisfies the following properties:

(1) There exist a positive integer N, a complex family (v,) with Re(y) < ... <
Re(yn) := 72, families of positive integers (M (n)) and of complex pseudo-functions
(Knm(z)), areal s > 7o, a complex function G,,(z,u), areal B > 0 and a real n > 0
such that for any (x,u) €]0, b[x [n, +oo[:

N M(n)

=33 K@)y log™ u+ u™* G, (a, w); (3.1)

n=0m=0

Phil. Trans. R. Soc. Lond. A (1996)
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b
/ x2G,, (x, \x)dx
n

there exist a positive integer I, a complex family (a;) with Re(ag) < ... < Re(ay) :=
r1, a family of p081t1ve integers (J(i)), with for n € {0,...,N}, m € {0,...,M(n)},
K € Epe Re(”” .(10,8[, C) and there exist a complex family (Kij ), areal s; =71, &
complex functlon L,,, bounded in a neighbourhood of zero in which

< B < Ho0; (3.2)

I J(%)
Kpn(2) =YY K2 log! @+ 2 Ly (x). (3.3)
i=0 j=0

(2) For the same 7,1, s; families (o;) and (J(i)), there exist a real A > 7 -0, a
family of complex pseudo-functions (h*), a complex function H,, (z,u), a real B >0
and a real W > 0 such that for 0 <z < W and u > 0:

= Z Z R (w)z® log? x + z°* H,, (z, u); (3.4)

i=0 j=0
A
‘/ utH,, (u/A u)du| < B < +00; (3.5)
0
fori € {0,...,I} and j € {0,...,J(¢)},
i Re(a;
hii e eT R((a) (10, +oc[, ©).
More precisely,
N 2,Q(p) §
}Llil% h(u) = Z HYuPlog? u
p,Re(Bp)<—1—Re(a;)
and also
§ m,M(n)
lim A (u) = > K9 4~ log™ u.

u—+00
n,Re(vn)<14+Re(as)

Moreover, there exists a complex function O;; bounded in a neighbourhood of infinity
in which

W =30 S K o™+ w0y (). (3.6)
n=0 m=0
(3) Finally there exists a complex function W, ., (z, u), bounded in ]0, 7] x [A4, +0o0[,
defined as

N M(n)
U2 W,y (z,u) = K(z,u) — Z Z K (z)u™" log™ u
n=0m=0
I J@) N M(n) .
- ZZ [hij(u) — Z Z K9 w7 log™ u] z% log’ x. (3.7)
1=0 j=0 n=0 m=0

Taking into account these definitions and notation C? := n!/[p!(n — p)!] (if n and
p are positive integers with p < n), the two following theorems hold (for a derivation
the reader is referred to Sellier (1994)).
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1208 A. Sellier

Theorem 9. For a real r, if there exist 1 > r — 1 and ro > r such that K(x,u) €
Fr2(]0,b[,C), then when A\ — 400

b
fp/ K(z,\z)dx
0

m

b
= Z Z m [.fp/ Knm(x)x_’yn logm_l(x) dz| A7 logl A
0

m,Re(v)<r =0
+ Z ZC’l [fp/ K (v)v®i log? ! (v) dov
j,Re(a)<r—1 1=0

Q(P) H”

-2 1+J+q_l10g1+j+q—l/\

{p; Bp=—a; —1} ¢=0
M(n)

nm 1 1+j+‘m—l)\ )\—(ai+1)l l)\ AT 3.8
+ Y Zl+g—|—m—10g og' A +o(A7T), (38)
{n Yn=1+40a; } m=0
where each sum ), p.,<, is defined by definition 4 and > ip 3,—-) Imeans a con-

tribution correspondmg to the value of positive integer p whic sat1sﬁes B, = z and
reduces to zero if such a value of p does not exist.

Observe that theorem 9 provides the asymptotic expansion of a singular integral
(in the finite part sense of Hadamard). For this work, this theorem will be only
applied to regular integrals. It is also possible to use the results derived by Bruning
& Seeley (1985). These latter results have been recently extended by Lesch (1993)
to functions with finite expansions at zero and infinity.

Theorem 10. Consider two complex pseudo-functions h € P(]0,b[,C) and also
H. € P(]0,400[,C). Assume that there exist three reals t,v,w with t > —Sy(H),
w > max(—t,—1 — Sy(h)) and also if b = +o00, v > max(l — So(H),1 — t) and
t > 1 — S5(h). Moreover, assume that also h € é't“ 110,08, C), H € E.(]0, +00[,C)
and h(z)H (Az) € P(]0,b],C). Then, for any real r < t, if \ — +o00

b

fp/O h(z)H(A\x) dz

= Z f:Canﬁfn [fp/b h(z)z~ " log™ ! () dx] A7 logh A
0

m,Re(y)<r 1=0

+ Z ZC;(—l)’h?j {fp /OOO H(v)v® log’ ' (v) dv

j,Re(a)<r—11=0

Q(P) HO

_ Z Zl+]+q_llg1+j+q—l)\

{p;Bp=—0ci—1} q=0
M(n)

1+j4+m—1 —(a;+1) l —r
+ Z Zl—i—j—l—m—lbg )\])\ log" A\ +0o(A7"), (3.9)

{n 771,—1+a } m=0
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with
5,J (%)
3 — 0 i J
alcl_r% h(z) = Z iz log’
i,Re(a)<t—1
and for function H,
m,M(n)
lim H(u Z Hp;> uw " log™ u,
v n,Re(vy)<t
7,Q(p)
iii% H(u) = Z Hl?quﬁ” log? u.
p,Re(B)<w

Note that theorem 10 consists of an application of theorem 9 for K(z,u) =
h(z)H (u) and that assumption H € £ (]0,b[, C) is sufficient but not necessary (see
derivation in Sellier (1994)). Moreover, the coefficients occurring in the expansions
(3.8) or (3.9) are 1ntegrals in the finite part sense of Hadamard even if the initial
quantity fp fo (x, Az) dz reduces to a usual integration (in Lebesgue’s sense).

For r > 0 and g € N we introduce the sets B,.(]0,+oo[) = {g; g is
bounded on Ry and limy,—, 00 g(u) = Z:’é\g((n))Q Gnmu ™" log™ u}, C.(]0, +oo[) -
{g; Vv w1th Re( ) > ~1,Yg € N,g(x)z'log?z € LL.([0,+0c[,C) and
limy— 100 9(u) = D0 e, y<r GnmU~ Anlog™u} and also the set H4(]0,1[) :=
{complex functlonq f <bounded on [0,1] and such that there exists 0 < n < 1
with f € D(]0,n[)}. Application of theorem 10 leads to the expansion of I7())
for g € C,(]0, +00().

Theorem 11. Consider a > 0,1 € N and o € C with Re(a) > —1. Suppose that
r > 0 and set q := max([ar — Re(a)],0) where [b] denotes the integer part of the

real b. If f € H9(]0,1]) and g € C,(]0, +00|), then the integral I (\) admits, as A
tends to infinity, the following expansion:

() = / 2 log!(2) f (z)g(Az*) dz

[ar—Re(a)]—1 1

_ Z ch( ) ()”1 fii(!o)

X [fp / wa @D 06!k (1) g (u) du] A~ (/@) atitl) [ogk \

+ Z ganCk me k[fp/ f(z)ze4n Joghtm= F(z) dz| A4 logh A

m,Re(A)< k=0

I+1 g 1\ 1!
+ Z Z (l) f (0) (=1)" l'm!gnm A~ An Jogm L )\
a

! 1
m,Re(A)<r {i;aA,=14+a+i} 2! (m + 1+ 1)
e (3.10)
where it is understood that Zf:o =0 ifp < 0.

Phil. Trans. R. Soc. Lond. A (1996)



1210 A. Sellier
Proof. If A := sup,¢(o 1) |f(z)| then

1
()] < —A/ 2 log! (2)|g(\a®)| dz 1= —A x D.
0

Moreover, after some algebra and use of the new variable ¢ := Az®, one gets

I+1 A
1
D= (—) ™ <a+1>/aZCe )¢In° AU tletD/a=11ogt=¢ (1) g(¢)| dt|, (3.11)
a g 0
with Re[((a+1)/a)—1] > —1 because Re(a) > —1. Thus, the definition of C,(]0, +oc|)
shows that [ 1f (M) exists. Under the proposed assumptions, there exist a neighbour-
hood of zero (on the right), a function F° _; bounded in this neighbourhood and a
real T' > ar — 1 such that
[ar—Re(a)]—1 fz(())
F(z) = 2%log (@) f(z) = e **log(z) + 2T F° (),  (3.12)
i=0 '
with
(i) if ar — 1 > Re(c) then [ar — Re(ar)] > 1 and thanks to decomposition (2.17),

e Fy,y (2) = [po Rl log! () /01(1 — )7 f(tw) dt] /(g - 1)1,

where ¢ := [ar — Re(a)];
(ii) if ar — 1 < Re(«) then Re(« )—|—1—ar:17>0andch01ceofT =ar—1+1in
and of FO _ (z) := z*t1=07=1/2Jog! (z) f(z) is possible with F(z) = zTF° _ (x).

ar—1

Consequently, for any real v, F' € SQT 1(J0, 1], €). Moreover, if G is defined by G(u) :=
g(u®) then G € C,.(]0, +oo[) with, in a nelghbourhood of infinity,

N M(n)

Gu) =g(u*) =>_ > @ gumu M log" u A u U GR(ut), s> (3.13)

n=0 m=0

Observe that for X := A2,

I = /01 2% log' () f(z)G(Nz) da.

Thus, theorem 10 applies and by keeping the definition >°7_; := 0 if p < 0, one
obtains

1
HN = % [ [ 0o togle) o) log" (N s o
0

m,Re(A)<r
[ar—Re(a)]—1 1

£y Y ed ){fp/oo v+ log = (1)G(v) d
1=0 =0
M(n)

a™ Gnm 14+m+l—k y/ /— ; k —
1 m PYASY (a+1,+1)1 )\/ I—ar )
LD DD D s P 08" A"+ oA
{n;ad,=1+a+i} m=0

(3.14)
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Assumptions ¢ = max([ar — Re(«)],0) and f € H9(]0,1[) combined with expan-
sion (3.12) show that for Re(A,) < r, each integral

o 209 log! (2) (&) log™ (V) da

admits a sense. Moreover, for any real 0 < R < o0,

R R*
/ v+ log! F (v)G(v) dv = aF ! / ueFHD/ O 106l F (1) g(u) du
0 0

exists (because g € C.(]0,+00[)) and for Re(a) + ¢ < ar — 1, the function
peti=as Jog!™F (1) G (v*) is measurable on a neighbourhood of infinity (thanks to
s > r and G2 (v*) bounded for v large enough). This justifies the existence of

fp/ ot logl_k(v)G(v) dv = ak—l—lfp/ u((a+i+1)/a)—1 logl_k(u)g(u) du
0 0

(see lemma 6) and also explains that in applying theorem 10 the third term on the
right-hand side of (3.9) reduces to zero. To conclude, the following equality is used

LR (=D

ml = = f ) N2, 1
Smi e ltl+m—k (m+l+1)0 or (m, 1) € (3.15)
Introduction of function
!
Fr(z) =Y _ CH=1Fa"™ k(1 +1+m — k)"
k=0
such that le(O) = 0,8 = Fu(l) and F'(z) = 2™(z — 1)}, indeed leads to
St = fo (r —1)tdz. ]

When dealing with multidimensional integrals in the finite part sense of Hadamard
it is not always legitimate to apply without correction the usual Fubini’s theorem.
Proposition 7 exhibits a case where Fubini’s theorem applies. The subsequent very
important lemma treats the case of a pecular two-dimensional integral and provides
the extra term. For r > 0, and in order to deal with this lemma, the space £,.(]0, +00[)
is defined by

L.(]0, +00]) := {g;V’y with Re(y) »= —1,Vq € N,Vn > 0 then

1
g(z)x" log? x € Llloc([OHrOO[,C),X”/O y" log?(y)g9(Xy) dy

m,M(n)
is bounded as X — 0" and lim g(u) = Z Gnmtt~ " log™ u}
U——+00
n,Re(An)<r

Observe that B,(]0,4+o00[) C £,(]0, +00[) C C,(]0, +00[).

Lemma 12. Consider reals a = 0, b = 0, complex numbers « and (3 with Re(a) >
—1, Re(B) > —1, positive integers j and q and a function g € L,(]0,+o0[), where
r > max([Re(a) + 1]/b, [Re(B) + 1]/a). If we set

Dilg] := fp/o1 % log? () [fp /Ooo u” log? (u)g(uz?) du] dz, (3.16)
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1212 A. Sellier

oS} 1
— a j a,.b
D'llg] == _)"'10/O u logqu[/o z%log’ (z)g(u®z )dx] du, (3.17)
then AY[g] := Dj[g] — D'{[g] = 0; except if a(a + 1) = b(B + 1). In this latter case
141 j+1 oo ,
i = T (¢ B 1ngdtitl a
Allg] = PESEE <b> [fp/o u” log (u)g(u )du] (3.18)

Proof. Consider z €]0,1[ and X\ = z%¢ = 0. Some algebra for the new function
G(X) := g(X?) and the complex

e:= fp/ uP log?(u)g(u®z?) du
0

yields

e = g~ ¢/a(B+D) Z cy log? (/%) [fp /OO()\u)ﬁ log? P(Au)G(Au)d(Au)|.  (3.19)
0

p=0

The assumptions Re(8) > —1, g € £,(]0,+o0[) with > [Re(5) + 1]/a ensure that
for any real 0 < R < +00,

R R
/ t" log? P ()G (t) dt = a?~ 7" / w((FFD/ D=1 6697P () g (u) du
0 0
exists and that there exists a real s > r (i.e. such that Re(8) — as < —1) with

PGH = Y gua N logn (1) + 7GR (320)
m,Re(A)<r

in a neighbourhood of infinity in which one G%° is bounded. Consequently, the com-
plex o0
fp / t? log? P ()G (t) dt
0

admits a sense and application of the change of variable ¢ = Au to equality (3.19)
(see lemma 6 for the corrective terms) leads to

q b P 1
= ZC;’ <__> fp/ 20— (b/a)(B+1) logj+p(x)
a 0
p=0

M(n) o, q p+m+1( b/a)

- - a"™ gnm 1o
X 7 log? P (t)g(t*) dt + dz.
o [ rorrgeyae Y3 et e ) g

{n;aAp,=p+1} m=0

(3.21)

Use of the change of variable z := u%z® for the integral d := fol z*log? (z)g(u®z®) dz

yields i

D[] = %Z ( ) p / W~ (/D) o084 ()

=0

d
Step 1. Suppose that a(a+1) = b(8+1). Because fp fol z ' og'(z)dx = O fori € N,
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(3.21) gives Dj[g] = 0. Taking into account this assumption a(a +1) = b(3+ 1) and
proposition 4, an integration by parts of equality (3.26) (always valid when dealing
with integration in the finite part sense of Hadamard) leads to

19 _ co EL_ A Ol( ) / B q+j+1 a
D) = splF@E - (%) [Z~—~——q+ e [ og gty aul,
(3.23)
where
1 d l lloquH(u) v ((a+1)/b)—17. G—L/ 1/b
J J-l ( )lClCn j—n ) 1
— JZi=t (@ B+114gati+1—n RPN a.b
;nzzo o (b) u” T log (u)[/o z“ log (m)g(ux)d:c]
(3.24)
Note that

1 1
/ z%log™ (z)g(uz®) dz = b~V / (T =1 60" (1) g(ut) dt
0 0

with Re[(a + 1)/a — 1] > —1. Moreover, Re(8) + 1 > 0 and g € £,(]0, +00[) ensure
that F(0) = 0. Because a(a+1) = b(8+1), g € £L,(]0, +00[) with r > [Re(8)+1]/a =
[Re(a) + 1]/b. Thus, application of theorem 11 with f := 1 ensures, as u — 00,
an asymptotic expansion of each integral fol z%log"(z)g(uz®) dz with a remainder
o(u™%), where s = ar > Re(f) + 1 > 0. Consequently, as u — +00, F(u) rewrites

= iJZ SN T E T log T (w) + o(1), (3.25)

1=0n=0 p 14

with Re(y,) < 0and ¢+ 4+ 1+ j —n > 1. Due to these remarks, fp[F(e~!)] = 0.
Finally,

ch lg+1+1] ~(—1)ji0§(—1)k/[1 +q+j K]

= (=1)784; = jlg!/(g + i +1)!
(see (3.15)) and equality (3.23) provides the announced result.

Step 2. Suppose now that a(a + 1) # b(8 + 1). First we set j = 0. Equality (3.21)
and proposition 4 yield

q _ : b ? Cé)p! = q—p a
Pl = ZH e maEE T P, e s a
M(n)

DTSN VD of () Hl

{n; aAn,=p+1} m=0

a" Gnm (=1atm+t ;EJ +m+1)! (3.26)

X
(q—p+m+1)[a+1—(b/a)(B-+1)jatm+2’
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1214 A. Sellier

Use of the relation

. or(-1)p (—1)9¢!m!
> e s - e
= 14+q+m—p (g +m+1)!
allows us to cast the second contribution of D§[g] in the form
M(n) g+m+1 1
b a™ gnm(—1)" 1 glm!
_ 4 . 3.27
- 3 3 it 6

{n§ aAn=ﬂ+1} m=0

An integration by parts of equality (3.26) with j = 0 gives

iy G, [P g!(=1)7""u" log™ (u) ) du ,
Dl =350 [ 3 i e e ) du L

(3.28)

W (u) = fq‘_: @/(=1)""w’* log™ (u) [ /O lxag(u“mb)dx]. (3.29)

with

m/![B+1—(a/b)(a + 1)]1+a—m

Here, ¥(0) = 0 (see treatment of F(0)). If u* — 400, theorem 11 associated with
the assumption g € £,.(]0, +00]) with » > max([Re(a) + 1]/b, [Re(3) + 1]/a) provides
the asymptotic expansion of
1
/ %g(uz®) dz.
0

Such an expansion involves the terms [u®]~(1/)(at1) — o= (a/b)(a+1) " a550ciated to the
first and third sums of the expansion (3.10), but also (see the second contribution
on the right-hand side of (3.10)) the terms

1
Z Qnmz:C"C pmk k[fp/ & b4An logm_k(x)dx]u_“A" logku

m,Re(A)<r k=0

and the remainder is o(u™%) with s > Re(8) + 1. Thus, fp[¥(e71)] is zero except if
there exists n such that —a4,, + 3+ 1 = 0 and in such a case the contribution is
obtained by setting kK = 0 (and m’ = 0 in relation (3.29)). Hence,

M(n) 1
.fp[ W(u)]go = Z Z gnmbm[.fp/o g bAt)/a logm(x) dx]

{niaAn=p+1} m=0
Taking into account that o — b(8+1)/a # —1,

fP/Ol 2B/ 0™ () da = (=1)™ml/[a + 1 — b(8 + 1) /a]™*!

M(n) <b>q+1 bmgnm(_]-)m-’_l(]!m!
[

a) Jat1-0b(F+1)/ajirmt?

=C,.  (3.30)

{niadn=p+1} m=0
To conclude, if we set p = g—m/, the first term on the right-hand side of (3.28) equals
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Asymptotic expansion of multidimensional integrals 1215

the first term on the right-hand side of (3.26). The case j # 0 is obtained by induction
and by using the following property: if g € £,.(]0, +00[) then the function h, defined
by hy(z) := g(z)log(z) belongs to L,(]0,+o0[). Suppose that a(a + 1) # b(8 + 1)
and that for any positive integer ¢, and any function g € £,.(]0, +o0[) : Dj[g] = D'§[g].
This is true for j = 0. Relation

log’ ™! () = log’ () log(u"z") — alog(u)]/b

gives
a 1 1 ) oS}
Dl,lg) =~ 427+ 1 [ o log'0)| [ lowt ) du
0 0

/ a 1 % ! e j
D 3+1[ | = —ED’;’»H[Q] + Efp/ u? log?(u) [/ % log’ (x)hg(u“yb)d:c] du.
0 0

The assumption Di[g] = D’'{[g], Vg € N and the property hy € L£,(]0,+00[) show
that D, [g] = D'}’H[g] u

4. The multidimensional case

By now if n > 1 and 1 < k < n, we set §) = Ok, where 6, is the operator introduced
in the previous section,
n n
J Jj=1

and also
H Aj = H Aj,
J381,etk Je{Ll,..n\{1,.00s0k }
where each ; belongs to {1,...,n}. This product is set equal to one if £ = n and
{is, .. ix} ={1,...,n}. Moreover the notation .7 . F(i1,...,ix) means a sum
over all the subsets {11, ooyl of {1 .,n} such that the 1ntegers i; are all different.
Ifk=1,
n n
Z F(i1) reduces to E F(i)
i i=1
Given a complex family (;)ie(1,....n}, a real family (a;)ie(1,....ny and (na, ..., nx) € N*

with 1 < k < n, the real A(ny,...,nx) equals one if k = 1 or if a;(a; + ny; +1) =
a;j(a; +ni + 1), V(i,5) € {1,...,k}?; else A(ni,...,ng) := 0. For a complex v, the
real A7(ny,...,ny) is zero except if a;y = o; +n; + 1, Vi € {1,...,k} and in such
circumstances AY(ny,...,nx) := 1. Finally, if p and ¢ are integers with p > 0 then

Zq: Fi =0
i=p

Pigseees Piy, Piq Piy,
E F(il,...,ik)ZZ E E Fll,...
il ..... ik i1"0 Zk—‘O
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1216 A. Sellier

Theorem 13. Consider n > 1, a real 7 > 0 and families («;), (a;), (1), (@),
(p:) such that for any i € {1,...,n} : a; € C with Re(o;) > —1, a; € R%, I; € N,
¢; = max([a;r — Re(ay)],0) and p; = [a;r — Re(e)] — 1. If f € Dlaan)(]0,1[")
and g € B,(]0,+0c0]), the integral If()\) admits, as A tends to infinity, the following
expansion:

1 1
[ [ ogh ) logt )
0 0

X fl@ns s m)gNaf e ai) day - da,

Piqr-esDi lig+1 li, +1
Z 1)k+1 i IZ’“A(nil,...,nik)<1>l+ (1>k+
n“"nzk' (7%

21 ..,ik nil,...,nik a'ik:
lil' .. { / aj—(aj/ai, ) (i, +ni, +1)
X H fp x 3/ % 1 1
k
(Z + k - 1 J5t1,e0

X log' () f2Li A (67 . 87 ) [fp / (e i +1) ) -1

X[IOg()\—lu ﬁ xj—aj)}(zfllﬁk 1

(’LL) du] dmj }/\—(o‘i1+"i1 +1)/ai,

Fit1,eeyik
M (e) 1
+ Z Z gem {fp/ xlfq a1l logll (xl) I:fp/ xgz—-az/le loglz (1'2) .
Re(A,)<r m=0 0

X [fp/ a2~ he Jogh (2,) f (x4, ..., z0)
0
x log™ ()\"1 Hmj_a’) dxn] .. -dxg] dxl})\_A“
j=1

n PiysesPig

vy S s s A (LY (LY

Re(Ae)<r k=1 L1yl Mg yeees My
M(e)

(—1)mgemm!li1!---lik!{ - /1 o —ai A L
X fp [ x;7 7 logh (x;)
rrLZ:O (Z§:1 li; +m+k)! j;iH,ik o’ ’

" (Z:=1 lij +m+k)
o En g CHERR {log< I = )] dxj})\_A”

Jitiyeeik

+o(A7"), (4.1)

where it is understood that f"”. n:( x) 1= Qrutotn f /9l L O *(x) and that
there exist a real s = r and a function G2 bounded in a ne1ghbourhood of infinity
in which

=

(e

E
=D D Gemu M log™ u+ uT G (u), (4.2)
0

3
I

e=0
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with, since g is bounded on R, 0 < Re(A.) <7 < s (Re(4y) > 0 if M(0) = 0).

This theorem requires some remarks.

(i) The assumptions Re(a;) > —1, f and g bounded respectively on [0, 1]™ and on
R, ensure the existence of I7(\) for A > 0.

(ii) Because f € D@ (]0,1["), g € B,(]0, +o0[) and

s (3 T )]

J581seees Tk
m 1 n
=SS cncroe o | TT 4],
1=0 ¢=0 J381,00 00k

each integral occurring on the right-hand side of (4.1) not only admits a sense but
also (see proposition 7) satisfies Fubini’s theorem and it is also understood that

n

H j"p/O g(z;)H[6] - - (5;';33]F( | H xj—aj) dz; :== F(1)H[(0,...,0)]. (4.3)

71, n

(iii) The proposed result is expressed with specific notations such as the sums

>
11 ,...0k

Mg ey Ny Re(Ae)<r
the product []; , and the reals A(n,,,...,n;,) or A% (n;,,...,n;,) which have

been clearly defined. In applying this theorem each of these notatlons must be
carefully respected. For instance, formula (4.1) for n = 1 gives theorem 11 for g €
B..(]0, 4+o00[) C C,(]0, +00]).

(iv) If the space D@ -)(]0,1[") is endowed with the classical norm || - ||,
such that for f € D@)(]0,1[") : ||f|ln := sup{|@at-Tin f/Ox} - - Oxin (z)],
z € [0, 1]" Vy € {1,...,n} : 0 < i; < g;}, the dual space of generalized func-
tions P'(40-n) (Jo, 1™ ) is the set of linear and continuous (in the sense of the usual
topology induced by this norm | - ||,,) functionals 7' on D(%++-47)(]0, 1[*) and the du-
ality bracket (T, f) indicates the image of function f by distribution 7". According to
these definitions, I/ (\) rewrites I (\) = (T9()), f) with T9(\) € D% %) (J0, 1[").
This asymptotic expansion of (T¢(\), f) may also be shared into two kind of contri-
butions: the terms related to the asymptotic behaviour of function g near infinity, i.e.
the terms involving the coefficients ge., (see (4.2)), and the others. More precisely,
inspection of equality (4.1) shows that I ()\) rewrites

II(\) = = zn: Z Z (Timed | f) log? (A) A~ (s tnatD)/as

i=1 n;=0 j=0
J(e)
+ Y D (G flog? (WA +0(AT) (4.4)
Re(A.)<r 5=0
with J:=3" Li+n—1, J(e):=Y 1" li+n+M(e) and T,™7, G belong to
Dy (1) (]O 1[ with support in {z = (21,...,2,) € [0,1]™[[\=, @; =0} or in
[0,1]" (G¥ is concerned with the behaviour of g). This form (4.4) agrees with the
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1218 A. Sellier

results of Bruning (1984, theorem 1); here obtained by choosing g € S(R), i.e. by
setting gem = 0 in formula (4.1).

For three real families (¢;)ic(1,....n}, (bi)icfa,..., ny and (a;)ieq1,...,ny such that —oo <
¢; <0 < b; < +oo and a; > 0, one may be eager to find the asymptotic expansion of
the integral

by bn
HO) = [ [ bl g g ()

XF(yi s Yn) gy |-+ Iynla") dyy -+ - dy,, (4.5)

if f € D@2 (Jeg,by[x - x]cn, by]) and g € B,(]0, 4+00[). Such a question reduces
to an application of theorem 13. For 1 <4, j < n and (s,t) € {—,+}?, observe that
A7 AL = AL A if the operators Af and A; are defined by

AF 1y, oyn) = Flyns o oun)y AT[flWa, -y yn) =0, ify; >0, (4.6)
AW sun) = frs o yn), A fl(yis e ovyn) =0, ify <0 (4.7)
This remark indeed allows us not only to write (see formula (2.28)) for n > 2

f= [QAJ]UH [f[AZJ[fJ

1 ) )
] Z ZCﬁAo(l) A Ay Aemfl (48)

0€S(1,...,n} P=1

but also to cast, after adequate and legitimate changes of scale, the integral J/(\)
into the form

TEN) = I (M) + I (M) + (n) ™! Z Zcpff”
0€S8(1,...,ny P=1
with the following relations:

o= [T ae= [T avs = (11| IT toolo)]

i=1 i=p+1

o) = [T | [ TToute0 + 1080 0t b, a9

i=1

=1
n n
falzy, .. 2,) = [H o +1} [H log(;) + log |c;])" J (11, ..., chmy), (4.10)
1=1 =1
p +1
aa K3
fop(z1,... [H 0(;)) (log(xo(iy) + 1og by(s)) am}
o [ TT leoto | (log(ase) + log |cg@|>l~<~]
i=p+1
X f(bo(1)To(1)s- - s bo(p)To(p)s Copt1)To(p+1)s - - - Co(n)To(n))-
(4.11)
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Equalities (4.9)—(4.11) show that, after an expansion of the logarithmic contri-
butions, each function fy, f, or fgp is in fact a sum of terms A(zy,...,z,) =
IT, log® (z:)]w(z1,. .., x,) with e; € N and w € D) (]0,1[").

Before detailing the derivation of theorem 13 it is perhaps worth applying it to
a special case. Since McClure & Wong (1987) dealt with the circumstances n = 2,
(li,12) = (0,0), (o, a2) € R3? and g € S(R), the case of n = 3 is proposed. Under
assumptions and definitions introduced by theorem 13, one obtains

M(e)
HA) =GN +EN+ Y. Y Anllog(W]A™% +0o(A7"),
Re(A )<r m=0

where asymptotic sequences G(X), E(\) and also A.,,[log()\)] are defined later. As in

the general case of I%,(\), the asymptotic expansion of IJ () indeed contains two kind
of terms: G(A) which is a sum of general terms in the sense it always arises and other
extra terms Ifo{()\) — G(A) which exist only when families (a;)ief1,2,3}, (Q)ic(1,2,3)
and (Ae)re(a,)<r satisfy specific conditions. More precisely, one gets

P1

GO = {fp / ay? T Jogh (1)

7l10

"0, xq,x >
[fp/ goles/en)(catmtl) jgols )———-—f“n( ,a112+1 3)fp/ llentmt/an=1g(y)
IRES] 0

x log" (A tuzy @25 ) dudxg] dxg})\_(a1+"‘+1)/a‘

P2 1 1
030 {gp [t iogh o) [ p [ e ogh )
0 0

lg-‘rl

(LB g [T e -ig(a)

X logl2 (x\‘luxl_alxg“3) du dm} dz; })\_(“2+"2+1)/“2

1
+ Z {fp/ a1—(a1/az)(az+nz+1) log ( )[fp/ x;z—(az/aa)(aa+na+1) loglz(xg)
0

7l3**0

x1,T2,0 °
X z3 ( '113—{-21_) fp/ u<(a3+n3+1)/a3)—1g(u)
Nn3:az 0

X logl3 (A‘luxl_‘“x{a?) du da:g} dz; })\_(“3+"3+1)/“3

M(e)

+ Z dem {fp/ CL‘?I_(“Ae logll( )[fp/ az azAe logb(wg)

Re(Ae)<r m=0
[fp/ g2 log" (23) f (w1, T2, T3)
x log™ (A" tay Moy 2y ®) dx3] dazg] dazl}/\_’le,
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1220 A. Sellier

whereas sum F()) is non-zero if there exists (ni,ng, n3) with 0 < n; < p;, i € {1,2,3}
and

A(ny,ng) + A(ng,ng) + A(ng, ng) > 1
and obeys

D1
nl»nZ)ll'ZQ
E(\) = Z Z { ll—i—lg—l—l)'all‘H o1

n1=0mn2=0

! nin
Xfp/ g~ (@s/a)(ertnitl) 10gl3($3)—$11—$££'9’-9i1—$—§—)-
0 Tniping:t

o0
X [fp/ u((a1+n1+1)/al)—1g(u>
0

% [log()\—luxg—as)](h-{-lz-’rl) du} de})\—(al-{-nlJ,-l)/al

_ pzl f: { A(ny,ng)l !
ll + 13 + 1)'al1+1 la+1

n1=0n3=0

1 .
xfp/ az—(az/a1)(a1+n1+1) 10 (1'2) 1111?33 ('0’(1"'27 O)
0 TNz

o
% [fp/ u((041+n1+1)/¢11)—1g(u)
0

X [log()\_lux2_“2 )](11+13+1) du:l dzs })\—((M-{-nl-{-l)/al

_ i Z { ’I”LQ ng)lg'lg
Iy + 13+ Dlagaf™

n2=0n3=0

' frams(21,0,0
Xfp/ x(l)‘l—(al/az)(a2+n2+l) IOgll (.’17 ) wgz;; (' 1 ' )
0 nolng!

o0
% [fp/ u((a2+n2+1)/a2)—1g(u)
0

% [log()\_luxl_al)](lz+la+l) duJ dxl})\—(a3+n3+1)/a3

P1 P2 p3

’I’Ll,’I’LQ,ng)ll'lg!l;;' ﬁ;ﬁ;ﬁg(o 0 0)
+ Z Z Z l + l + l + 2) l1+1 l2+1 l3-|-1 | | [
ny= Onz On3 0 1 2 3 2 3 nl'nQ'n3'

)
X |:fp/ u((a1+n1+1)/al)—lg(u)[log(/\—lu)](l1+lz+l3+2) du )\—(a1+n1+1)/a1’
0

and finally each remaining term A, [log(\)] takes into account the behaviour of
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function g at infinity and is defined as

P1 A m 1

A%e(ny)(=1)™gemmlly! v —as

Aemllog] = = 3 1 (+;n(+ 1))|al1+1n '1 [fp/o gt log™ ()
1 ay’ " ng

n1=0

1
(g [ e g ) 22 0,2 o3 a7 g ) ] |
0

p2 A m 1
Al (ng)(—=1)" gemmlls! o —a
_ E : ( 2)( ) g 2 [fp/ 1:11 1 lOgll(ZL'l)
0

(Io + m+ Dla2 1 n,!

na =0

1
x [fp [ g 10g e 22 01,0, log(A o ) dxs] dxl]
0

p3 1
A% () (= 1)™ gurmmnlls!
_ E ( )( 1) GemMil3 |:fp/ x(l,yl—al/le logll(a:])
0

(I3 + m + D)lad ™t ng!

n30

[fp/ (X2 azAe loglz (CCQ)f;; (wl, Zg, 0)[log()\—1x1—a1 x;az)](la+m+1) d$2] dle

e Ae(ng, n2)(—1)"gemmlly o)
+2 2

11 + 1y +m + 2)lab T a2t n, Iny!

ny= 0n2 0

x [fp / 250 dogh (23) £1172(0, 0, 23) log (A~ o))+ m) d:cg]

b3

p1
nl,’n:&)( 1)mgemm'l1'l3!
Iy

11 + 13 +m + 2)lal ekt n, Ing!

n1=0mn3=0

x [fp / 25774 log" () f1225 (0, 25, 0) log (A Ly )| (1 1 +2) dxg]

P2 p3

n2,n3)( ]-)mgemm'lQ'lS!
IO

12 +l3+m+ ?)'al2+1 latly o Ing!

nz'—O ng= =0

x [fp / 2§ dogh (2) f1275 (21,0,0) log (A g o) (et m) dxl]
— pzl pZ? ZB AAe(nlan2,n3)(_1)mgemm!ll!l2!l3!
n1=0ng— Ona—O ll + 12 + l3 +m + 3)!(1111+1(1122+1(Zéa+1711!’)’LQ!’)’L3!

x fTin2ng (0, 0, 0) [log()\_l)](ll+l2+l3+m+3).

T1T2xT3

Ezxample. Assume that [ € N, o € C'\ N with Re(a) > —1 and also that r >
max[Re(a)+ 1, 1]. Under these assumptions, previous results authorize us to give the
next asymptotic expansion

-1
/ / / log (21)ulza)v(28) 4, 4, dy = Gy 4B+ S AddlogN)] +o(A"),

“(1+ Ax1x2x3) g

as soon as u € D%(]0,1[), v € D#(]0,1[) if g2 = [2r] and g3 = [3r]. By introducing
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1222 A. Sellier
for € C, k € Nand s € DI(]0, 1]) for ¢ = max([— Re(8)], 0) the following notations

Ti[B8,s] :== fp /OI‘CQIOg’“(x)s(:c)dx, =rp / e llog Jqu, (4.12)

and also function § such that 6(a,b) := 0 for complex values a and b except if a = b
then é(a,a) := 1, one indeed obtains

! k m
Gs(N) =>_ > N crepomr(-1)tETmen3m T, [2(a + 1), 1)

k=0 m=0n=0
XTrn—n[=3(a + 1), 0)Gr_m(a) log' F(A)A(@+D)

D2 (7l2 0
+ Z ¢ )(' )Tl[a — Lna + 1),id]To[- 2 (n2 + 1), ]Gy (ng + 1)|A~ (2 1)/

n2=0 27’L2.
("3
+Z o — L(ng + 1), id] Ty [~ 2 (ng + 1), u]Go[L (ng + 1)]A=("s+1/3)
ng = =0
[r—1]

+ Z )°Tila — (e + 1), id]To[—2(e 4 1), u]To[—3(e + 1), v]A~ D

and also, since a is not a positive integer,

zm: i: (2ng, 3nz + 1)u"2)(0)v("2)(0)
6712!713!
ny= Ona 0

X{TZ[OC - %(TLQ + 1)aid]G0[2(n2 + 1)] — [Oz — —(n2 + 1 Zd]Gl[% ny + 1)]
+Tp1 [ — 3(n2 + 1), id)Go[§ (na + 1)]A- 212,

Adflog] = 3 LRI

x{Ti[a — (e + 1),id|Ty[—3(e + 1),v]log A + Ti41[a — (e 4+ 1),4d]To[—3(e + 1), ]
+3Th (o — (e + 1),4d]Ti[-3(e + 1),v]}

+Z:O<5(3e+§;£f)(—1>e v (0){Tyfor — (e + 1), id|To[~2(e + 1), u] log A

+Tz+1[a — (e+1),idTo[-2(e + 1), u] + 2Ti[a — (e + 1), id] Ty [-2(e + 1), u]}

At (ng, ng)u) (0)v() (0) . i
" Z Z 12n,!n;! {Ti[a — (e +1),id] log* X

ng=0n3=0
+2Th 1o — (e + 1), id]log A + Tiyolo — (e + 1), id]},

where ¢d denotes the characteristic function on ]0, 1.
Theorem 13 is established by induction on n. In fact we prove by induction a
proposition which states a larger result.

Proposition 14. For n > 1, real r > 0 and families (o), (a;), (L), (g:), (ps)
such that for any i € {1,...,n} : a; € C with Re(os) > -1, a; €R%, I; €
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¢; = max([a;r — Re(a;)],0) and p; = [a;r — Re(a,)] — 1; if f € D@-)(]0,1[*) and
g € B,(]0,+0o0]), then we have the following.

Induction assumptz’on 1. As )\ tends to infinity, expansion (4.1) holds. We note
Q) = (T, 1) = Eimesoer Si20 (D DA 1og? (A) + 0(A7").

Induction assumption 2. Forb > 0, h € N, 8 complex such that br > Re(8)+1 >0
and v:=(8+1)/b,

(Kn, f) = fp/ v log" (v [/ / Lozt logh () .. loght ()

X (21, ., @) g(0Pat - o) day dxn] dv

=<.2_>"“ o [ e gt (0 - oo [ wzmemog e

x{fp/ u' " log" (uzy ™ ez g(u) dU}f(ml,u-,CEn)dwn] cooday
0

hs (-1F O R ATy, 1\ 1\t
+bh+1z k! 2. X ng!o.ng! \ag T \ag,

(79

=1 i1 ..... ik 'Ilil ..... nik

lu' lz' = ! a;—aj Mgy My n n
. { 1T fp/ 27" ogh (x) fartiant (67 ... 60 @)
0

(h’ + Zj 1 ZJ + k)' Jit1yeen, B
oo n (h+Z Lij+k)
X [fp/ u't [log(u H x; g(u) du] dxj}
0 Jiitseenik
M (e)

>]
h' em(—l)m+1 ! ! a1—ay e 1
te 33 S e f e e

Al e (—1)f = =
+—bh+1 k. Y Y Z
k=1 {e Ae ._'y} B yeney ik Mig yeeny
2 lz
XAAe(niw"'anik) (_l__)ll—i_l”'(_l_ &1
nill .. ’I’sz' A, gy,
M(e) 1)m+1 Ui lee o1, n 1
x gemm l ,{ II fp/ 234 logh (a;)
== 1+h+Z Ly +m+ k)T 0
n 1-|-h-|-Z:',°=1 Li; +m+k)
X faota (87 - [log I = ] ’ da:,}, (4.13)
J 7'17 7Jc
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where the involved sums or products are defined at the beginning of this section (see
theorem 13).

Formula (4.13) gives the corrective terms arising when attempting to apply suc-
cessively Fubini’s theorem and change of variable u := v®z{* ... 2% to the initial
mtegral (Kyn, f). It is in fact an extension of lemma 12. If n = 1, remember that

»~1:=0 and the result writes for Re(a) > —1,1 € N, a >0 and v = (8 +1)/b

= [0t [ g 000 at] o
- (%)W o o logh ()£ (1) [fp [ ot gty au a

_ Z b_hﬁ(_lf%'r%—-i-l—ﬁ (é)m f@ [fp/ooo W' log ™ (w) g (u) du]

{i;01+i+1=av}
M(e) ym
> e gy [ et gy g ) o)t
bh+1 m + h + 1
{e;4e=7} m=0
(4.14)

By now, real r > 0 and function g are given with g € B,.(]0,+00[). This formula
(4.14) is proved in §6. Because theorem 11 ensures induction assuption 1, proposi-
tion 14 is true for n = 1.

Assume that it remains true for n > 1 and consider o € C with Re(a) > —1, a > 0,
leN, qg:= max([[ar Re(a)],0), p := [ar —Re(a)] —1 and f € D@4 (]0, 1["+1).
With notation z := (zy,...,,), we consider the two quantities

II, (N = / / ozt logh (z4) - - - logh () log! (8) f (2, t)
xg(Azit - zpnt®) day - - - day, dt, (4.15)

o0 1 1

(Koin, f) = £ / v log"(v) [ | [ etogigar o togh )+ log (o)
0 0 0

x f(z,t)g(vbtxst - 22 day - - - day, dt] dv, (4.16)

where ( is complex and such that br > Re(8) + 1 > 0. Section 5 is devoted to the
study of I, (\) and §6 will deal with (K, 1, f).

5. Treatment of quantity I +1()\)

Introduction of real X’ := A/ and of pseudo-function K (t,u) defined by

g9 ol
talog / / z" log (21)

x logh" () f (2, t)g(uas® - - - &%) day - - - day, (5.1)
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Asymptotic expansion of multidimensional integrals 1225

leads (after a legitimate application of Fubini’s theorem to I +1(A)) to the useful
form

0= /0 1 K(t, \N't)dt. (5.2)

The expansion with respect to the large parameter X' of this latter quantity consists
of several steps and makes use of theorem 9.

Step 1. At this first stage it is shown that the pseudo-function K(t,u) defined by
(5.1) belongs to the set F2_,(]0,1[, C). Clearly, K (¢,u) € P(]0, 1[,C). Each property
of definition 5 is now 1nvest1gated and we set 71 1= ar — 1, ro := ar. For t €]0, 1],
equality (5.1) rewrites

K (t,u) = t*log (8) Iy (u”) := ¢ log' (£)(< T (u®), he), (5.3)

where hy(z1,...,2,) = f(z1,...,2Zn,t). Since a > 0, u* — +oo when u — +o0o and
for given ¢ €]0, 1] induction assumption 1 (for n) provides (see (4.4)) the following
expansion:

n  Ppi J
=30 > ST 1 log () £ (., 1)) log (1] (s

i=1 n;=0 =0
J(e)
+ > Y (G log ) f(, 1)) log? (u®)[u?] ™% + o(u™%"). (5.4)
Re(A.)<r j=0
Expansion (5.4) shows that K (¢,u) obeys equality (3.1). Moreover, with these nota-
tions the integral F = fnl t=%2G,, (t, \'t) dt reduces to

J(e)

F= / { KX = Y S (G, 108! (8) £, 1) log’ [(N')][Nt] =24

Re(A.)<r j=0

3 ST S og ()£ ) o (X)) [Xtrwi*"ﬁ”/af} dt. (5.5)
i=1 n;=0 =0
Since 1 > 0, such an integral exists and is bounded. Consequently, inequality (3.2) is

satisfied. If D € D’ (1--+4n) (10, 1[), definitions of integer p := [ar — Re(a)] — 1 and
of the sum Y7_ F (i) yield

p
(D,t*log! (t) (., 1)) = > d¥'t*TNlog!(t) + £ Lp(t), (5.6)
N=0

with s; > ar — 1 and Lp bounded in a neighbourhood on the right of zero. More
precisely, if p < 0, >_%,_, := 0 and since the assumption [ar — Re(a)] < 0 ensures
Re(a) > ar — 1, we choose s; := L[ar —1+Re(a)]; Lp(t) = (D, t**t log!(t) f (., 1)). If
p>20,q=[ar —Re(e)] =p+ 121 and use of formula (2.17) for f(.,t) € D(]0, 1)
gives

d¥ = (D, f'(,,1))/N!,
!

£ L (t) = tp}L“ / (1= o) (D, 71, wt)) dv (5.7)
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and since [ar — Re(a)] > ar — Re(a) — 1, choice of s; := ;[Re(a) + [ar — Re(a)] +
ar — 1] is possible. By applying (5.6) to each contribution on the right-hand side of
expansion (5.4), one checks equality (3.3).

For given u > 0 and thanks to (5.3), K(t,u) = (T9(u®),t* log!(t
T9(u®) € D' (]0, 1["). This remark gives the behaviour of K (
Using (5.6), one obtains

)f(., %)), where
t,u) as t — 0.

p
K(t,u) =Y AN (u)t* N log!(t) + t H,, (t,u), s1>ar—1 (5.8)
N=0
with: if p < 0, 3% _, := 0 and t* H,, (t,u) := K(t,u) (s1 := 3[ar — 1 + Re(e)]) and

if p > 0 the result, obtalned by (T¢ ( u®), f(.,t)) with respect to t, is

XIOg (:I;n)ft (.’L‘ 0) ( ¢ al"'xzn)dxl"'dxn’

tH, (t,u) = ta+p+110g( / (1—-v)? [/ /

x log" (1) - -- logl" () fP (2, vt)g(ulad - - - z0) day - -odxn] dv. (5.9)

Thus, K(¢,u) obeys relation (3.4). The reader may easily check with the definition
of t°* H, (t,u) that inequality (3.5) is true. Finally, induction assumption 1 allows us
to expand each function h™V!(u) as u — +o0o and thereby provides equality (3.6).

Hence, K (t,u) € F&_,(]0,1[,C) and theorem 9 applies to (5.2) with respect to the
parameter A’ := A}/ and up to order o(\'~%") = o(A™"). As h™V'(u) remains bounded
when u tends to zero and for this theorem ay := a+ N (Re(ay) > Re(a) > —1), the
third term on the right-hand side of (3.8) (the one which involves specific coefficients
Hzfy associated to the behaviour of function h™¥! near zero) is zero. Hence,

I )= /1 K(t,Nt)dt = C1(A) + Co(N) + C3(N) + o(A™7),
0

where Cy()\), C3(\) and C3()) designate the remaining contributions occurring in
expansion (3.8)).

Step 2: treatment of contribution Cy(A) = Cy(N). This term is the first sum
arising on the right-hand side of (3.8). With the notation of theorem 9 (i.e. if
K(t,u) = 3, Re(y)<ar Knm (B)u™" log™ (u) + u=*2G,, (t,u) as u — +00), this term
writes

aW)y= > Zol [fp/ Ko (£)t 7 log™ 4 (¢ )dt]X T log! N

m,Re(y)<ar =0
1
~ fp / [ ST Kan®)(NE) logm()\’t)] dt. (5.10)
0 m,Re(y)<ar
Observe that (5.10) is obtained by replacing K (t,u) by its expansion in which u :=
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MN't. By using expansions (5.4), (4.1) and the link X’ := A\'/@, this remark immediately
leads to

J(e)

- > Y / t10g! (G, )XV og! (V1)) ]

Re(A. )<r] =0

593 Z [fp / £ log! (4)(TE™9, £ (., 1)) (N')~(@/e(@wtnitD Jogd (V)] dt]

i=1 n;=0 j=0

Diys--sPi
— (DR 12 " A, n6)

k! ng, oo myg !
k=1 L peeesih Mg eyl “ e

( 1 )“1“ ( 1 )lik“ L0y,
X — e —
Q5 Q) (Ek_ lij + k- 1)'

xfp/ to=(a/an) @i +niy +1) gl (1 { H fp/ x;%j—(aj/ail)(aiﬁniﬁl)
0

Jit1,ee 0tk

[ee]
x logh (a;) fos s (8% - 87 ) [fp / wna +0/a)-1
0

x[log (A‘lut‘“ ﬁ x;“f)](zf ) (u)du] d:cj}dt

J5t1yeenslh
w )\~ (@i +niy +1)/ay
M (e)

D D gem(-1 {fp / t“‘“elogl(t)[fp / frmefelogh (z1) - -

Re(Ae)<r m=0

1 n
X [fp/ z8n—ande Jogh (z,) f(2) log™ (A‘lt'“ Hx;“f) dxn] ~-~d:c1] dt}A—Ae
0 Jj=1
n (__1)k n  PipsoPig AAC(TL' s ) 1 liy +1 1 li+1
LRI Lk — e ——
+ k! Z Z n“'nzk' (ai1> (aik>

Re(/le)gr k=1 il,...,ik nil,...,nik

© (_1>mgemm!li1! e lvk' p/l ta—a/le
o (h L +mt k) 0

x log(t { H fp/ x?j_“j/lelog“(xj)

J5t1yetk

X

n (32 1y +metk)
% ;7«:11 ;’;1: (6n o 6:-;:1:/) |:10g (A_lt_a H xj—%)jl

J31see ik

dxj} dtA=Ae,

(5.11)
where it is recalled that =’ := (z1,...,Zn, t) = (z,1).
Step 3: treatment of contribution Cy(A\) = C3(X\'). This contribution is the second
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sum on the right-hand side of (3.8). With our notations, this term is (since Re(a) +
N <ar—1for N <p)

p 1 00
=22 a1y [fp / h”l<v>va+Nlogl-j(v>dv] XN 10gd (X,
0

N=0j=0
(5.12)
If p <0, C2(\) = 0. Else, definitions of A" and of function h™V! yield
Pt (e+N+1)/a '
= cteg (g [ g
N=0j=0
1 1
X[/ / x?l.xz"logll(xl)

0 0

x log" (z,) fN (x,0)g(v?z% - - 2%) dzy - - -dmn] dv}. (5.13)

Induction assumption 2 allows us to cast C2(\) in another form by using for positive
integer L the relation

! l!logj()\—l)l Ltl-j g I L+lcs log® (B) logE+1=5(\~1 514
;mog ()—(L—H)!; P log®(B)log" " (A7), (5.14)

More precisely,

o= w () {0 [ gt [ [ aprer gt o

X fp/ WV og! A tuz T L 2 ) g(u) du] N (x,0) dxn] dxl}
,

P n k n Pigseey Py
+§ : (_1) § : z : A” (nh’ 7n2k)
k! ny ! n; IN!
N=0 k=1 T yeeny ik nil ,,,,, nik ?

y ( 1 >1u+1 ( 1 >lik+1 (1)l+1 l“'llk'l'
a;, ag, a I+ Z?:l Ly + k)

n 1
oj—a; . iprmni, N
x{ | H fp/0 T loglf(xj)ff,l..;:t (67 --- 67 62')

21

J3i1yeensti
k
%) lij+Zj=1 lij +k n
X[f”/ { Y Gy (o 11 5
0 k
— ) J5%0yeey Tk
S—Zj=1l’j+ ’

+i > i(l)mﬁ?gm“”m“m’“
| |
o S p N! \a v (m+1+1)!
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pr / @s=esfe Jogls (1) ¥ (2, 0)

X3 D g log* (a7 ;%)uog(xln“"“““”} d%-]

s=m+1
% —(a+N+1)/a

p n-—1 k n Pigsees Piy L +1

(-1) Ae(ngy,..oomng) 1\
D2 X 2 X S e
N=0 k=1 {e5Ae=YN} 11,5038k Migseees My 21 Tk i1

y (1)l+1 M(e) (—1)m+1gemm!lz‘1! . leU'

o) A2 U+ i b+ mt k)

n 1
aj-—ajAe j 1‘I~L1 ng TL n

X{ ) H . fp/o x] logl (xg)f:c” -Z'z: ( i1 * '6,,:’06(1:,)

F3815e ik

s
x Z Cl+l+z;°:1 li;+m+k
s:1+z;°=l L, +m+k
n k
% logs ( H m;ﬂj) [log(A—1>](1+l+Z]~___1 lij+m+k~s)} dx]}
38150005tk

XA—(O{+N+1)/G’ (515)

with this time yy = yn(N) := (e + N +1)/a and §(z1,...,Zn,t) = (T1,...,Zn,0).

Step 4: treatment of contribution C3(\) = C3(X). This contribution is the last
term occurring on the right-hand side of (3.8). Thanks to the definition of AN, as
u — +00,

J(2)
M) = Y Z (" Do F (o O =6 o] 4 ofu=). (5.16)
Re(6;)<r j=0

This ensures
J(3)

Lo (D, £ (.,0))
:A;Oszzocl(_l) 2 ZN'1+Z+]-—S)

{i,a6;=1+a+N} j=0

% 10g1+l+j(/\/))\/ (e+N+1) (517)

With relation
~ G- g
ST T
(1+1l+j—5) !
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C3(\) rewrites

J(4)

03()\) — i Z Z ( 1) l'ﬂ' <D111J?ftN(’0)> logl+l+j()\)/\_(o‘+N+l)/a_

lql+1
N=0 {i,a6;=1+a+N} j=0 (1 +i+1)! Nla

(5.18)
In fact, for each value of integer i (see equality (5.16)), expansion (4.1) shows that
one has to deal (for X := u®) with terms

"L (~1)7 log? (X) log” 7 (B)
2 JU(L =) '

Each of these terms provides a contribution

N 11\ & 15 (=) logh~ (B)
CSL(A)_Z Z ﬁ(a) Jz_: L =L +1445)!

N=0 {i,a6;=1+a+N}

1 _
€31 1= 7y log"(X~'B) = (5.19)

% 10g1+l+j()\)>\—(a+N+1)/a

- Zp § = (l)lﬂ ! EL: P12 log’(B)
|
N=0 {i,a6;=1+a+N} N!' \a 1 + 1+ L

% [lOg(A_l)](1+l+L—S)>\_(a+N+1)/a.

After some algebra, one obtains

n Piq ey Piy,

P& —1)k A( SEEERE ika)
Cs(N) =Y (k, PIEDY 721!...n:!N!

N=0 k=1 Tlyeney Tk Mgy yeees L
( 1 )“1*1 ( 1 )“k“ (1)”1 Lyl !
X { — oo — —
a;, sy a)  (I+ 35 b + k)
n 1
x{ IT r» / " logh () fo gk (6 87 6a)
Gtk 0

- Zleziﬁkq "
—1 s —aj
e[ g o (o TT 57)
j=1 ,

s=0 Jitsetk

X[log(/\—l)](HZj ) iy tk— s) }g(U)dUJ dz. })\ (a+N+1)/a

+z”: 1 llHMz(E)gem(—l)m“m!l!
N!' \a (m+1+1)

m=0
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P n—l ].’c - P Dk AAe TERRRRR L2
I D DI D S o TR

{e;Ae=yN} 11,0k Mig sy

1 )l11+1 ( )lik+1 (l)l+1 Iwz(e) ( 1 m+1g mm‘l“'. l Ill
as, ai, a (L+1+ 5, by +m+ k)

j=1"%;

x{ H, £ [ oo tog ) fL e 67 6 6)

1+l+z l»j+m+1clog( H x J)

Jit1,-

% [log()\_l)](1+l+z‘1=1 li;+m+k—s) } dxj}/\_(a+N+1)/a

+(—1)n i ”Z”” Alni,, ... ni , N)

n,l'mn'N'

( 1 )lil-i-l ( 1 )lin+1 (1)l+l
X | — oo | — -
Ay a;, a

M(e) (=)™ gemmll, Lo 1 W
m=0 (1 +I+Z?=1 lij +m+n)!

% |:fnzl ”zn ( N 62-715x')[log()\"l)](HHEFl li; +m+n) )\_(Q+N+1)/a,

Tig " Lip

(5.20)

where 7y = Ynv(N) := (a+ N +1)/a and the last term has been obtained by setting
k = n in the last contribution of (4.1).

Step 5: the final expansion of I +1(/\) The expansion I,’;_l(/\) = C1(\) + Co(\) +
C3(X) + o(A7") is found by adding the previous expansions of C()), C2()) and of
C3(A). The relation

L 1+I+L
Z Cli14+1 108° (4) log' " 7*(B) + Z Cs i log®(A) log' """ 7*(B)
=0 s=L+1

allows us to combine most of the terms of contribution Cz(\) with those of C3(A).

The final result takes the form I7 ;(A) = S(A) + (A) + G(A) + o(A™") with, for
W = (a+N+1)/a,

M (e) 1
Z D gem(~1 {fp / t"“”elogl(t)[fp / i~ e logh (21) -
e)<r m=0 0
[fp / oo og (o) (o g™ (A [[ 5 ) - a2
j=1

(5.21)
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p +1 1
SOEDY % (%) {fp/o 27" """ log" (1) - - -

X [fp/ wWN ogt ANtz Lz ) g(u) du}
Jo

P n n PigsenPig
\ A nha -y Ty N)
> k' Z 2 I INT

=0k=1 Blyeenyble Mg yeeny Ny

N
x( 1 )"‘1“ ( 1 )“k“ (1)’“ iy L 1,
iy @iy, a (l+ZJ1 +k+1-1)!

n 1
H fp/ x?j_ajVN loglj(xj) :in ;l:: ((5" 6Zc6x,)
- 0

oo (4308 1y +ht1-1)
<low [T { oo T )] Y

Jit1,-

xg(u) du} dwj}/\“(o‘*”N“)/“

n n PiysesPiy
(_1)k+1 A(niw""nik)
+Z k! Z Z ni,!l...ng !
k=1 ’l’l,‘..,ik nil,...,nik 1 : e
X (L)lilﬂ e <i>lik+1 byl by
@i, iy (Cr_ by +k—1)!

xf
{J'Lla ik

iy +ngy +1)/ag )—1

1
J
0
_7 k2 7,+7,+]- £ k2
[T fo [ o o/mensmard iogh ) 2 an . ona)
[ee)
/ o€

p a— a/azl)(a¢1+ni1+l)logl(t)
p

0
0,

<|s
<1

xg(u) du] dcc]} deA~ (it 1) /ai, (5.22)

g()\—lut—a ﬁ x;%)}(zf Uiy k1)

J381see ik

Phil. Trans. R. Soc. Lond. A (1996)



Asymptotic expansion of multidimensional integrals
and also

P 1 /1 I+1 M(e) e (—1)™mll!
G=-> > 7\7!(5) Z (m(—i-l—i-l

N=0 {e;ade=a+N+1}
I:pr/ 2% a;A
J

« loglj (xj)ftN(-T, 0) logm-H-‘rl(/\——lml—al L m;an) dini! /\—(a+N+1)/a

p n-1 n Diyye-sPi
(—1)k+1 A (g,
+ ZZ——;C)! > X X ('T%..n,-k!]:;!k)

N=0 k=1 {e;Ae=yN} 11,000k Mgy sy

1 )li1+1 ( 1 )lik+1 <1>l+1
Qi a;,, a

@ (1) gemmlly, - 1, !
(U + s by mt k1)

X
SN

X

3

zy” e Jogh (a:j)fml n.i’“tN(éfl - 672 6

M

X

— ——
<~
i~

O\H

5}
o
N
>
|
=P
8
S

% b merk1)
aj):| ZJ‘I ’ dxj}/\—(a+N+l)/a

Jit1,. ik
n Piys--sPi
! " A(nil,...,nin,N)
ng,!...ong \N!

D1y vznn’tla N4 N

§ ( 1 >li1+1 < 1 >lin+1 (1>l+1 IZT(‘:) (=)™ g nmlly, - 1 !
a;, a;, a —~ (L+1+ 30, by +m+n)!

X I:f:«:ll "zn (671 5" 5113 )[log( )](1+l+z l; jtm+n j|)\_(a+N+1)/a

n Piy s sPig A li +1
(-1)F Ale(ngy,...,nq) [ 1\" 1
+ Z k! Z Z nill e nik! a;, Qi

Re(Ae)<r k=1 D1 yereyble Mg yeesy Ty

(=1)"gemmlly, ! 1! /1 ol
X fp | to7%<log(t
ZO (z i +m+k)! 0 0

{ H fp aJ a; elogl"(:cj)

ity 0tk N r

1233

n (Z;; li]-+m+k)
X ;’;11_',',;";(5?1...5;1kx’)[1og <)\“1t_“ H x;ﬂ 1 dxj}th—Ae,

J381yee ik
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Note that S(\) and G()) involve the behaviour of function g at infinity. For con-
venience both O()\) and G(\) are rewritten as O(A) = O1(A\) + O2(A) + O3(A) and
G(A\) = Gi(A) + Ga(N) + G3(A) + G4(N), where each sum O;(\) or G;()) is as-
sociated in the right order to the occurring one in the decompositions of O(\)
or G(A). For instance, G3(\) designates the third sum arising on the right-hand
side of (5.23). Using the notations an,41 = @, lpt1 = 1, apy1 = @, Tpy1 = t,
z' = (zq,.. :cn,:cn+1), Npt1 = N and also pp41 := Jar — Re(a)] — 1, formula (4.1)
states that I T =8\ + Ont1(A) + Gryr(N) + 0o(A™"), where if A € {0, G}

n+1( 1 k' +1 n+1

n+1 k/| Z An+1 ll’ . aik’)a (524)
k=1 i,
with
O}\ ( ' ) Pi1§’ik! A(nil,...,nik,) ( 1 )lil"rl ( 1 )lkl+1
Ulyeooylpr) = —e L
n41\%1 ) o e, ni1!"'nik/! a;, ai,,
y lill-- l’k" { ii:[l fp/l$aj—(aj/ail)(ail+nil+1)
(Zk by + K =DM 00 i o '
xlog (x])f'“l1 ;“k' (5n+1 6zn+l ’)[fp/ (e +nig +1)/ai; ) -1
'L lkl ’c,
n+1 (Z’“' itk ~1)
X[log <A_1“ I1 xf‘”)} ] g(u) du] dxj}A—<%+"n+l>/an
G581 yeenyiper
(5.25)
and also

Piyyeees pik/

Ae i, +1 l; ,+1
GA . . . A (nil,...,nik,) 1 1 1 k
n+1(ll,'-~7lk’)—‘ E E n N —_—
Myt e My, a;, Q5

Re(Ae)<r Miy»eeniiy,

~ 1) gemmlly - [ Y U a
% 2 : ( )lgem i1 i { H fp/ :ZZ?J j e loglj(xj)
iy 0
ooyt

m=0 (Z?:l li; +m+ k')

(Z:/:ll'a l)
X fautac (64 8 ')[log ()\‘1 II x;a’)] dxj}x/‘e.

For instance, consider the contribution O,,11()). Three cases arise.
(i) If k¥’ =1, then

n+1 n
}: Opi1 (i) = Oppy(n+1) + Z O (01)-
i1=1 i1=1
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Clearly (with A(i;) = 1), O),,(n+1) = O1()) and also

Z On 41 (i) = 03(N)

i1=1

if O}(X\) denotes the part of O3(\) associated with k = 1.
(i) If ¥’ € {2,...,n}, observe that

n+1 n+1l,a
. A . .
E On+1(’Ll,.. Zk/)‘ E On+1 1, . ’ka)-l- E On+1(’Ll,...,’Lk/)
T1yeensdgt LU W) LS UTI IW)

if this latter sum means a sum over all different integers 4; (with 1 < j < k') such
that n + 1 € {i1,...,ix }. By setting ¥ = k one finds that

O3(\) — O(\) = Z Z ED)H=D)FH10N, 1 (i, - - yine)

k'=211,...,0p

because in such circumstances

n+1 n
I a=aa] I 4]
j;il,...,’ik/ j;’il,‘.‘,ik/

Moreover, according to (5.25),

PiysePip,
O;\z+l(i1’ ces vik:’) = Z F:lylvyzljhk, (/\)
Ty seeesTiyy
with
Thigseess Ni, s on amig(1) ,
Filtll‘.,i b ) = 10:;?) 710(’6:7)('c )(/\)

for any permutation o of the set {i,... i} (where the integers i; are all different)
thanks to the proposition 7 and deﬁmtlon of [TMF iitrenmsigs A;. By using the meaning of
the sum Zp L ’:;J and keeping the notations p := pn+1 and N := n,41, one gets

the 1mportanf relation

iy Pig n+1 PiysesPigyg
My e ,mk, Tiqseery Migy1
E , E E Fz i1 (A) E E AR CVE
N=01%1,...,tk Niy,eeey bR Ty e Mgy
. (5.27)
. . . n+ . n ) .
Observe that if n +1 € {i1,...,ip} then J[73 . A; =TI}, ..., Aj- Thus, if we

set k' = k + 1 the sum
n n+1l,a

Z Z k,' k,+10n+1(’61, .,ik/)

=2 1,17 vtk’

turns out to be Oy(\) — OF(N) if OF(A) denotes the contribution to the sum Oa(\)
associated with the case k = n.
(iii) If ¥ = n + 1, then

n+1 n+1,a
E On+1 Zl,...,Z,,+1 E On+1 21, .,’L,,,,+1)
Uy yeeesingd 41
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and equality (5.27) leads to

+1,a 14 n
( 1n+1+1 " (n+1)(=1)" A .
E 0 . AN A S E E 0] e
(n 1 . n+1(21 ying) = (n+1)! - = (i1 int1)

= 02(\). (5.28)

Hence, it has been shown that O,41(X) = O()). The reader may check that such a
method also ensures that G, 11(\) = G(\).

6. Induction assumption 2 for n +1
It is recalled that for Re(3) > —1, br > Re(8) + 1 and n >

<m%ﬁ=nlvwﬂm

1 1
> [/ / t® log’(t)a:‘l’“~--x$" logll(ﬂcl)"‘
0 0

x log'™ (z,,) f (z, t)g (VP %zt - cxpr)dey - --da, de | dv. (6.1)

Introduction of integer M := inf{i with i integer such that b[Re(a) + i + 1] >
a[Re(B) + 1]} and of functions T[f], R[f] such that T[f] := 0 if M < 0, else
T(f)(x,t) = 5, 0 (@, 0)¢™/ml, and R[f] := f — T[f] leads to (Kys1,f) =
K'+K" with K" := (K41, R[f]) and K" := ( n+1,T[f]> Note that [Re(a)+M]/a <
[Re(8)+1]/b < r,ie. M < [ar —Re(a )]] Consequently, if M > 0, ¢ = [ar —Re(a)] >
M and the assumption f € D@22 (]0, 1[**1) allows to define T'[f].
Step 1: treatment of contribution K'. For a given real A > 0, K’ rewrites
A 00
K’ =/ v? log" (v)W (v) dv + fp/ 0P log" (v)W (v) dv := I) + I, (6.2)
0 A
where the new function W (v) obeys
1 1 1
W)= [Cetogl)| [ [apagriogh @) log e)
0 0 0
x R[f](z,t)g(v°t 2" - - 22 ) dzy - - - dz,, | dt. (6.3)

Because Re(3) > —1 and W is obviously bounded on [0, A], the first integral I
appearing on the right-hand side of (6.2) exists. Moreover, definition (6.3) of function
W associated with the assumptions bearing both on functions f and g and with
inequality br > Re(8) + 1 authorizes us to expand W( ), as v — 400, by using
the previous results (i.e. the expansion valid for I, Rlf ]( ®)). More precisely, if R :=
[Re(B) + 1]/b one obtains '

W)= 3 V(D RIf)v"* log’ v+ o(w ™) (6.4
7 Re(6)<R

Consequently, the function H defined by H (v) := v? logh(v)W(v) belongs to the set
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P(JA,+oo[,C) and I, := fp [, H(v)dv exists. Thanks to this expansion (6.4), I
also takes the form

IQ=/Aoovﬁlogh(v) [W(v)— Z <D:'LJ'+1,R[f]>U—b6i log? (v*) | dv

j,Re(8)<R
+ S W(DY, R D / WP 1ogh* () do. (6.5)
j:Re(6)<R A

If £ designates the first integral on the right-hand side of this latter equality, the
introduction of functions F; and @ such that

W(v) = /01 t*log' (t) Fy (vt®/®) dt

and
Q(t,v) := v’ log"(v)t* log! () Fu(vt*/*) — Y~ (DY, R[f))v* =% log"* (v)
j,Re(6)<R

gives £ = [° [fo1 Q(t,v) dt] dv and also

L= /01 [/Aoo Q(t,v)dv] dt = /01 t*log'(t) [fp/:o VP logh(v)Ft(vt“/b)dv] dt

- > VDRI [ 0™ ) do, (6.6)

oo
j,Re(§)<R A

Observe that Fubini’s theorem has been applied to L. Definitions of integral I; and
of function F; also yield

I = /0 o 1og’(t)[ / " 08 log" (v) F (ut2/?) dv] dt. (6.7)

A

Combination of results (6.5)—(6.7) show in fact that it is allowed to invert the inte-
grations bearing on variables ¢ and v for the integral K’; more precisely

K'= /01 t*log' (t)[fp /000 v log" (v) Fy (vt*/") dv] dt

with a function F; such that

Fy(u) = (TS(u), RIf)(, 1)) = / /0 2522 logh (2) - log" ()

xR[f](z,t)g(u’z$* - - - 2%) da, - - - dz,,. (6.8)

This new form of K’ is now treated. For given t €]0, 1], observe that R[f](.,t) €
D(@1:+4n)(]0, 1[*) and consequently (see given explanations for function W) the func-
tion F; admits, as u — 400, the following expansion (with R := [Re(8) + 1]/b)

Fu)= Y V(D7 RIfI(t)u" log’ u + o(u™ReE1), (6.9)
i Re(6)<R

This result justifies the existence of J := fp [ v° log" (v) F;(vt*/*) dv since applica-
tion of lemma 6 (for change of scale u := vt%* with t*/®* > 0) leads with expansion
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(6.9) and after some algebra to

h oo
J = ¢~ (a/b)(B+1) Z Cirln logh—-m(t——a/b)fp/ [,Uta/b]ﬁ logm[vta/b]Ft(vta/b) d(vta/b)
0

m=0

h oo
= e 3 o logh_m(t“”/b){fp | v og™ ) u
0

m=0
J(4)

+ Z Z b] DZ] R[f g'm+j+1 (ta/b)}. (610)

{4; b6;=p+1} j=0 m+j+ 1

Consequently, keeping the notation If(\) = (T9(\), f), the integral K’ rewrites

n

i = [ aeemonnogio) rp [ og =) x000) B 0) o] a4 7
0 0

(6.11)
where the corrective term is T' = (C, f) — (C,T'[f]) if the complex (C, ¢) is defined
(see (6.10)) by

J(@) h ]+m+1bj

Gor= 3 ZZ m+3+1

{i3b6:=p+1} j=0 m=0

[fp/ o= (@D D log! () log" ™+ (t74/*)(D}Y, ¢(-,t)>dt} (6.12)

Using definition of function T'[f](.,t) and another change of variable u := vt%/® for
one integration, one obtains

— fp / o= a/bm“nog(){fp / °°uﬁ1og”<ut-a/b><Ts(ub>,f<.,t>>du] at
M1

O f) = 3 () fp /0 e logl () [fp /0 T logh(v)Gm(vbt“)dv] dt (6.13)

m=0

with functions G,, defined by

1 1
u)=/ / g;i“lu-:tg"logll(xl)“‘
0 0

x log™ (z,) £ (x,0)g(uz® - - 2% ) day - - - Az, (6.14)
Step 2: treatment of contribution K". Definitions of functions T'[f] and G,, ensure
(with S~ o =0,if M < 1)

M-1

K" = Z(m!)“lfp/()OQ v? log" (v) {/01 totm logl(t)Gm(t)bt“)dt dv. (6.15)

m=0

For each m, the function G,, = (T¢(u), F;™(.,0)) is bounded on R, and admits (see
induction assumption 1) an expansion near infinity up to order O(u~") and thereby
belongs to the set B,.(]0,00[) C £,(]0, 00[). Consequently, lemma 12 applies to each
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of the above contributions to K and leads to

[es) 1
fp/o v logh(v)[/o totm logl(t)Gm(vbt”)dt} dv

1 0o
= fp/ ™ log () {fp/ 02 log" (v) G (V41%) dv] dt+A
0 0

with A := 0 except if a(B+ 1) =b(a+m +1),ie. v:=(B8+1)/b=(a+m+1)/a.
For M := inf{i, with i integer such that b[Re(c) + i + 1] > a[Re(3) + 1]}, it may
happen that m; := M — 1 satisfies such a relation, with the associated value of A

A= _(h_+hz‘L+T)—' (g)m {fp/ v log" T (v )Gml(vb)dv]. (6.16)

Taking into account these expressions of K', K", the integral (K, 1, f) rewrites
<Kn+1,f> = El + E2 + E3 with E2 = <C, f> and

— fp / " o@D Log! (1) [fp / " 4P logh (ut= ) (TS (), £(. 1)) du] dt,

{m;ay=a+m+1}
(6.17)

At this stage, the reader may check that such a method also allows us to treat the
case of

(K, f) = fp / " 08 log(v)] / £ 10g! (6)£ (1) g (*1%) d] dv

by choosing
M-1

R[f] = R[f](¢) jm = R[f](t)g(u") = (T§ (u"), RIf](t))

o

with
E M( .
Z R ()67 gi;u="" log? u + o(u” WPy Re(4;) <R (6.18)
i=0 j
Hence, (D%, ¢(t )) = gi;6(t) and also Gp(u) = f™(0)g(u). Keeping the notation
~v = (B + 1)/b this yields

1 oo
E, = fp/o 2= log(t) [fp/o u? logh(ut"a/b)f(t)g(ub)du] dt,

Z h!l!fm(O) b e / o8 h41+1 b

= — —_—7 - d

Es (s et }m!(h+l+ ) \a fp o log (w)g(v") dv,
m; ay=a+my

\./

and also
M (i)

h 'm m 1 i
Br= 3 D [Z m+;421]b%+’1fp/0 £~ log!(t) log’ " (¢7°) f(t) dit.

{i, bA;=B+1} j=0 “m=0
(6.19)
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Change of variable w = u®

FE; and E3 and also relation

1Rl

m=0 =

lead to formula (4.14).

Step 3: treatment of contribution E1 Use of the relation

log" (ut=*/%) = ZC’sbs "log"™*(t7?) log® (u)

and of induction assumption 2 (see expansion (5.1)) in order to treat each contribu-

tion
fp / u? log® (u) (T3 (u?), £(.,1)) du,
0

makes it possible to cast the term E; in the following form

1 1
E1=fp/0 >~ log'(t) [fp/ TN logh (z4) - -

1
* {f P / z2n = logh (z,,)
0

h
* —_— bs—h -8 —a S —a
x{fp/ u 1[§jczbs+1logh () log" (uai® - -
0 s=0

xg(u) du}f(x’)dxn} ---dxl] dt

3
—~
[
—
~
ko
[
S
3
x>
—~
S
=
S
Ed
~

o -y L CL(-1) Il
Z(—m hz A+j+h=0 (G+h+1)

n 1
j—(aj/aq i i +1 i i
x{ | H pr 17?] (aj/aiy ) (aiy +niy + )log :L'])frill .’:;:

381,500k
o b=l 8 log" = (£, 1 - - 1, 18!
X[_fp/ ur 1st+1 h, 108 ( ) k
0 s=0 (s+ Zj:l i; +k)!
n (s+Z;°=1 L, +k)
X [log (u H m{‘“)il g(u) du:I dacj} dt

+ 3 Y G- misp /O to=eAe logl 1)

1
x[fp [ are i togt @) [fp / an=aude logh (5, £ (')
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bs— h s!

{Zoh s+l (m+s‘+ 1! log"™*(t7%)

x log™ et (z7 - 'x;a")} d:cn} . -dxl] dt

n—1 (_1)k+1 n o PigseoPig
2 > X

k=1 {3 Ae=r} i1,0emyik Mg seensThay,
A () ( 1\at (_1_>‘w+1

iy oo Ty, ! Qi, Qi

M (e) 1
X D Gem(=1)"m!fp / %77 log' (1)

m=0 0

{ I 7 / @5=as e Jogls () fR0 T8 (87 - 67

] 1,1,...
y "y O 1og”-'5(t-a)!sui1! !
= b (1+s+ZI? i, +m+k)!

n 1+s+z li;+m+k)
x[log( H x;a]ﬂ da:j}dt, (6.20)

Jit1yeenslk

where it is recalled that v := (3 + 1)/b and 2’ := (@1,...,Zn,t) = (x,t). The first
integral on the right-hand side of (6.20), noted E, turns out to be

EZfP/O %77 log!(t) {fp/ 7 " log" (1) - [fp/ 28~ log" (z.,)

oo h —ai —Qn4+—a
x{fp/o u”‘llOg (uz, bh.+.1. Tt )g(u) du}f(x’)da:n] -~~dx1] dt, (6.21)

i.e. it reduces to the integral obtained by applying without any caution Fubini’s
theorem and change of variable u := v°z{" - - - %" t%.

Step 4: treatment of contribution E,. Using (see result (3.15))

Zh: cm(-1 hi CE(-1)F Al
£ (m+J+1 Ol+h+y—k)_(h+j+1)!’
E, := (C, f) becomes (see equality (6.12))
= S go [ e iog iogh o) S0 s
SRS Gergeiom
(6.22)
with
J(i) ‘
(T2 () = > 2 ~ilog! v+ o(v™),
Re(8;)<y =0
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for v — oo. Formula (4.1) for A := v gives this expansion of (T?(v), f(.,t)) and
thereafter provides the functions (D%, f(.,t)) of variable ¢. This requires to deal
with a sum of terms

L
Ap :=logh(v'H Z Ci( v % log" ™ (H) log’ (v) (6.23)
7=0
where L € N, §; = Acor 6; = (u+m+1)/ar, L€ {1,...,n},n; € {0,...,q} and the
function H depends on (z1,...,z,,u). To each contribution is associated a corrective
term ey, such that

2 = bh+1 Z fp/ £~ log!(¢)
{56:=1}
L

LU 1og" I (H) . vens s
X[Z_:j!(L—ﬁ Taha e )dt]

- Y o / = log! (1)
{i:6:=7}
|:1+h+L LICY, s

2 (I+h+L)

s'=1+h

log® (t7%) 1og1+L+h—S’(H)] dt.

This result leads after some algebra to the expression of Fy := fol =9 log! (£)&(t) dt.
One obtains the following expression for £(¢):

M(e)

h! gem m+1m| a —a l;
t) = —— s J J J .
{Acmry} m=0
h+m+1 n (1+h+m—s")
xf(x'){ Z Cl+h+mlog (t™) [log(H:c] )] }dxj]
s'=h+1 j=1
I 0 AY (n i)
+bh+1 = Z Z Mg, | :
yyyyy Tl Mg yeers

X (i>l“+l ( : )llkﬂ byt i,
ai, a;, (h+ Y5, 1y, + k)

n

1
i—(aj/aq ip iy +1
X{ 11 fp/o 2 (o) @+ )

T30tk
X 108 () o 0k (87 - 67 ') fp / w1
0

h+Zf=1 L +k , ’
S S —a
x [ Z Ch+Z:=l L +k log™ (™)

s'=h+1
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n (h+zj=1 Lij+k—s")
X [log (u H a:j_aj)jl g(u) du] dz;

J5t1se- 5tk
h! n n DiysesPig
+ o sy » 5
k=1 {esAe="} 1yl MiygyeensTiy
1, +1 l; 1
XA“Wm~wm0(i)l (ivk+
ng,t-ony! ai, a;,
M(e) 1
03 U gl L

m01+h+2 Vi, +mA k)

«{ I s xlg () foniiie 67 - - 8a)

Jit1, ik

1+h+z Li;+m+k

X{ Cl+h+Z l'j+m+klog (™)

s’—h+1
n (1+h+zj=1 Li; +m+k—s")
X [log ( H x;a])] }da:j}. (6.24)
j;i1,.‘.,ik

Observe that the choice of k = n for the last sum occurring on the right-hand side
of (6.24) provides the following contribution:

n PiyyeesPip

Cn = bh+1 nl z Z Z
{e;Ae="} t1yeenslin Mig sy Niyy
(A, ) (1 bt 1\t
n“! ce nin! a;, as,
M(e)
% Z ( ]. m+1gemm l“ .o l ;1,11 m’nzn (0 )
(I+h+3>7 %+m+n) "
llog(t)) 1 R T,
because {i1,...,i,} = {1,...,n} and in such circumstances
n
H z; =1
Jit1,sin

Taking into account in equality (6.20) the relation

N hS'IOgh (7Y itetr
E: er qrsr D % )

_ N Z o log” (t79)[log(H)| L
bl e I (1+h+L) '
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It is possible to write £ := E; + E;, — FE as

M(e)

o h! gem( 1m+1 a—ad. l ar—ar A
= ot Z mfp/t log'(t) fp/ z;

{4e=7} m=0

[fp/ a" an e lOgl" (LUn)f(-’I?/) 10g1+h+m (t—a ﬁ Il'j_aj) d.’l?n:| R dxl] dt

i=1
n PigyeesPig

h! & A7 “, i
sy SR sy A

Z
k=1 eyl Mg ey My k

1 \latl 1\t il ! 1
% <_> <___> L fp/ %79 log!(¢)
@i, Qjy, (h4 23521 by + k) 0

n 1
aj/aiy (e, +n; +1) i i
X{ H fp/o x;"J (aj/aiy ) ey +niy lo g (xg)fn r ;@:(626;’;&;’)

Ji81yeenth

N\ (D 1 +k)
L

Jit1,etk
h' n— 1 n Piy s Pig
+ o Y Yy
ph+1 kl
k=1 {e;de=n} i1yt Mg yee gy

lip +1 li, +1
(Al o) (L " (2) -
’I’Lill e nik! Q;,y (0798

(1+ h + 3 B

i +m+k)!

< log!(t { IT s / 210 Jogh () fa (87 - 87 )

Jit1ye..

X[log( ﬁ . )](1+h+2f=lllj+m+k)

Jit1yik

dxj}dt+f,

h' ( 1 n PiyyeesPiy
f= )IEDIEDY
{e;Ae=7} i1, yin Mg oMy,

M(e)

Ale(n, ... ny —1)m+l Wt 0!
% (n'zw v?m) Z (-1) gzmm Liy li,
nyl.o.oong ! ¢ (L+h+370_ li; +m+n)!

n

m=
1 li1+1 1 lin+1 1
% [ — R = g "nl i
(ail) <a> fp/0 g () faitaur (0,
X [log(t~)] 2y b T gy,
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Step 5: treatment of contribution E3. According to definitions (6.14) and (6.17),
this term is

E ———h!l!___ QZH Z f /oovﬂl h+l+1()
ST T hti+ 1) \a pjovee W

{m;ay=a+m+1}

1 1 m
X [/ . / - z0 logh (2) - '-logl"(a:n)it;?f—"o)g(va‘fl cezen)day - 'dxn} }
o Jo :

(6.26)

Induction assumption 2 is used for n to deal with this form of E5. After some algebra,
this yields

E; = ! L (1\™ Q3= ool
= L wmls) aeem pr E

{Njay=a+N+1}
X[fp/o w1 logh Tt (uHxJ )g(u du} N (x,0) dx,}
j=1

Bl S (=D v e
OO AU VI Vb o

{Njay=a+N+1} t1,..., %k Nig ey

XA’Y(nil7“'7nik) <i)111+1”'<i>l 1 (l>l+1 l“'lzk'l'
nal - ng !NV \ag, aiy a)  (L+h+1+35_ U+ k)

{ H _fp / 2377 logh () fi kN (67 - 61 62)

Jit1,

00 1+h+l+Z;°=1 li; +k)
X [fp/o wt [log ( )} g(u) du} d:cj}

.....

m+1m|l|

h! 1 1’+1 e
phtl 2. ﬁ('&) ;mzumumﬂ)

{N;ay=a+N+1}

n 1 (1+h+1+m+1)
X{pr/o 23”4 logh (z;) f (2, O)dx][log<H:c ’)} }

Jj=1

MG () e RS
= L S YIS z

k=1 T {Njay=a+N+1} e Ae=7 i1,0ik Mg ey

li 1 I 1 I+1

AAe(nil,...,nik) 1 1t 1 ot 1 +
>< ' ' ' — e —— f—
Ny Lo nyg, LN ai, ai,, a

MX(E) (=1 gemmlly, ! - - 1, ! { fI fp/l 205 Ae
(1+h+l+25=1 lij +m+k+1)' Jit1,e itk 0 !

m=0

x log () fa N (67, . 67, 6a)

vvvvv Ty

n (L+hl+ Y5 Ly +meth+1)
x[log( H x;aj)] dx]}, (6.27)

J381ye ik
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1246 A. Sellier

with 6(x1,.. T,y t) = (21,...,Zn,0).

By using the proposed method in the previous section for I +1()\) the reader may
check that by adding the contributions £, F and F3 one obtains the proposed formula
(4.13) for (K, 41, f). In fact, it is worth noting that for k£ > 1

n DiyseesPig
o m. N
¥ ) ) Tigsee Mgy
E E g A (ml,...,nlk)l*}lwm,¢k,7¢r1
{N;ay=a+N+1} 1,00k Nig sy
n+l,a  PirroPigyy

ThigoeeoMig g
E : E AY (n'Ll’ s ’nik+1>Fi1,‘..,ik+1 .

eyl iy e 7nzk+1
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