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ASYMPTOTIC EXPANSION
OF A CLASS OF MULTI-DIMENSIONAL INTEGRALS

A_SELLIER

ABSTRACT. The aim of this paper is 10 derive the expansion of the following class
of multi-dimensional integrals

1)) =fp fn KLz A8 dx.

with respect to the large parameter A when Q is a subset of R, @ > 0, w is a strictly
positive and bounded function on £ and fp means an integration in the finite part
sense of Hadamard (see Section 2). This is performed for weak assumptions bearing
on pseudofunction K and by extending to higher dimensional cases the tools developed
in the one-dimensional context. The range of applications of the proposed results is
outlined by the exhibition of several examples.

1. Introduction. Forn > 2, we consider Q) an open subset of R, O a point belonging
to Q and d(0, Q) the distance from O to its boundary § €} where it is understood that
d(0,3Q) = +oo if ) := R". Moreover, M := x = (xj,...,Xx,) designates an arbitrary
point of R", dx stands for the associated Lebesgue measure and (r, &y, ...,6,.) is a set
of spherical coordinates of origin O with r := OM and § == (,...,0,—)) =x/r. Itis
recalled that dx = =" dr do where do is the Lebesgue measureon X := {M € R",r=1}
and C will designate the set of complex numbers.

If ) is a real and large parameter, / and g complex functions and ¢ is a real function,
one often seeks the asymptotic expansion of the integral

(1.1) L) = [ fx)glAe) s,

with respect to the parameter A. This expansion not only depends on the behavior of
function g near infinity but also on the behavior both of functions f and ¢ near the critical
points of ©2, i.e. the points of £ satisfying ¢(x) = 0.

When ¢ is real analytic on €2 the problem reduces to the treatment of ¢(x) = x’l' oo xh
with (), ....1) € N" (see [3, 7]) and the question remains difficult because the critical
points are not isolated (more precisely the set of critical points is {x = (x),...,x,) €
R™ ITL, x; = 0}). The case of ¢(x) := x' ---x& with (ay,...,a,) € RJ" has been
investigated in earlier papers [1, 3] for Q = [0,1]",g € S(R) the Schwartz space
and f{xy,...,x;) = x5 .. xf log"[xl]---log’"[x,,]h(xi,...,x,,) if (I,....5) € N,
(a1,...,a,) € C" with Re(e;) > 0 and £ € C°(R"). Particular case n = 2 has been
detailed in [8] and recently extended by {11] to weaker assumptions. :
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By now, it is assumed that O is the only one critical point of ¢ in Q. The problem
turns out to be easier to tackle and one usually makes use of Mellin transform method
to deal with it (see [2, 12]). Recently, [4, 5] proposed an approach based on the distri-
butional point of view to provide the asymptotic expansion of certain multi-dimensional
generalized functions. Nevertheless, the following integral

(1.2) ) =1 fg K(x. 2é(x)) dx.

where fp means an integration in the finite part sense of Hadamard and K(x, u) (with u
real) is a pseudofunction, do not seem to have attracted such an interest.

The aim of this paper is to derive the asymptotic expansion of /() when A — +oo,
pseudofunction K(x, u) offers specific kind of behaviors when ¥ — +o0 or x — 0 and
function ¢ reduces to ¢(x) = ¢(r,8) := w(B)* with a > 0 and w is a strictly positive
and bounded function on Z. This is achieved by extending to this question the results
obtained for the one-dimensional case (see [10]). If Section 2 below is devoted to the
introduction of appropriate notations and definitions, main theorems are established in
Section 3 whereas Section 4 deals with some examples and comparisons.

2. Integration in the finite part sense of Hadamard and basic functional spaces.
This section introduces the definition of 2 multi-dimensional integration in the finite
part sense of Hadamard for certain pseudofunctions. The reader may consult [9, 10] for
detailed explanations. For ¢ > 0, then B{a) == {M € R",OM = r < a}, 3B(a) =
{M € R", OM := r = a} and also B(a) := B(a) U3 B(a).

DEFINITION 1. A function f of L} (R" \ {0}, C) belongs to the set P(R", C) if there
exist positive real 7, and Ay, two complex functions F° € L! (ﬁ(nf), C) and F® €
LY(R"\ B(Ay), C), two families of positive integers (J(ﬂ) , (K(I)), two complex families
(a;), (7/) and two families (f7), (f3°) of elements of L'(Z, C) such that

@ fx=fin0) = ggf,f;?(ﬂ)r“* log/ r+ F°(x), a.e.in B(ns)\ {O},
Re(ay) < Re(oy—t) < --- < Re{on) < Re(ag) = —n;
22y f&x)=f(r,0)= giﬁ(ﬁ)r‘” loghr+ F*(x), ae.inR"\ B(4)),
Re(7z) <Re(Y;—1) < --- <Re(Y)) < Re(Yp) = n.
Moreover,
@3) [ fxdx =] js((_,)\sm reya| = [[o [7 71 6)dr] do.

Hence, f presents near origin O or at infinity expansions involving a finite num-
ber of terms a(6)r” log’ r with 3 and j no depending on the angular coordinates 0 :=
(01, -..,0,_1). This choice authorizes the case of / possessing a conical singularity at O,
ie. such that (2.1) is satisfied with f(».8) =0 if r < rand @ € V' C Z.
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If go(r) = P U(r,0). GYr) = P 'F%r.0) and GP(r) = P IF>®(r.6) then
(2.1), for 0 < r < ny, leads to go(r) = TLo B0 2O log' r + Gi(r) with
Re(o; + n — 1} < —1 and Gy € L([0, ). C) and for r > Ay, (2.2} yields go(r) =
Tho TXO @~ logh r + GP(r) with Re(v, + 1 —n) < 1 and GP(r) €
L'(R" \ B(ny), C). Thus, fp [5° gs(r)dr admits a sense for 8 € I, (see [10]). Finally,
for O € Q C R", the set P{Q2, C) is the set of pseudofunctions f such that F € P(R", ()
if Fx) :=f(x) forx € Q, else F(x) = 0 and fp fo f(x)dx = fp g F(x)dx.

By now, for ¢ real and ¢ > (), the notation 4 = Z;{_(]{L(Q)S, a;;€% log/(¢) means that there
exist two complex families (a;;) and (;) such that the sequence (Re(a,-)) is strictly in-
creasing and a family of positive integers (J(i)) suchthat if / := sup{g € N,Re(a,) < t}
then 4 = 2;’,0 Ef_fg a;e™ log/{¢). Moreover, for # a complex pseudofunction of real
variable such that there exist a real s > 1, a complex function H? (or A°) and a
neighborhood of zero on the right (or of infinity) in which H? (or ™) is bounded and
() = T o<, B log! urir HO(u) (or hu) = s AU logl utu H () we
note lim,,_ #(u) = j-(l?e(a)s: hgu“' log' v and set Sp(h) := inf{Re(a;), for i such that exists
J with hj # 0} (or limu—oo A(k) = TR, 1<, A4~ log/ u and set Su(k) = inf{Re(ar;),
for i such that exists j with &> # 0}). If k depends on several real variables, the
notation lim,..o h(r. 8) = ¢ 1<, ho(0)r™ log/ r means that each A € L'(Z,C) and
that there exist s > ¢, a complex function H%(r,8) and a real > 0 such that in
B(m\ {0}, H? is bounded and A(r.8) = j_(lil(a)gl RY(@)r™ log' r+r°H}(r, ). Moreover,
So(h) = inf{Re(a,-), for i such that hg- is not the zero function on E}. Definitions of
equality lim,_oo h(r, ) = T, . hSo(8)r log™ r and of real So(k) are also clear.

These notations authorize the definition of two useful functional spaces.

DEFINITION 2. For three real values »y.r and b such that 0 < b < +o0, the sets
E2(10,b[, C) and E(R", C) are defined by
o £2(J0,6[,C) = {f.f is a complex pseudofunction such that lim,_of(x) =
O co<r Jou% log u; if b < +oo0 then f € L},(10,5],C) else not only f €
Lic(10, +0o, C) but also limy oo /() = Torrsy,, Joou™ " log™ u},
o TR, C) = {f.f € Li(R"\ {0},C) such that notations lim,_of(r,8) =
Sz /O log r and Hm,_oof(r,6) = THS (@)~ log"r are
satisfied }.

3. The asymptotic expansion of /()). First an adequate space of pseudofunctions
K(x,u) is proposed.

DEFINITION 3. For £) an open subset of R” containing © and two real values f and ¢
the space H}(C}, €) is the set of complex pseudofunctions K(x, u) such that, for A large
enough

1. The pseudofunction A such that A{x) = i(r. 8} := K(x, Ar) belongs to P(Q), C).

2. If the pseudofunction X(x.u) is defined by K(x.u) := K(x,u) if x € , else
K (x.u) ;= 0 then it obeys all the following properties:
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2.1. There exist a positive integer E, a complex family (7.) with Re(Y) < -+ <
Re(vg) = t, families of positive integers (M(e)) and of complex pseudofunctions
(Kem(x)), reals B > Oand 5 > ¢, a complex function G,(x,u) andareal | < b < +o0
such that for (x, u) € (R* \ {O}) x [b.+o0]

a
( ) E Me)
(3.1 K1) =30 3 Kemxu™ e log” u+u=Gi(x, u),
e=0 m=0
(b)
32) | fn oy GO dxl < B < +00,
(¢) Ve € {0,....E},¥m € {0....,M(e)}. Kom € Epn v )(R", C)and also there exist

a positive integer /, a complex family () such that Re{ap) < --- < Re(ey) = ¢ —n,
a family of positive integers (J(i)), areal s’ > ¢ — n, a family (K¥)) of elements of
LYZ, C), a complex function L,,, bounded in a neighborhood of O in which

I Ji}
3.3 Kem(x) = 373 KV (8)r% logl r + 7 Lom(x).
=0 j=0
2.2. For almost any & of I there exist a real 49 > b > 0 and By > 0, a family
of complex pseudofunctions (hU(-,H)), a complex function H;[(r,8),u] such that for
O<r<Wgandu>0Q

(a) _
(3.4) Kx.u) = K{(r, 0). u} = Zl) f Y (u, 8 log/ r + " Hy[(r.6),u),
i=0 j=0
{b) y
(3.5) | fo w0, 9),u] du| < B < +00,

(¢) fori €{0,...,/}andj € {0,...,J()}, if ¥ (x) == h¥(r,8) where r == OM and
0 = x/r, then h¥ € fﬁ:‘ffée(a )(R" QO). Bes;des it is understood that lim,_g A%(u, 8) =
ZQ(P)

7 Re(B)<—n—Re(ou) W(B)uﬁp log?u and also that there exists a complex function Oy
bounded in a neighborhood of infinity in which

E M(e)

3.6} w0 =535 K (O log" u+u"*0y{u,0).

e=0 m=0
2.3. Finally, for almost any 8 of Z, the comp]ex function W, defined by the
relation: #** 'y W, (r,u) = ¥ {K[(r,0), 4} ~ TEy T Kom(r, )u log™ u —
i ji'g [h‘f'(u. §) — T, oM ki (0w log™ u]r"" Iog’ r} remains bounded in the set
10, b] x [4g, +oo[.
Decomposition (3.1) provides the behavior of K (x, w) when u tends to infinity. There-
fore, we assume that & > 1. If x does not belong to Q, K..(x) = 0 = G,(x, ©). Note that

the integrations arising in (3.2} and (3.5) are usual ones (in Lebesgue’s sense). If a == 1
and w = 13 (the unit function on X), the following theorem holds.
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THEOREM 1. Assume that O € Q C R, a= 1 andw = 5. For t real, if K(x,u) €
HNQ, C) then the expansion below holds for I(X), as ) tends 1o infinity,

fp f K(x. \r)dx

= M(e) iCl [fP[ Ko (O log™ (1) dx] “ Jog! )
”'RB(")<r =0
Ji)
+f-R=(aZ):Sr— {gd( ])![fpf R (x)yr log”™ ’(r)dx]
an - y b ([ #2,6do] 1og' 7+~

ity £59 (1 ]+ 9!
M(e)( l}rjlm
{e;1e=a+n} m=0 (1+j+m)!

+ [ L& (e)a'a] log”ﬁ”"“"/\})\ (@t |op! X + o(A 7",

where the sum E/%(f,,.:, has been previously defined and Ci, = m!/[!}(m — D] for
integers l and m such that 0 <1< m.

PROCF. For large ), property 1 of Definition 3 ensures the existence of f(A) and if
J(N) = 1p £ PV K[(r. 8), Arldr it is actually possible to write

(3.8) M ==1 fnﬂ Kix, Arydx=fp Kix, Ay dx +f>: Je(A)do.

R\Btb)
For A large enough, use of decomposition (3.1) immediately leads to

E Me)
—Ve m —e

G o [, KesAdx =3 z [fp Sy Ko™ Togm(ar) de| X~ + RQX),
where 1D fpo\ gy Kem(x)r < log™(Ar)dx indeed admits a sense because Ken €

":(55(}3([{",(3) and also according to the assumption s > ¢ and inequality (3.2},
R(X) = A7 fpmpy ¥ Gilx, Ar)dx = o(A™. Since K(x,u) €€ H'(Q, C) the reader may
check that foralmostany 6 € % then Fy(r, u) := "~ K[(r, 8), u] belongs to F*_,(]0, bf. C)
a space introduced tn [10]. Thus, Theorem 1 derived in [10] yields

M(e)

Jo(X) = [fp f Ko, 02 log™ (A1) dr] s

mRe( )<t
Hi) J

+ S zc‘(—-l)’[fp j:° R(v, 80" log~(v) dv

J-Re(a)y<r—n =0
o HY(O)

(3.10) - — P ogte )
{p:ﬁfz—a.-—n} ;0 L+j+q—1 ®
Me) gy ()]

+ A —— log"/*"! A] X~ log! X+ 0(A7).
{mg,ﬂ;% L+j+m—1 &
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Finally, integration over £ of (3.10) together with relation 5, C(=1)/(+j+q=D=
{(—1Yj1q!/(1 +j+ g)! ensure result (3.7).
In order to deat with the general case another functional space is proposed.

DEFINITION 4. For 2 an open subset of R containing O, a € R}, w a strictly positive
and bounded function on Z and a real number 7, a complex pseudofunction K(x,u)
belongs to 4,(Q, w, a. C) if and only if it satisfies the following properties for A large
enough:

1. The pseudofunction’ such that i(x) = A(r, 8) == K{x, \w(@)“) belongs to P, C).

2. The pseudofunction & (x. «) obeys properties 2.1 and 2.2 of Definition 3 with 7 := r
and ¢’ := ar except inequalities (3.2) and (3.5) which are replaced by

3.11) | A o MO Glx, Aw(O) dx! < B < +o0,

(3.12)

-/:ﬂ u5'+n—|H[,[(;’9)’ua] dul < B, < +o0,

where d := b'/2 > 1 (because @ > 0 and b > 1 in Definition 3) and the assumptions
Kem € g R", C) and AY € EX7E) (R”, C) are respectively replaced by Kon €

fg-r_a Re('?.)(Rn’ C) and bV € E(MRE(&‘»/”(R::! 0).
This definition leads to the next result.

THEOREM 2. For t real, if K(x,u) € A, w,a,() the integral I()) presents the
Sollowing and asymptotic expansion with respect to the large parameter A

) = fp fQ Klx, \w(B)* 1 dx

Mey m

= X ZCfn[fp | WO Kooty Iog"’"[w(e)r“]dx])r“-vlog’,\
m.Re(¥)<t 1=0 Q
20y M@ Veprm (— 1Y AmlI C
G133+ 3 { (.»,Yj—'”' ¥ (h)log' A
JRe(a)<ar—n Ue: ot =ap4n} m=0 h=0 a -f(! +j +m)!
i Cl—1y won _
L — == &; —I -1 I
"'% pY [fP j;,, w(ff (", 8)r log' ™ (w(6) ) dx] log' A

00 19%e (=11 ' Clyu, .
- T A ogh AN 40037,
{p;a,@,FZ—a,-—n} qz;ﬁ r.z=<:) a"(1 +j+q)! g

where coefficients g(k) and H¥ (k) are for positive integer k defined by

2K = [ w8 Hiy(0) log" ™ (w(8)] o,
Hi) = [ () KE,(6) log" "™ H[w(®)] do.
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PROOF. Ford := b'/4 it is indeed possible to write I(A)} = ) (M) + L(X) with

314 L =H [

g K @1 dx. B(X)=fp [B o Kz Aw@r*1dx.

For A > w,.“ if w; == inf{w(#).6 € X}, the assumption r > d = b'/9 ensures that
u = aw(@)y° > b. Thus, decomposition (3.1) is valid and when combined with inequality
(3.11) and assumption s > ¢ it yields for [; (1)

£ Mie)

ISED IS

e=0 m=0

JRm By W(B)“T--Kem(e)r‘ﬂ’?e log™ [Aw(8)”] dxl/\~ Ye 4 O(A_’),

Observe that each integral in above equality exists because K., € E-2MCHR", C)and w

is strictly positive and bounded on £. If 8 = 3(8) = [Aw(®)]"/* and K°(x, u) := K(x, 1),
one gets

G15) b= [[f [ K(x (000 dr] do = [ () do
where
(3.16) 2(3) = fp j: 7\ Ko (x. frydr  withx = (r.8).

If A is large enough, 3(8) := [Mw(#)]'/? is large too and the asymptotic expansion of
complex J5{3} with respect to 3(0) is required up to order o[3(6)~*]. Such an expansion
is obtained by introducing the function Fy(r,u) = #~' K°r,u} = ¥~ K(r,u?). The
reader may easily check that Fj € F2*,(]0, d[. C). Accordingly,

M(e)

B@ = 3 [ [ " Kentr O~ g8 dr] g

m.Re(*)<r
J(i)

> ic}(—n’[fp J7 R, 0 log vy dv

JRele)<al—n =0
o) a7HY (6
(3.17) - —A
{.P ;aﬁpa—u‘;—n} q=0 1 +.] + q - 1
M& gk (8)
=0 1 +j +m—1

log | +j+g—I B

+ log|+j+m—f 5]]@—(0#7:) ]Oglﬁ + O(ﬁ—m).

{e:av=ai+n} m
The expansion of L(}) is deduced by using the link 3° = Aw(f) and by integrating
expansion (3.17) over . After some algebra, one gets formula (3.13).
Of great interest for the applications is also the special case K(x,u) = f(x)H(u),
i.e. the case of separated variables x and . For adequate assumptions both bearing on
pseudofunctions f and H, Theorem 2 provides a useful result.

THEOREM 3. Consider  a domain of R" containing O, a € R and w a strictly
positive and bounded function on T. For complex pseudofunctions f and H, assume that
it is possible to introduce real values So(f) (So{f) if €2 is not bounded), So(H)} and also
Seo(H). Ift, vand T are real numbers T = Max[—t, —(So(f)+ n) /a] and if Q is bounded
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1> —Sy(H), else t > Max[~So(H), {n ~ Sel)) / @), v := Max[n — at,n — aSeo(H)] then
Jorf € E;,_(Q,C) and H € E{]0, +oo[, C) with the following behavior

op) ,
(3.18) Huwy= 3 Hulog?u+u" Hyw), T'>T
g.Re(B)y<T
Mie) .
(3.19) Hu)y= % Hpu'clog"u+uHy(u), s>t
eRe(r <1
J) . ;
(3.20) = 3 f,-j?(ﬂ)r“‘ log' r+ ¥ F(x), &' >at—n
JRe(a)<ar—n
if Q is not bounded
@ 5 v
(3.2 Foy= S @ logtr+r Y FO(x), VvV >v
kRel)<v

and also hy(x) = hy(r,0) = fOHOW(OY?) € Ll (Q\ {0}, C), the expansion below is
valid for large A

L(X)
=1 [ SOOHDW(O) ] dx
= 3 Scm [fp [ fem@yer= log’""[w(e)rﬂ}dx] A7 log! A
mRe(7)<t 1=0 S
S Mie) 1+i+m (—)j! m]cllz_'_.q_
3.22 . T B0 F (i) log' A
6.22) +j.Rc((¥)ZSa!—ﬂ[{e;af‘,,E=a,+n} 0 e @l +j+m)l T j()log
! CJ"(_I)I —ar oy it _ !
+,§ e [fp f ,,f;.?(g)w(g) « H@" % log/ (W(g) f") dx] log' M

o0 birg (—1Yf1 q'C,, e B
ST e G EF g A A o)
Jaf=—o—n )= :

with, for positive integers i, j, q, k: Fi(k) = 5 1208y  log " [w(8)] do.

Observe that for O not bounded, the behavior (3.21) of function f near infinity and at a
large enough order is not involved in this result despite it is requested for the derivation.
Since the derivation makes use of Theorem 2 and looks like the one given in [10] for
Theorem 3, it is let to the reader.

4. Applications. In this section, several examples are exhibited in order to highlight
the range of applications of the proposed theorems. By the way, comparisons with results
obtained in [4] are also given.

PrROPOSITION L. Consider & a complex pseudofunction for which it is possible to
introduce So(@) and So(@). If Y € C, a € R}, I € N and w is a strictly positive
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and bounded function on I, then for real t such that t > n — [Sy(®) + Re(7)] /a
® € ErRON R ) and M large

ai—n—~Re(?)

JON) = fp fn D) log(re P dx

Hi) Ak O} Ch L (— 1Y o+t +n
= JH Tk (ke + RalBUL A
@.1) j.Re(a)sz—n-Rc(ﬁ){kgo ?;O e Jii(k h)N;,( - ) log" A

14+ (_]y'+!+p Cll|+j+1 l |
— _ " i) 1 /\})\—(a,-ﬂq-n)/a
{p;ap=—za,--1_,,} 1;0 a1 +j "'[)p!J”( 1)log

+o(A™h),

with the notation lim,_q ®(r, 0) = Zf(&)e( ay<ar—n—ren) A O™ log' r and for positive inte-
gersk,mandB e C

(42) Ni(B) = fp [P~ log(v)e ™ av,
“3) 300 = || 4,(0)log™ Hw@)w(@) /2 do

Since @ € ELSRONRY, ), @ € LL(R"\ {0}.0) and consequently hy(x) =
Ox)r logl(r)e" € LL (R"\ {0}, C). Formula (4.1) is thercafter obtained by ap-
plying Theorem 3 with f(r, 8) := #* log/(r)®(x) and H(x) := ™.

For 8 € C consider Ny(8) = fp [5°v*~Te~"dv. Clearly, if Re(8) > 0 then No(B)
= I'(8) where T" is the usual Gamma function. By using as many integrations by parts
as necessary two case arise for Re(8) < 0: if 8 = —p with p € N then No(—p) =
(=1P¥(p +1)/p! where ¥(p + 1) := T7_ I"' — C, is the usual digamma function, else
No(B) =T(B+m)/[B(B + 1)---(8+m — 1)] where m is any positive integer such that
Re(B) +m > 0.

EXAMPLE 1. Suppose that ¥ = 0,/ = 0 and J{i) = 0 with 4;(8) = 4,(8). In such
circumstances and under the assumptions of Proposition 1, formula (4.1) rewrites
“4) M) = fp fﬂ D(x)e MO gy
_ 1 ot ai+n
== % “fZA,-(G)w(B) z da]No( - )

@ ; Re(ary<ar--n

—1 o
- x| 4oy ¥ ogw@do

{p:ap=—a;—n}
+log[M] [Z A@WwE = da] },\-‘“f“')/“ +o(A7Y.

If Vi, Re(a; + n) > 0, the second contribution on the right-hand side of (4.4) vanishes. In
such a case, Np(22) = ['(%%). This agrees with the proposed Example 9 given in [5]
if one sets A{f) := 0 outside V' C Z. Nevertheless, if there exist positive integers p and
i such that —p < rand a; = ~ap — n this second contribution introduces a logarithmic

term (log[A]A?) in the asymptotic expansion.
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EXAMPLE 2. By now, it is assumed that ®(x) = O(r,0) = A(B)d(x) with 4 €
L'(Z,C) and ¢ € Dy(R", C) the set of complex finctions ¢ which admit on a compact
neighborhood of origin O continuous derivatives up to order positive integer N. Thanks
to the usual Taylor expansion, there exists for each ¢ € Dy(R". C) a neighborhood of O
where the function Ri, below is bounded and

_ _ N Aa8) lal 4 N pé
4.5) dlx) = ¢(r.6)= 3 Tl DEHOW™ +r* Ry(x).
|al=0 :
where for o = (ap,....q,) € N weset: ! == !l |al =+ -+, and if

x=(r.0) = (x,....x) then x* = x" ... x& = ol 4,(8), D¢ := 8|l Jax] . ax2.
Note also that (4.5) holds for N = 0 by setting Z?a]=0 = 0 for ¢ < 0and by choosing R} =
6 € Do(R", ). For£ > n— [Sxo(¢) +Re(M))/a and ¢ € Dy (R", ONEL RN R, C)
if Ny = [[1 +at— n — Re(7)]] where [[£]] denotes the integer part of real b, Proposition 1
yields

KO = fp fR _AB)(x) logl(rie O dx

_ Harn—ReM Deg(O) ([ L =k (— 1N Tl — b — N loe| + 7 +n gt
) > {1.=0h=o KRV —k— h)a™! h p o

21 (=1 Ch Je(l — 1)
|
(piap=la|—y—n} /=0 a(/+ 1)p!

Jof=0 ol

(4.6) - ogh X } A-telrnda 4 (a0,

{el4ren

with J,(k) = f3 A(0)4,(0) log*[w(@)w(®)~ "< do and Efa|=o =0forp <0.

The casew=A4 = l1g,a =2 and I = 0 is considered in {S] (Examples | and 4). Under
these assumptions Jo(k) = O fork > 1 andJ{0) = f A (D do. If o = (o), ..., ) € N,
Jo(0) = 0 for any o; odd and if & = 23 = (265..... 28,) € N” it is well known that
Ja3(0) = 2T (31 +1/2) - - - T(B,+1/2)/T(|8| +n/ 2} with TG+1/2) = n'/2(2j)! /2%, This
leads to Jo(0)/ ! = J35(0)/ (28)! = 27"/2 J[238181 T(| 3| + 1/ 2)]. For ¥ € C, suppose that
real ¢ is such that [[2: —n— Re(’Y)]] € N (else expansion (4.6) rewrites K(\) = a()\"))
and introduce for £ €N, E(k) such that £(2m) = E(2m + 1) == m. If ¥ is not equal to
—n — 2m with m € N it is impossible to find p € N such that 2p = —2|8| — v — n.
Consequently the second term on the right-hand side of (4.6} is zero and

@7 B[ sxyre™ ax
_ Euzr—nz—:Rem W . DO 2Nk + (Y + 1)/ :’-)
= = 2ABIT(k +n/2)

ATBRII2 4 5(3),

If there exists m € N suchthat Y = —n —2m for 0 < |3| < E([[Zr —n— Re(‘T)]] the
integer p .= m — | B3| provides a logarithmic term and
E[[2t—n—Re(™)]] DMQS(O)TI’"/Z Am—k

g) e 2HBIT(k+n[2)

fp - S =N gy = H(A) +
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(4.8) {No(k+(‘7+n)/2) [ _k(p )p}log,\}

p=0

Observe that both results (4.7) and (4.8) disagree with those proposed in [5]. In fact,
when dealing with integration in the finite part sense a change of scale may generate
corrective terms. For instance, if A > 0 and é € C (see [10], Lemma 2),

“9) fo‘” Pe dr= A~6*D/2 g jom Perdr if6#—1—2p.peN,
—i-2p - —1-2p =1y
(4.10) fp]:’r i-2pg ’\’Jdr—)\”[ﬂ)jowt -2 g — TlogA].
Consequently, if da(x) 1= x20 = 4,5(8)? with 3 = (3),...,8,) € N", one obtains
' 1) = fp fR atre ™™ d
+rdp—1_— 1
= [ [ 4256) dcr] [fp j:" a1 =37 dr] =3 [ / Azg(ﬂ)da]

2240 (— 23py+a
fpf{ vz levdv— 3 —1lo )\})\ z
{ E’O pizp=-r-n-28) P!

because 2 fp jj° fe~"dt = p ;° v -le v gv, Obviously, above equality agrees with
(4.7) and (4.8). Observe that ¢ € P(R") == {smooth and complex functions ¢ such
that lim,—.00 € ¥ D%G(x) = 0, ¥b > 0 and oo € N"} and that formula (3.10) and (3.13)
proposed by paper [5] don’t apply for ¢4. In fact, it seems that the “moment expansion”
,_ proposed in this latter paper does not hold if ¥ = —n — 2m. More precisely, for ¢ € P(R")
g relations (4.9} and {4.10) show that in such a case

@11) (VA I VAITY g(x)) # (Bplr e, ¢x/V V),

and that extra terms occur at this stage.

PROPOSITION 2. Consider ¢ € Ry and A a positive and bounded function on Z.
For Q a bounded subset of R" containing origin O, an integer N > n and a function
[ € LL(QUIQ, YN Dy_n1 (2, C) (see Example 2 for the definition of Dy(Q2, C)) then

- Sfx)dx
I = j;: 1+ A< + ir

(4.12) i [t [ (~111 + 4@ 1 f0— D dx e

. U 3 Daf(o) AalB)4/(0) do ]{ /w( 1!)’::;:1 -1

()1 1Y lel=i

H(i+ci+ J".f)(—l)('_cy—"_"((l ~cj~i—n)
- JH(=i—ci—n)

+AG, i +cj+n — 1))

1+q+n~

} ATE 4 o (AN,
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where Ay = {(i.j) € N%.d} = i+¢j < N—n} and for k € N, a € R functions A and H
obey Alk.a) =1 =H(—a)ifa € Nand k < a; else A(k,a)= 0= H(—a).

The reader may easily deduce (4.12) by carefully applying Theorem 1.

1.

1.
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