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On the shape of granular fronts down rough inclined planes
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The shape of fronts obtained when releasing a cohesionless granular material at the top of a rough
inclined plane is experimentally investigated. The measurements are compared with theo-
retical predictions given by a model based on a depth averaped momentum equation. Good
agreement is found when the empirical friction law proposed in a previous study [O. Pouliquen,
Phys. Fluids 11, 542 (1999)] is introduced in the model. © 7999 American Institute of Physics.
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The flows of granular material down an inclined plane,
being encountered in both geophysical and industrial appli-
cations, have been extensively studied.!™S Many investiga-
tions have been devoted to the uniform regime when the
thickness of the flowing layer is constant. This configuration
is simple encugh to test some constitutive equations for
granular flows. However, despite this simplicity no clear de-
scription emerges from the different theoretical™® or experi-
mental works.

Recently, new scalings have been observed™® which re-
late the mean velocity of the flow, the thickness of the flow-
ing layer and the inclination angle of the rough plane. In a
previous study” we have shown that, based on these scaling
properties, an empirical friction law can be proposed for the
variation of the friction coefficient g as a function of the
mean velocity # and the thickness h of the granular layer.
This law is written

h \gh
F-(“vh)=f391+(‘392_f391)exp(_f_dzﬂ), (1)

where 8, &,, L are characteristics of the material which can
be measured from the deposit properties, d is the mean par-
ticle diameter, and 8 is a constant equal to 0.136 in the case
of spherical particles. This relation has been derived from the
measurement of the flow properties in the steady uniform
regime for which the gravity is exactly balanced by the fric-
tion force. Our goal in this work was to check whether this
empirical law can be relevant for predicting the evolution of
granular flows in more complex configurations, i.e., when
the thickness of the flow is no longer uniform.

The configuration investigated is the propagation of a
front observed when a dry granular material is released at the
top of the inclined plane through a controlled aperture. The
experimental setup is described in our previous study.® A 2
m long and 70 cm wide surface is roughened by gluing one
layer of particles. The bulk material is stored in a reservoir at
the top of the plane and is suddenly released through an
aperture whose opening can be precisely controled, A front
of granular material then rushes down the slope. In the range
of inclination and thickness studied” the front rapidly stabi-
lizes and propagates with a steady shape [Fig. 1(a)] at a
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constant velocity [Fig. 1(b)]. The two control parameters are
the inclination of the plane 4 and the thickness A, of the
layer.

The method to precisely measure the front is the same as
described in Ref. 9 and consists in lighting the system by a
laser sheet arriving on the plane at a low incident angle [Fig.
2(a)]. For the granular material we have used the same four
sets of beads as in our previous study’ which correspond to
different roughness conditions. We have performed experi-
ments for the four systems of beads, for different inclinations
and different openings of the gate. The aim of this study is to
compare the measurements (Fig. 3) with theoretical predic-
tions given by a simple model which takes into account the
empirical friction law given by Eq. (1),

The theoretical model is based on depth averaged equa-
tions, the basic assumption being that the thickness of the
flowing layer is small compared to the other length scales.
This approach has been extensively developed in fluid
mechanics'™!! for film flow on inclined plane. It has been
applied for granular flows by Takahashi,'? Patton et al.! and
more recently by Savage, Hutter and co-workers'>" who
have shown that the motion of granular avalanches can be
correctly predicted in some range of the parameters within
this framework. Their model has been since applied to geo-
physical situation, !>

Writing the depth averaged conservation equations in
our case is straightforward: for a granular front propagating
at a constant velocity u., with a steady shape the mass con-
servation is trivially verified and the averaged momentum
conservation reduces to the force balance between the grav-
ity driven force, the friction force at the bed level, and a
force related to the pressure difference between the right and
left side of an elementary slice [Fig. 2(b)]:

[ 4o dy .

=0,

pghsin( @) — w(h,u.)pghcos( ) —

where p is the material density assumed to be constant, 8 the
inclination of the plane, g the gravitational acceleration, o,
the normal stress in the x direction, and w(h,u) is the fric-
tion coefficient describing the interaction between the flow-
ing layer and the rough bed. An exact derivation of the depth
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FIG. 1. (a) Front profiles measured 50 cm from the outlet {circles) and once
it has propagated 1.5 m down the slope (filled circles). (b) Position of the
front with time showing the constant propagation velocity, System of beads
1, =24.5°, h,=6.7 mm.

averaged equations for flow down inclined planes starting
from the 3D conservation equations can be found in Ref. 13.

The last term in Eq. (2) is usually simplified as follows.
Using the shallowness assumption, the vertical normal pres-
sure s given by o,,= pgy. Assuming that the two normal
stresses are proportional, i.e., o, =ka,,, the integral in Eq.
(2) can be computed and gives, after simplification, the fol-
lowing equation for the thickness:

dh _
tan(ﬂ)—,u(h,um)—ka—ﬂ. (3)

The first term in this equation represents the driven grav-
ity force. The second term is the friction force exerted at the
rough bed. This term is crucial as it contains the information
about the rheological behavior of granular flows. Savage and
Hutter' in their model have simply chosen for u(h,u) a
constant friction coefficient. This assumption seems to be
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FIG. 2. (a) Picture of the front illuminated by the laser sheet for material 4,
#=21%, h,,=9.5 mm. (b} Forces on an elementary material slice.

valid for high inclination which indeed corresponds to their
experimental conditions. However, for moderate inclination
as in our problem, the constant friction coefficient approxi-
mation is no longer valid as it does not predict the existence
of steady uniform flow. In order to describe the shape of the
front in this regime we thus have introduced for x(h,u) in
Eq. (3) the cmpirical rheology given by Eq. (1).

The third term in Eq. (3) represents the spreading force
related to the gradient of thickness. The coefficient of pro-
portionality & between the two normal stresses is unfortu-
nately unknown for the dense granular flow of interest here.
In a very dilute regime corresponding to the kinetic regime,
the pressure is isotropic as in fluids and % is equal to 1.
Takahashi'? and Patton et al.' have used this asszmption. On
the other hand, in the quasi static regime for very slow de-
formations, & can be related to the internal friction of the
material through a Mohr-Coulomb plasticity theory as shown
by Savage, Hutter and co-workers.”>'* However, in the in-
termediate regime k is unknown, In this paper the two dif-
ferent values of k are tested when comparing the theoretical
predictions with the experiments. We will successively use
k=1, and k= (1+sin?8)/(1—sin?g)) corresponding to the
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Mohr Coulomb prediction when the basal friction is equal to
the internal friction coefficient taken equal to tang,.">

A more elegant way of writing Eq. (3) can be found
using the dimensionless variables h'=h/h, and x’ =x/h.,
where h. is the thickness of the layer far from the front
where the flow is uniform. In order to do so, one has to
substitute i, in Eq. (3) by its expression as a function of 8
and k.. The relation between u,., k., and @ is simply writ-
ten

tan{ 8) = (e ,ta). 4)

From relations 1, 3 and 4, one get the dimensionless
differential equation governing the thickness of the material;

L

dh
tan( 8} — (tan@, +(tan62—tanHl)exp('yh’m))=kF,
x

(5)
where

( tanf~ tang, )
7= fan; tanty

Integrating numerically this differential equation leads to
a quantitative prediction for the shape of the front in terms of
k'(x'). It is important to note that for a given system of
beads, ie., once &, and ¢, are fixed, the only parameter in
Eq. (5) is the inclination #. This means that experiments
carried out at the same inclination, but with different opening
of the gate should exhibit the same front shape when ex-
pressed in terms of variables nondimensionalized by the
thickness k., .

In Fig. 3 the results for system of beads 2 and 4 corre-
sponding to two extreme roughness conditions are presented.
For each system, the front is plotted for two extreme angles
corresponding to the lower and higher inclination for which a
steady uniform flow is observed. For each inclination we
report the front shape obtained for three thicknesses k.. The
other system of beads not shown in this paper gives similar
results with the same good agreement between the theory
and the experiments,

The first remark is that for a given system of beads and
at a given inclination #, the shape of the front in terms of the
dimensionless variables is independent of the thickness k., of
the flow, as predicted by the depth averaged model. Yet, the
shape of the front changes when increasing the inclination §:
the front has a tendency to stretch. This evolution is well
predicted by the theory, as shown by the theoretical curves
plotted in Fig. 3. These curves have been calculated from Eq.
(5) using the values of #, and #, measured in our previous
study.” Two theoretical curves are plotted in each graph, cor-
responding to the two different values of the pressure coef-
ficient k. The difference between the two predictions is
within the experimental error bars. It is then not possible to
conclude which of the two values of k best fits the experi-
ments.

0. Pouliquen

In conclusion, by introducing the empirical friction law
given by Eq. (1) in a depth averaged description, we have
been able to guantitatively predict how the thickness of the
avalanching layer goes to zero at the front for the whole
range of inclination, thickness of the layer, and roughness we
have studied. The agreement between the measurements and
the theoretical predictions has been obtained without any fit-
ting process, the parameters of the empirical friction law
being determined by the deposit properties.’
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