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In this paper, new scaling properties for granular flows down rough inclined planes are presented.
In the dense steady uniform flow regime, we have systematically measured the mean velocity of the
flow as a function of the inclination of the surface & and of the thickness k of the layer. The results
obtained for different systems of beads corresponding to different surface roughness conditions are
shown to collapse into a single curve when properly scaled. The scaling is based on the
measurement of the minimum thickness hy,(#) necessary to observe a steady uniform flow at
inclination #. From this experimental observation an empirical description for granular flows down
inclined planes is proposed in terms of a dynamic friction coefficient. © 1999 American Institute

of Physics. [$1070-6631(99)00603-0]

I. INTRODUCTION

The flow of granular matters on inclined surfaces is of-
ten encountered in engineering applications involving the
transport of materials such as minerals and cereals, but also
in geophysical situations, Rock avalanches, landslides, and
pyroclastics flows are natural events consisting of large-scale
flows of particulate solids.'~® Besides these important indus-
trial and geophysical applications, granular chute flows down
inclines are alsc of fundamental interest: A layer of granular
material flowing on a surface is a simple and well-controlled
system which allows a precise study of the rheological prop-
erties of particulate systems. The characteristics of the flow
being mainly controlled by the balance between the gravity
force and the friction force exerted at the surface, one can
use the inclined chute flow as a rheometer in order to study
how the friction force in a granular layer varies. However,
despite this apparent simplicity and the numerous
experimental,*""” numerical,"*'* and theoretical works***
devoted to granular chute flows, their description and predic-
tion are still a challenge.

Many chute flow experiments have been carried out and
different configurations have been investigated, changing the
bed conditions from smooth to rough, using different kinds
of materials, and checking the influence of entrance condi-
tions, The main conclusions of these studies are the follow-
ing,

(a) When the inclined plane is smooth, fully developed
uniform flows only exist at a critical inclination angle. Below
this angle the material stops, and above this angle the mate-
rial continuously accelerates along the plane. The system is
well described by a constant friction coefficient *!%"

(b) In the case of a rough bed, accelerating flows are
also observed at high inclination angles. In this high velocity
regime, direct or indirect measurements of the shear force at
the bed®” have shown that the material theology is well de-
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scribed by a constant coulomb friction coefficient indepen-
dent of the velocity.

(c) For intermediate value of the inclination angle in the
rough bed configuration, steady uniform flows can be ob-
served in a whole range of inclination. In this range the fric-
tional force is able to balance the gravity force indicating a
shear rate dependence. However, no clear description
emerges from the different experiments. Suzuki and Tanaka®
have proposed to describe this regime using a Bingham-like
constitutive law but this approach is incompatible with the
Coulomb-like behavior controlling the onset of the flow. An-
cey et al.’® have shown that the shear stress at the bed cannot
be written as a function of the mean shear rate in the mate-
rial. Vallance,' in an attempt to quantitatively compare ex-
perimental results with Savage theory,® has revealed some
interesting scaling showing that the mean velocity of the
flow varies as the thickness of the granular layer to the power
3/2. A similar scaling law has been observed recently by
Azanza.'” But to our knowledge no constitutive law has been
proposed which convincingly describes the experimental ob-
servations.

From the theoretical point of view the major difficulty in
describing inclined granular chute flows is that they belong
to an intermediate flow regime, where both the friction be-
tween the grains and the collisions play an important role.
Some attempts have been made to incorporate into a kinetic
theory which describes the collisional interactions, an em-
pirical rate independent stress tensor in order to take into
account the friction.'>?*?22 These approaches qualitatively
predict the fact that fully developed flows are only possible
in a limited range of inclination angles. But unfortunately, a
direct quantitative comparison with experiments is difficult
since many experimentally inaccessible parameters are intro-
duced in the models, especially in the boundary conditions.

In this paper, a more empirical point of view is adopted
in order to describe the intermediate regime of granular chute
flows. From precise and systematic velocity measurements,
our goal was to experimentally determine the variation of the
mean velocity of the flow as a function of the inclination of

© 1999 American Institute of Physics



Phys. Fluids, Vol. 11, No. 3, March 1993

FIG. 1. Experimental setup.

the rough plane, the thickness of the layer, and also of the
roughness of the bed. The ultimate purpose is to be able to
propose some empirical constitutive laws which could then
be useful in the description of more complex configurations
closer to geophysical situations such as the propagation of
fronts or the spreading of finite mass on irregular refief.>*

The paper begins in Sec. II with the description of the
experimental setup and of the measurement methods we
have used. In Sec. III the experimental measurements are
presented, The range of inclination and layer thickness giv-
ing rise to steady uniform flows is first determined. Velocity
measurements are then presented and are shown to collapse
into a single curve when properly scaled. The scaling prop-
erties are discussed in Sec. IV. We show how they lead to an
empirical expression for the dynamic friction coefficient de-
scribing the interaction between the material and the rough
surface. Concluding remarks are given in Sec. V,

Il. EXPERIMENTAL METHODS

The experimental setup (Fig. 1) comprises a 2-m-long
and 70-cm-wide plane that can be inclined from horizontal
up to a maximum of 35°. The choice of such a wide channel
(70 cm to be compared with 1 cm, the typical thickness of
the granular layer) ensures that the measurements are not
affected by the lateral boundaries which are known to dra-
matically change the flow structure.” The granular material
flows from the reservoir through a gate whose opening can
be precisely controlled. The rough bed condition is obtained
by gluing cne layer of particles on the inclined surface.

The particles used for the bulk as well as for the rough
surface are spherical glass beads. In this paper we present
results obtained for four different systems of beads (Table I).

TABLE 1, Glass beads used for the bulk material and for the rough surface
for the different systems studied; corresponding parameters of fit 3.

Bulk Rough surface @, #, L
System 1 0.5mm+0.04 0.5mm+0.04 20.7° 32.8° 1.96
System 2 1.3mm=0,13 1.3mm=0.13 2170 264° 123
System 3 1.15mm=*0.1 L3mm+0.13 22.9° 304° 1.50
System 4 0.5mm=>0.04 1.3mm*{.13 209° 29.1° 29
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System 1 consists of 0.50-mm-diam glass beads flowing on a
bed made of the same 0.50-mm-diam beads. Systems 2, 3,
and 4 are, respectively, 1.3, 1.15, and 0.5 mm glass beads
flowing on a rough surface made of 1.3 mm beads. These
three systems have different roughness conditions between
the bulk and the surface. Notice that systems 1 and 2 corre-
spond to the same configuration at two different scales.
Roughness conditions, however, differ slightly: For the bed
made of 0.5 mm particles 72% of the surface is covered by
the particles whereas 76% is covered for the bed made of 1.3
mm particles, The measurements will show that this slight
change in the rough surface conditions affects velocity dra-
matically.

For the four systems of beads, we have systematically
measured the mean velocity # of the granular layer for each
inclination angle @ and for each thickness h of the layer. The
method we choose to measure the mean velocity consists in
tracking the front propagating down the slope using an image
processing syste.m.2 The front is created by suddenly open-
ing the gate, with the material then rushing down the slope.
In the range of inclination (20°-28°) and thickness (4-25
particle diameters) studied, the front rapidly reaches a steady
state, with a steady shape propagating at a constant velocity
u. The front velocity u corresponds simply to the depth av-
eraged velocity of the uniform steady flow that develops be-
hind. Notice that using monodispersed glass beads prevents
fingering instability.® The front remains straight in the
cross-flow direction, which allows precise measurements.
This method is very precise for low-velocity flows but be-
comes less accurate for rapid flows in which the front pre-
sents more saltating particles. However, even in the most
rapid flows studied, the estimated error is less than 10%.

Another parameter that needs to be experimentally mea-
sured is the thickness & of the granular flowing layer. The
thickness is well controlled by the opening of the gate but is
not equal to the opening. A transient region exists close to
the outlet where the thickness decreases before the steady
uniform regime is reached. This region typically extends be-
tween 20 and 50 cm. The thickness £ is measured down
slope of this region by illuminating the surface with a sheet
laser light slanted from the side with a very low incident
angle & (Fig. 1). When the granular material flows on the
plane, the projection of the laser sheet is shifted laterally
from its initial position. The lateral shift is proportional to
the thickness of the layer and is inversely proportional to the
tangent of 8. For low enough incident angle, measurements
of h based on the shift of the laser sheet are obtained with a
precision estimated to +0.2 mm,

We also have carried out measurements of the volume
fraction occupied by the beads during the flow. The method
consists in trapping a known portion of the material during
the flow and weighing the trapped malerial. Knowing the
trapped mass M, the density of the glass beads p, , the thick-
ness k, and the surface S of the trapped layer, one obtains the
volume fraction »=M/p,Sk. For all the steady uniform
flows studied in this paper, the volume fraction is found to be
roughly constant—equal to »=0.59£0.03. No significant
variation of » with the control parameters has been put in
evidence. The relatively high volume fraction indicates that
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h/d

FIG. 2. Region of the parameter space ( 8,//d) where steady uniform flows
are obtained; @-—measurements of Fanp( 8); O—measurements of Buoplh).
Some error bars are hidden by the symbols. Data obtained with system 1.
Solid arrow (respectively, the dashed arrow) represents a typical evolution
of the system in the parameter space during the measurement of Rgopl )
[respectively, Oy0p(h)].

we are studying a dense regime in which the frictional inter-
actions between particles are important.

In experiments using granular materials, experimental
difficulties often arise from electrostatic interactions or hu-
midity effects. In the experiments presented in this paper the
effects of the electrostatic interactions are minimized by
sieving the glass particles through a metallic mesh connected
to the ground before each experiment. The influence of hu-
midity is much more difficult to control, In order to work at
constant humidity, each set of experiments were carried out
during a single day in which the ambient humidity varjed
less than 5%.

lll. EXPERIMENTAL RESULTS
A. Existence of steady uniform flows

A first step before studying the dynamics of steady uni-
form flows is to determine the range of paramelters for which
they can be observed. These flows, characterized by a thick-
ness and a mean velocity constant in space and time, are not
observed for all values of the two controlled parameters
and . The limited region of the parameter space (8,h/d)
where steady uniform flows are observed is presented in Fig.
2 for system 1. The thickness is made dimensionless using
the particle diameter 4. Similar diagrams were first obtained
by Vallance' for three-dimensional (3-D) chute flow experi-
ments and more recently by Azanza'” for two-dimensional
(2-D) systems.

The steady uniform flow region is limited in the param-
eter space by two curves. The upper one corresponds with
the transition to nonsteady or nonuniferm flow observed
when the inclination is too high (the flow then seems to
accelerate along the slope) or with too thick a layer (the
thickness continuously decreases along the slope) (Fig. 2).
This upper limit has not been precisely determined.

In contrast, the lower curves separating the steady uni-
form flow region from a region where no flow is possible can
be precisely determined and will play a crucial role in the
scaling properties presented in Sec. Il B, Two methods have
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FIG. 3. hyy,, a5 a function of # for the four systems of beads.

been used to measure this flow limit. The first one consists in
working at a constant inclination 6 and slowly decreasing the
thickness A down to the critical thickness hgi0p when the flow
stops (the solid arrow in Fig. 2). This is simply carried out by
suddenly closing the gate of the reservoir once a thick flow
has developed: The thickness then slowly decreases, the ma-
terial slows down, stops, and leaves a static layer of material
on the bed. The thickness Haop Of this layer depends on the
inclination & (filled circles in Fig. 2).

This method for measuring the flow limnit—keeping @
constant and decreasing k—is precise for high inclinations
when the deposit is thin. However, it becomes less accurate
for lower inclinations when the thickness of the deposit
strongly varies with the angle. In this region a second
method has been used for measuring the flow limit. It con-
sists in keeping the thickness k constant and slowly decreas-
ing the inclination & (the dashed arrow in Fig. 2) down to the
critical value 6., when the flow stops. The entire curve
0p(R) is obtained by starting with different thickness & of
the flow (squares in Fig. 2). For intermediate inclinations,
both methods give the same curve, i.e., Baop(h) and by (6)
are just inverse functions.

The function hy,(8) reveals that the material experi-
ences more resistance to flow near the rough surface than it
does further away: This effect has previously been reported
by others studies'**"? and is known to be the consequence
of nontrivial boundary effects. The scaling properties pre-
sented in the following will reveal the important role played
by the function Frotopl ).

The other systems of beads we have studied present
qualitatively the same diagram as Fig. 2. However, signifi-
cant quantitative differences exist as shown in Fig. 3 where
the function ko (#) is plotied for the four systems. For ex-
ample, for #=23°, we found kgopfd=3.5, 1.5, 6, and 4.4 for,
respectively, systems 1, 2, 3, and 4. This observation shows
how sensitive granular chute flows are to slight changes in
the roughness conditions. We will show in the following that
velocity measurements also are sensitive to the roughness
conditions. However, despite this influence of the boundary
conditions, scaling properties can be found which reveal the
role played by the function Bgop( ).
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FIG. 4. (a) Dimensionless velocity u/ Jg—d as a function of h/d for different
inclination angles. (b) Froude number u.f\n'g_h as & function of Afh,,.,(8) for
different inclinations. Data obtained for system 1.

B. Velocity measurements and scaling properties

The results of the velocity measurements obtained in the
steady uniform regime are presented in Fig. 4(a) for system
1. The dimensionless velocity i/ ng where d is the particle
diameter is plotted as a function of the dimensionless thick-
ness h/d for different inclination angles 6. The mean veloc-
ity of the flow increases with increase of the thickness of the
layer and with increase of the inclination [Fig. 4(a}]. Each of
the four systems studied behave qualitatively the same way.
However, comparing the different velocities obtained for the
same dimensionless parameters again shows that the flow
dynamics is sensitive to slight changes in the material size or
roughness condition: For example at §=24° and h/d=7,
ul\/g_d= 1.0, 2.3, 0.9 and 0.7 for systems 1, 2, 3, and 4. Such
an influence of the relative roughness has been previously
observed and studied in detail in the case of a single bead
rolling down a rough surface.?

Despite this high sensitivity, we have been able to find a
scaling that collapses all data onto a single curve. The idea
was to choose a characteristic length scale other than the
particle diameter to nendimensionalize the data. A possible
choice, in view of the result of Sec. II A, is the critical thick-
ness kg, (), which gives a @ dependent length scale. In
search of relevant scaling we thus have plotted for system 1
the dimensionless velocity ung_h , or the Froude number, as
a function of #/hg.(#). This scaling presented in Fig, 4(b)
appears to be relevant: Curves obtained for different inclina-
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FIG. 5. Froude number w/\gh as a function of hlhyo(6) for the four
systems of beads and for different inclination angles.

tions collapse onto a straight line. This observation indicates
that the variation of the mean velocity # with the inclination
0 is correlated to the variation of kg, with &,

The relevance of the scaling presented here becomes
striking when comparing the different systems of beads. Not
only does a similar collapse as in Fig. 4(b) occur for each set
of beads, but the data for each of the four systems collapse
into the same straight line (Fig. 5). The Froude number thus
appears 10 be a linear function of hfhg,,, independent of the
inclination, bead size, and of the roughness condition. The
influence of those parameters are taken into account in the
single function A ,{ 8).

The curve in Fig. 5 which does not collapse with the
other data, belongs to system 2 and has been obtained for
0=25°, the highest inclination angle studied for this system,
No explanation for this discrepancy can be given for the
moment. Flows at this angle are rapid but seem to have
reached the steady uniform regime. However, a lot of saltat-
ing particles are present at the front which could affect the
measurements. In conclusicon, except for this curve, a scaling
has been found which gives rise to the collapse of all the data
acquired for four different sets of beads.

IV. DISCUSSION
A. Prediction of the mean flow veloglty

This experimental observation leads to several remarks.
First of all, the scaling presented here provides an empirical
way to predict the velocities of granular chute flows without
carrying out velocity measurements (at least for systems of
beads which are the only ones presented here). In Fig. 5 the
Froude number ul\f_l; is found to vary linearly with
Hh g 6):

L
Geh Pl ®

with 8=0.136 independent of the inclination, the bead size,
and the roughness of the bed (this value of 8 correspends to
the best fit in Fig. 5 not taking into account the points of
system 2 at §=257). The variation of the mean velocity u
with the control parameters h and # is thus known as soon as

(1)
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one measures the function Ag,,(#), which does not involve
any velocity measurement. Notice that, for a constant incli-
nation 8, the empirical fit 1 predicts a 3/2 power law for the
variation of « with the thickness & which is compatible with
other experimental or numerical results obtained by
Vallance'* and Azanza.'?

Ancther interesting observation is that the data of Fig. 5
do not converge to O when the thickness fi/h;,, tends to 1,
This point scems contradictory with the definition of kg, as
the critical thickness when the flow stops in an experiment
carried out at a constant inclination and with a slowly de-
creasing thickness. However, experimentally the velocity
does not evolve continuously to zero when approaching
Rgop: When the thickness k decreases, the flow gently slows
down and then suddenly freezes when k reaches h,,. Such
behavior is certainly the signature of a velocity weakening
friction force®®*! at the bed, a point which wilt be discussed
later in the paper.

B. Role of the rough bed

From a more fundamental point of view, the scaling
properties we have put in evidence underline the role played
by the function hy,(8). Not only does this curve limit the
flow region in the parameter space, but it also contains all the
information about the influence on the flow dynamics of the
inclination and of the other parameters like bead size or the
roughness of the bed. This function hy,,, which has been
reported by other studies,'*?"? is not yet fully understood
but is known to result from complex boundary effects. A
qualitative explanation’” has been given in terms of dila-
tancy, Near the bed, the medium has to dilate more in order
to flow than further away, which could explain the higher
resistance to flow close to the rigid rough surface.

As the function k4, (8) is controlled by the boundary
conditions, it follows from the scaling presented here that
flow dynamics are probably also governed by boundary ef-
fects. This means that granular flows down rough inclined
planes result not only from intrinsic rheology of the granular
materials but also from the complex influence of the rough
bed. The importance of the rough bottom could explain the
difference between the scaling laws observed here and the
scaling laws observed for the granular flow at the free sur-
face of a pile in a rotating drum. ¥ In the last case, no rigid
boundary is present.

C. Description in terms of a dynamic friction
coefficient

From the scaling propertics one can extract some infor-
mation about the friction forces that arise between the flow-
ing layer and the rough surface. In the steady uniform re-
gime, the flow simply results from the balance between the
gravity and the shear stress that develops at the bed. A
simple depth averaged force balance on an elementary slice
of material yields the following equality:

pghsin{8)=rT,

where p is the density of the granular medium and rthe shear
stress at the bed. When divided by pgh cos(), the normal
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stress on the plane, the force balance can be written in term
of a dynamic friction coefficient & defined as the ratio of the
shear to the normal stress:

tan( 6) = pu(u, 7). )

It is important to note that the above dynamic friction
coefficient u(u,h), which is assumed to be a function of the
thickness 4 and of the mean velocity u, is not a property of
the bulk material but describes the interaction between the
material and the rough surface.

When performing an experiment at a given angle # and
with a thickness k, the granular layer adjusts its velocity in
accordance with Eq. (2). In other terms, fixing the inclination
is equivalent to fixing the friction coefficient. From the sys-
tematic velocity measurements we have carried out, it is thus
possible to find the variation of x with 4 and h by simply
substituting tan ¢ by u in Eq. (1). In order to do so, we need
an analytical expression for the function Ao (#). A good fit
(Fig. 3) is given by

— _ _ hslop
tan §=tan ¢, + (tan #,—tan 8, yexp id )’ 3)

where d is the particle diameter, #; corresponds to the angle
where F . (0) diverges, 6; to the angle where A, (8) van-
ishes, and L is a characteristic dimensionless thickness over
which f0,(h) varies. Values of #;, ,, and L for the dif-
ferent systems of beads are given in Table 1. By substituting
tan 8 by p [Eq. (2)] and hy,, by Bh/ghtu [Bq. (1)] in Eq.
(3) one gets the following expression for the dynamic fric-
tion coefficient:

p{u,hy=tan @, +(tan #, —tan Bl)exp( - @ @) . @)
Ld u

This empirical relation raises several issues. The first
one concerns the high velocity regime. Equation (4) predicts
that the friction coefficient tends to a limit equal to tan 6,
when the velocity tends to infinity. The existence of an upper
limit for the friction coefficient implies according to Eq. (2)
that no steady uniform flow can be obtained for inclination
higher than &,. This prediction is compatible with other
laboratory experiments™? carried out at high inclinations and
which have shown that in this regime the flow accelerates,
the friction coefficient between the flowing layer and the
rough surface being constant, independent of the velocity.
Notice that according to the empirical description, Eq. (4),
this maximum friction coefficient tan &, is simply equal to
the inclination angle when Ay, vanishes.

On the other hand, the low velocity regime is not well
described by Eq. (4). According to this empirical relation,
steady uniform flows can be observed for any thickness as
soon as the inclination is higher than #,. This is in contra-
diction with the existence of the function h,( #). However,
one has to keep in mind that expression (4) for the friction
coefficient derives from expression {1} for the velocity,
which is only valid for h>>h,, or equivalently for u/ \/g_h
> 8. Consequently, Eq. {(4) is also only valid for Froude
number greater than 8. Below this limit, the friction coeffi-
cient certainly presents some velocity weakening variations,
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as suggested by the sudden stop of the material observed in
experiments carried out with a decreasing thickness. Such a
behavior, which has been put in evidence in other
configurations,”! cannot be captured from the study of the
steady uniform flows.

V. SUMMARY AND CONCLUSIONS

This paper has presented experiments on the flows of
glass beads down rough inclined surfaces. By systematically
studying the variation of the mean velocity with the inclina-
tion of the plane and with the thickness of the granular layer
it has been possible to spotlight some interesting scaling
properties, All the data obtained for different systems of
beads corresponding to different surface roughness condi-
tions collapse into a straight line when expressed in terms of
the Froude number as function of A/ky,,(8):

u h
eh P @
with 8=(.136. The function hy,,(#), which contains all the
information about the influence of the inclination, the bead
size, and the roughness of the bed, is simply obtained by
measuring the thickness of the layer of material remaining on
the surface when a flow created at inclination # stops.

The interpretation of this scaling is far from being
straightforward. What exactly controls the function A 6),
and why its measurement is enough for predicting the mean
flow velocity, are complex questions. More detailed informa-
tion about the internal structure of the flow {velocity profiles,
internal stresses, etc.), which is not accessible in our experi-
ment, will certainly be helpful. However, the role played by
the function /1,0, ( #) suggests that the influence of the rough
boundary is important. Theoretical approaches should then
take into account the boundary conditions in a proper way.

Although there is no precise interpretation of the scaling
laws, we have shown that the experimental measurements
can yield information about the frictional force mobilized
during the flow. An empirical relation has been derived for
the friction coefficient between the granular layer and the
rough bed as a function of the mean velocity and the thick-
ness, This formulation, characterized by two critical angles
and a length scale, could then be used in more complex
configurations. It can, for example, be introduced in models
of avalanches like that of Savage and Hutter.>®* However,
one has to be cautious in using the result presented in this
paper. The scaling laws as well as the empirical friction law
have been derived for granular material comprised of quasi-
monodispersed glass beads, The relevance of those scaling
properties in the case of angular particles or for polydis-
persed material such as the ones encountered in geophysical
situations is an open question which needs further investiga-
tion.
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