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We study the flow within a stationary drop in a Hele-Shaw cell. The experiments are performed in a

microfluidic channel, whose surface is patterned with a single hole that serves to anchor the drop while

the outer fluid continues to flow. The recirculation pattern is found to be localized near the liquid–liquid

interface for all conditions, with most of the fluid motion taking place in the curved rim of the droplet.

In contrast, the drop’s central region remains nearly stationary. This flow pattern corresponds to a

three-dimensional recirculation on the drop surface, with the fluid moving in the direction of the outer

flow on the central plane and in the opposite direction closer to the boundaries. The different velocities

scale linearly with the outer fluid velocity for all geometries studied. However, the velocity on the

interface is found to be lower than the driving velocity even in the case of a gas bubble, pointing to the

effect of surface stresses as the underlying retardation and recirculation mechanism. This motivates the

development of a Marangoni model to account for the surfactant accumulation around the

downstream stagnation point. The model displays good qualitative agreement with the experimental

observations for many viscosity ratios and geometries but for a well-chosen surfactant accumulation.
1 Introduction

The relative motion of a drop and the surrounding fluid leads to

recirculation patterns that can serve as markers for the state of

the interface1,2 or to mix the drop’s content.3,4 They arise from

the condition of non-penetration at the interface between the two

fluids, which forces the streamlines to change directions when

they reach the immiscible interface.5–7 However, this simplistic

picture must be modified to account for the precise device

geometry8 or physicochemical effects such as the presence of

surfactants.9

A geometry of particular interest concerns flows in a Hele-

Shaw cell, i.e. a channel whose depth is much smaller than its

width and length. A drop in this cell is squeezed by the top and

bottom boundaries but only partially fills the channel width. This

classical problem has been studied in depth, both theoretically

and experimentally (see ref. 10–12 for early theory and experi-

ments). While the theoretical solutions predict that the relative

velocity of an inviscid bubble should be twice the velocity of the

outer fluid, this is never observed in practice. Instead, bubbles

may lose their circular shapes and often travel at lower speeds

than the outer fluid. Moreover, complex recirculation patterns

are observed for bubbles rising in a quiescent outer fluid.13 All of
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these observations point to the effect of an uneven surfactant

coverage of the interface and its redistribution due to the fluid

motion.

The flows in a Hele-Shaw drop have two different origins: (i)

the motion of the drop relative to the top and bottom boundaries

causes the drop to ‘‘treadmill’’ in the depth of the cell, in order to

satisfy the no-slip condition on the solid walls. (ii) The difference

in velocities between the droplet and the outer fluid results in the

recirculation around the drop, in order to satisfy the continuity

of velocities on the interface. These flow patterns couple together

to create complex motion of passive tracers which cannot be

described by the depth-averaged two dimensional (2D) theory,

generally used for Hele-Shaw flows. However, measurement of

the fluid motion is difficult since the droplets are generally

moving; hence, only qualitative descriptions exist in the

literature.13–15

These difficulties can be addressed by the recent developments

in microfluidic devices; indeed, etching a small indentation in the

top boundary of a micro-Hele-Shaw cell can hold a drop or a

bubble stationary against an external flow.16,17 In addition to the

technological applications of such devices to make arrays of

droplet micro-reactors,18 this approach allows us to isolate the

hydrodynamic effects due to the relative flow of the outer fluid

from those due to the drop motion with respect to the solid

boundaries. We observe that the flow thus generated exhibits a

complex three dimensional (3D) pattern on the interface, with

regions of the interface traveling against the driving external

flow. These recirculations are remarkably stable for different

fluid combinations and geometries. We attribute them to Mar-

angoni effects that occur due to surfactant redistribution.
Soft Matter
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Below we begin by describing the experimental protocol in

Section 2, followed by a presentation of qualitative observations,

then quantitative measurements of the flow profiles in Section 3.

Finally, we present aMarangoni model in Section 4 that recovers

the main features of the observed profiles.
2 Experimental setup

The experiments are conducted in microfluidic channels made

using soft lithography techniques. Molds of dry film photoresist

are fabricated using optical lithography20 and used to produce

channels into polydimethylsiloxane (PDMS). The fabrication

details are described by Fradet et al.18 The microchannel design is

shown in Fig. 1(a). It consists of a flow-focusing junction for

generating droplets,21 which leads to a wide test section. An

additional inlet is used for the carrier phase and leads to the test

section while bypassing the flow focusing junction. This inlet
Fig. 1 (a) Schematic of a microchannel that consists of a flow focuser to

generate water drops in oil and of a test section with a single anchor. The

drops are produced using the inlets marked Qf and Qw, while the inlet

marked Qo is used to fix the carrier phase velocity in the test section (not

to scale). (b) A top-down image of a pancake droplet held in place by an

anchor against a mean external flow Uo. (c) Surface Evolver
19 rendering

of an anchored droplet of outer radius R inside the microchannel of

height h over an anchor of diameter d and of depth e.

Soft Matter
allows us to vary the flow of the outer phase, independent of the

droplet production. The microchannels are surface-treated in

order to make the continuous phase completely wet; in the case

of water drops in oil, the surface is treated with a dilute solution

of 1H,1H,2H,2H-perfluorodecyltrichlorosilane (Sigma-Aldrich)

in FC-40 oil (3M Fluorinert).18 In the case of air bubbles in

water, the channels are used immediately after bonding with an

oxygen plasma, which ensures that the surfaces are hydrophilic.

The test section is patterned with a single anchor, which

corresponds to an indentation in the top surface and serves to

hold the droplet stationary (see Fig. 1(b) and (c)). Upon reaching

the anchor, the droplet expands into this hole, thus reducing its

surface energy. It is held stationary by the gradient of surface

energy as long as the drag force due to the outer fluid is small.17

In the current experiments, we also keep the outer flow rate

sufficiently low so that the droplet retains a nearly circular shape.

Note also that the outer flow is not affected by the hole, which is

masked by the drop that partially enters it.

Four sets of experiments are conducted in the aforementioned

microchannels, with varying outer and inner fluids, as listed in

Table 1. For conditions 1 through 3, a fluorinated oil (FC-40,

viscosity m ¼ 4.1 cP) is used as the carrier fluid since it does not

swell the PDMS channels.22 The FC-40 solution contains

surfactants that are prepared by synthesizing a commercial

lubricant oil (krytox) with a base that polarizes the hydrophilic

head attached to a tail of 33 carbons.23 The aqueous phase

(experiments 1, 2, and 4) consists of distilled water with the

addition of monodisperse fluorescent beads of diameter 1 mm

(FluoSpheres, Invitrogen) as flow tracers, from which quantita-

tive flow measurements are made using a commercial PIV soft-

ware (DaVis, LaVision). The particles are stabilized using

carboxylate groups on the surface, suitable for use in water and

water-soluble solutions, and the particle solution does not contain

additional surfactants. Experiment 3 also uses distilled water that

contains fluorescent beads for visualization but it is mixed with

glycerol to increase the aqueous phase viscosity to 5 cP.

All images are acquired through a 40� objective (Nikon,

NA¼ 0.55, depth of field¼ 1.7 mm) using a fast camera (Photron

Fastcam 1024PCI) at 250 or 500 frames per second. The focal

plane is varied using a piezo actuator (PI instruments P-

726.1CD), which could be moved in nanometer-scale steps. The

experiments are performed by first locating the bottom surface of

the channel, then changing the focus to observe slices within the

channel; the channel depths are measured by the piezo actuator

to be 30 and 50 mm. The quantitative measurements presented in

Section 3.2 are based on the data for the fluid combination 1

only, while the qualitative observations apply to all experiments.
Table 1 Fluid combinations that are tested. The quantitative measure-
ments correspond to the conditions of row 1

Outer phase Inner phase

1 FC-40 + 1%
surfactant A

Distilled water

2 FC-40 + 0.5%
surfactant B

Distilled water + 50%
glycerol (m z 5 cP)

3 FC-40 + 0.002 to 2%
surfactant B

Distilled water

4 Distilled water Air

This journal is ª The Royal Society of Chemistry 2012
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Fig. 3 (a) The fast flow region around the drop boundary is labeled as

[1], while the inner region is [2]. The qualitative velocity profiles in these

two separate regions are shown in (b): on the drop boundary [1], the flow

moves forward at z ¼ 0, and backward away from the mid-plane before
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3 Results

3.1 General observations

By continuity of velocity on the drop interface, the external flow

triggers the fluidmotion inside the stationarydroplet. The resultant

flow patterns are shown in Fig. 2, which displays streak-images

showing the flow patterns and the associated velocity fields at two

focal planes (z ¼ 0 and �15 mm). Only measurements below the

central plane are shown, although the symmetric recirculation

pattern is also observed above the central plane. Obtaining quan-

titative data of the focal plane above z¼ 0 is difficult, however, as

thebottompartof thedrop interfereswith thefieldof viewwhen the

droplet is viewed from below via the inverted microscope.

We observe that the fluid on the droplet interface moves at a

speed comparable to Uo, while the fluid at the center of the drop

remains nearly immobile. Indeed, the velocity decreases from its

value at the edge over a distance comparable to the channel

height and decays as it reaches the center of the drop. Further-

more, the fluid on the drop boundary moves in the same direction

as Uo (forward) at z ¼ 0 (center of the channel) but moves in the

opposite direction (backward) at z ¼ �15 mm. Tracking particles

inside the drop reveals that the particles on the interface move

from the front of the droplet to the rear at z ¼ 0 and circulate

back to the front on a different plane. This signifies that the

anchored droplet undergoes a three-dimensional flow recircula-

tion on the droplet boundary, despite the unidirectional flow

prevailing outside in the far-field.
Fig. 2 Visualization of the fluorescent particles on different planes of the

droplet reveals the flow patterns inside the anchored droplet. In (a) and

(c), fifty successive images of time increment of 4 ms are superimposed to

reveal streaklines, showing that the fast flow is confined to the drop

boundary. The corresponding velocity fields are shown in (b) and (d) for

mid-plane z ¼ 0 and z ¼�15 mm, respectively. The velocity field in (d), in

particular, shows the velocity moving in the opposite direction of the

mean flow on the droplet edge.

vanishing on the plates; inside the inner region [2], the flow is consider-

ably slower than in [1] and moves uniformly backward.

This journal is ª The Royal Society of Chemistry 2012
As sketched in Fig. 3, the flow inside the drop can be separated

into two regions of interest: near the drop edge [1] and the bulk of

the drop [2]. In region [1] (Fig. 3(b)), the fluid on the droplet

surface at z ¼ 0 moves forward. When the droplet is in contact

with the channel walls at z ¼ �h/2, the velocity must vanish to

satisfy the no slip condition. Instead of decreasing mono-

tonically, the velocity switches signs and becomes negative before

reaching zero at z ¼ �h/2. The vertical position of this velocity

sign change depends on the strength of the external flow: as Uo

increases, the velocity becomes negative closer to the walls, as the

forward external flow affects a wider vertical distance. In region

[2], the flow in the bulk of the drop moves backward for all z,

before vanishing at z ¼ �h/2.
3.2 Quantitative measurements

For the quantitative measurement of the flow inside the drop, six

droplets (two drops in channels of h ¼ 50 mm and four in h ¼ 30

mm) are considered with Uo varying from 200 to 3000 mm s�1,

using the fluids listed in row 1 of Table 1. The drop radius ranges

from 60 to 215 mm.

The fluid velocity on the drop boundary, usurf, is measured on

the droplet poles (x ¼ R, y ¼ �R), at z ¼ 0 for all drops and

z¼�10 or�15 mm for h¼ 30 and 50 mm, respectively. The value

of usurf at the center of the channel is found to increase as usurf ¼
0.32Uo, independent of the channel height and drop radius

(Fig. 4(a)). On a focal plane closer to the channel walls, the fluid

on the droplet moves backward. Hence, usurf measured on a

plane below z ¼ 0 is negative but still scales linearly with Uo with
Soft Matter
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Fig. 4 (a) usurf versus the mean external flow Uo at two different vertical

planes. The surface velocity at z ¼ 0 is positive and varies as 0.3Uo. The

velocity at z x h/3 from the mid-plane is negative and scales as 0.13Uo.

(b) The schematic of the forward and backward surface velocities on the

droplet. (c) The table detailing the markers used in the plot.

Fig. 5 (a) Horizontal velocity u(x¼ R) measured across the width of the

drop (�R < y < R). The distance D is defined as the location where u ¼
0.1usurf. It corresponds to the size of the fast velocity zone [1] in (b). (c)

D/R versus h/R. The data are well fit by a line of slope 0.53 for all flow

conditions and geometries.
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a slope of �0.13, shown as a solid line in Fig. 4(a). This signifies

two important aspects of the recirculating flow on the drop

interface. First, the magnitude of the velocity on the drop

boundary varies linearly with the driving flow outside and is

unaffected by the drop radius and height. Second, the fact that

usurf is less than Uo for a drop less viscous than the surrounding

fluid suggests that a Marangoni effect may be the possible

mechanism of the flow reversal on the drop interface, which will

be further discussed in Section 4.

In addition to the fluid motion on the drop boundary, the flow

field inside the droplet is also quantified, by first measuring the

thickness of the region [1] at z ¼ 0 (see Fig. 3). The decay in

velocity from the edge to the center is illustrated in Fig. 5(a) by

plotting the x-component of the velocity at x ¼ R across the

width of the drop (�R < y < R), when Uo ¼ 2220 mm s�1, the

velocity on the drop surface u(x ¼ R, y ¼ �R) is 800 mm s�1 and

decreases to �10 mm s�1 in the bulk region.

The thickness of region [1] is quantified by defining the length

scale D as the distance over which this velocity decreases to 10%

of its value on the drop surface.D/R is found to vary linearly with

h/R with a slope of 0.53 for all drops, as shown in Fig. 5(c).

Therefore, in contrast to usurf that depends solely on Uo, D is
Soft Matter
given by the half height of the channel independent of R and Uo.

Since the distance h/2 corresponds to the radius of the outer

‘‘rim’’ of the pancake drop, as shown in Fig. 3(a), the large

velocity is confined to the curved region of the drop.

In region [2] away from the drop boundary, the velocity in the

drop center (ubulk) is negative and smaller than both usurf and Uo

in magnitude. Unlike usurf which undergoes a sign change in z,

the velocity ubulk is negative all along the channel height until it

vanishes at z ¼�h/2. The values of ubulk in Fig. 6(a) are obtained

by averaging the velocities measured at z¼ 0 over the rectangular

domain shown in Fig. 6(b). We observe that ubulk is independent

of the droplet radius and height; it varies linearly with Uo with

the slope of �0.003. This further confirms that, for a stationary

pancake drop, the strength of the flow on the drop boundary and

inside the drop is solely determined by Uo, while the size of the

fast flow region is given by the channel height.

In addition to condition 1, the same qualitative trends have

been observed in other experiments listed in Table 1. In experi-

ment 2, glycerol is added to water in order to more closely match

the viscosity of the inner phase (m z 5 cP) to that of the outer

phase (FC-40, m ¼ 4.1 cP). The measurements show that the

forward surface velocity on the poles usurf scales as 0.17Uo, while

the velocity in the drop center ubulk is negative and scales
This journal is ª The Royal Society of Chemistry 2012
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Fig. 6 (a) Bulk velocity ubulk plotted against the mean flow Uo, which

varies linearly with Uo, with a slope of �0.3%. (b) The value of ubulk is

determined by taking the mean of the velocity field inside the rectangular

domain located at the center of the droplet.
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as �0.002Uo. Compared to condition 1, in which the viscosity

ratio, l ¼ mi/me ¼ 1/4, the increased viscous resistance further

reduces the velocities, thus adding to the effects of surface flow

retardation. Condition 3 corresponds to fixing l at 1/4 but

varying the surfactant concentrations from 0.002% up to 2%.

The corresponding change in surface tension, measured on a

pendant drop apparatus, is from 43 mN m�1 to 13 mN m�1,

respectively. Although a complete dataset is not available, we

observe that usurf varies as 0.25Uo for the case of 2% surfactant

concentration, while the bulk velocity ubulk for all concentrations

follows the trend of�0.005Uo. Thus, for both conditions 2 and 3,

the pervasive surface flow retardation and the negligible center

flow are evident. Equally significant is the observation of the

backward flow on the interface in planes between the central

plane and the walls for both experimental sets. This implies that

the 3D flow reversal on the droplet interface is a robust

phenomenon that occurs independent of the viscosity ratios and

surfactant concentration. This is further corroborated in Section

3.3 by considering a flow around an air bubble.
Fig. 7 (a) Superposition of 11 successive images (16 ms apart) showing

particle paths around an anchored air bubble. (b) Close-up near the drop

interface for the box shown in (a). Note the shorter streak lengths of the

particles near the boundary compared to those away from the boundary.
3.3 Observation of an air bubble

A flow around a stationary air bubble is a simpler limit of our

droplet problem, for which a well-established theoretical
This journal is ª The Royal Society of Chemistry 2012
prediction exists. The potential flow theory of Taylor and Saff-

man10 predicts that the velocity of the outer fluid is higher near a

clean air bubble than in the far-field, reaching a surface velocity

of 2Uo on the bubble poles. Indeed, viscous stresses cannot be

sustained on the interface of an inviscid bubble so any slowing

down of the fluid must be due to interfacial effects. Moreover, the

pressures within the bubble are in equilibrium at all times, again

due to the low viscous resistance, so that any recirculation that is

observed must be due to the external forcing from the outer flow.

The effect of surface impurities on an air bubble is also well

known. For instance, Stebe and Maldarelli1 show that the

adsorption of surfactants on the air bubble interface ‘‘rigidifies’’

the bubble surface, by modifying the surface rheology as well as

creating Marangoni stresses.

Given these clear theoretical predictions, the experiments are

repeated with an air bubble to illuminate the origin of the surface

retardation as well as the 3D reversal on the droplet boundary.
Soft Matter
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To that end, we inject air into a solution of distilled water with no

addition of surfactants inside the microchannel; water containing

tracer particles is pushed past the air bubble continuously at an

average velocity Uo (experiment 4 in Table 1). Although water is

found not to wet the PDMS surface perfectly, causing the air

bubble to adhere to channel walls, the bubble shape in the

experiments remains smooth, with well-rounded sides, indicating

that the pinning effects on the flow are minimal (see ESI movie†).

The experiment is repeated for different bubble sizes and fluid

velocities.

The qualitative flow pattern around the bubble is visualized by

superimposing successive images of the flow (16 ms apart).

Shown in Fig. 7, such superposition yields a single image that

displays the paths of tracer particles, or streaklines in the steady

state. Then, the length of streaklines is indicative of the local flow

velocity. From the close-up view in Fig. 7(b), the streaklines

appear shorter near the boundary than far away, implying a

deceleration in the vicinity of the interface. At two varying flow

rates, usurf on the poles is measured to be 43.3% and 44.9% ofUo.

This violates the theoretical prediction of flow around a clean

bubble and strongly suggests the presence of surface impurities

that retard the flow on the bubble interface. In addition, the flow

is also observed to reverse directions on the bubble interface, as it

does for anchored viscous droplets (see ESI movie,† where the

focus plane slowly scans the height of the microchannel, showing

the motion of solid particles near and on the bubble surface).
4 Marangoni model

In order to account for this strong retardation and the resultant

flow reversal, we consider the modification of the free surface

boundary condition due to the redistribution of surfactant

molecules. Even when no surfactants are purposefully added to

the system, as in the aforementioned bubble experiment, trace

impurities are very difficult to avoid in the solutions. Thus, the

outer flow past the droplet causes the surface active molecules to

accumulate on the downstream stagnation point of the drop,

creating a surfactant concentration gradient along the interface.

This surfactant concentration gradient leads to a corresponding

azimuthal surface tension gradient, as surfactants decrease the

local surface tension.9 The resultant adverse solutal Marangoni

effect pulls along the surface in the opposite direction of the flow.

In the case of moving unconfined drops and bubbles, a similar

retardation phenomenon has been observed in spherical bubbles,

the bubble speed is reduced, while the drag changes from the

Hadamard–Rybczynski value expected for an air bubble to the

Stokes value expected for a solid sphere. This has also been

observed in the case of pancake bubbles by Bush.13 Following the

formulation of Boos and Thess,24 Bush uses depth-averaged

Brinkman equations to account for this phenomenon, which

assumes a parabolic velocity profile along the depth. This

approach is also shown to work well for Marangoni driven flows

with no external flow,25 as well as in other microfluidic context.26

However, such gap-averaged assumption is guaranteed to fail to

explain the 3D flow reversal described in Section 3.

A complete theoretical treatment allowing for a reverse surface

flow requires coupling the surfactant transport equation, i.e. a

nonlinear advection–diffusion–adsorption–desorption equation,

with the external flow. In particular, it is necessary to deduce the
Soft Matter
surface tension distribution which is consistent with both the

external flow and the surfactant distribution on the droplet

surface. Even in the simplest case of a surface-advection domi-

nated regime where the adsorption–desorption dynamics is

assumed instantaneous, the three-dimensional nature of the flow

renders the analysis much more involved than the spherical drop

case9,27 and falls out of the scope of the present study.

In order to proceed further and qualitatively explain the 3D

flow reversal, we derive a boundary layer model of the flow

field, inspired by Thompson.28 In such a model, the flow in

each of the two phases is divided into an ‘‘inner’’ region near

the boundary and an ‘‘outer’’ region far away. The solutions in

the two regions are then matched using asymptotic methods.

This model allows us to explore the three-dimensional flow

patterns on the boundary while taking into account the conti-

nuity of surface stresses. In contrast to previous work, we

impose a prescribed non-uniform surface tension distribution

on the interface.

In order to simplify the analysis, we reduce the pancake-like

geometry of the droplet to a flat circular cylinder of radius R and

thickness h. Introducing the carrier fluid viscosity me and far field

velocity Uoex and the droplet viscosity mi, the Stokes equations

are made non-dimensional based on the following scales (here

the ‘‘hat’’ ^ denotes dimensionless variables):

r ¼ Rr̂; z ¼ ðh=2Þẑ; u ¼ Uoû;

p ¼ 2Uoðme þ miÞR
h2

p̂;g ¼ 2Uoðme þ miÞR2

h2
ĝ;

me ¼ ðme þ miÞm̂e;mi ¼ ðme þ miÞm̂i:

(1)

We adopt the cylindrical polar coordinate system (r̂,q,ẑ), where

r̂ ¼ 0 defines the drop’s center, while ẑ ¼ 0 corresponds to the

vertical mid-plane and ẑ ¼ 1 to the top plate. Due to the inherent

symmetry of the system, only the top ‘‘quarter’’ of the drop (i.e.,

ẑ > 0 and 0 < q < p) is considered. The velocities û, v̂ and ŵ

respectively denote the radial, azimuthal and transverse

components (see Fig. 8 for the drop geometry and the notation

used). We assume that the non-dimensional surface tension

distribution on the drop surface takes the form

ĝ ¼ ĝo � Mcos q, (2)

where q ¼ 0 corresponds to the rear of the bubble, increasing

counterclockwise, and M denotes the non-dimensional magni-

tude of the gradient in surface tension, or equivalently the

applied surface stress. Considering the rapid diffusion in the

short direction ẑ, a uniform surface tension distribution along ẑ

has been assumed. Thus, eqn (2) corresponds to a linear

surfactant distribution in the direction of the mean flow.

Far from the interface, the separation of scales is exploited to

yield the classical Hele-Shaw equations, with the solution at the

leading order in 3 ¼ h/(2R):

Ûe ¼ (1 � ẑ2)(1 � 1/r̂2)cos q, (3)

V̂ e ¼ �(1 � ẑ2)(1 + 1/r̂2)sin q, (4)

Ŵ e ¼ 0, (5)

P̂e ¼ �2(r̂ + 1/r̂)cos q. (6)
This journal is ª The Royal Society of Chemistry 2012
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Fig. 8 The schematic of the droplet in the polar coordinates consists of

four regions: external to the drop and away from the boundary (denoted

with the capital letters and a subscript ‘‘e’’), an external boundary layer

(lower case and subscript ‘‘e’’), an internal boundary layer (lower case and

subscript ‘‘i’’), and internal and away from the boundary (capital letters

and subscript ‘‘i’’). The solid line corresponds to the drop boundary, while

the areas between the solid line and the dotted lines denote the internal

and external boundary layers, respectively.
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The solution is chosen to satisfy the far field velocity field and

the impermeability condition on the circular interface. In reality,

the droplet shape is an unknown to be determined through the

imposition of the normal stress jump.17 However, as the interface

does not deviate significantly from the circular shape in the

present study, we will proceed with the fixed interface hypothesis,

neglecting the Young–Laplace law.

The flow far from the interface inside the droplet is null at the

leading order in 3:

Û i ¼ V̂ i ¼ Ŵ i ¼ P̂i ¼ 0. (7)

This already shows that the characteristic velocities in the bulk

of the droplet are at least 3 times smaller than Uo.

In order to fulfill the tangential boundary conditions, let us

consider a boundary layer of size 3 close to the interface,

r̂ ¼ 1 + 3r̂, (8)

where r̂ is the rescaled radial variable in the boundary layer. The

dominant balance suggests that the tangential velocity compo-

nent v̂ dominates the two other velocity components by at least

an order of magnitude. In the boundary layer (inner) region of

the exterior and interior fluids, the Stokes equations therefore

become at the leading order

vp̂e=i

vr̂
¼ 0; (9)

vp̂e=i

vẑ
¼ 0; (10)
This journal is ª The Royal Society of Chemistry 2012
v2v̂e=i

vr̂2
þ v2v̂e=i

vẑ2
¼ vp̂e=i

vq
: (11)

The asymptotic matching between the inner and outer

solutions at the leading order requires

lim
r̂/N

p̂e ¼ �4cos q; (12)

lim
r̂/N

v̂e ¼ �2
�
1� ẑ2

�
sin q; (13)

lim
r̂/�N

p̂i ¼ 0; (14)

lim
r̂/�N

v̂i ¼ 0: (15)

Eqn (9) shows that as classically observed in boundary layers,

the pressure in each boundary layer is independent of the rescaled

radial variable and takes the value from the outer solutions eqn

(12) and (14).

The kinematic and dynamic tangential boundary conditions

on the interface are the continuity of tangential velocity and the

shear stress jump, respectively,

v̂e ¼ v̂i(h�v̂s(ẑ)sin q), (16)

m̂e

vv̂e

vr̂
¼ m̂i

vv̂i

vr̂
� ðM=3Þsin q: (17)

Eqn (17) shows that the interface velocity has necessarily an

azimuthal sinusoidal dependence, allowing us to define the

interfacial velocity profile v̂s(ẑ) in eqn (16).

In the external fluid, the solution to eqn (11) with boundary

conditions eqn (12) and (13) is

v̂e ¼
"XN

0

bmexp
�
�kmr̂

�
cos
�
kmẑ
�
� 2
�
1� ẑ2

�#
sin q; (18)

with km ¼ (m + 1/2)p and m is an integer, whereas in the internal

fluid, the solution to eqn (11) with boundary conditions eqn (14)

and (15) is given by

v̂i ¼
"XN

0

am exp
�
kmr̂

�
cos
�
kmẑ
�#

sin q: (19)

Imposition of the boundary conditions yields

"
1 �1

m̂i m̂e

# 
am

bm

!
¼

0
BBBBB@

�8ð�1Þm
km

3

2Mð�1Þm
3km

2

1
CCCCCA (20)

This countable family of linear equations is readily solved and

the velocity profile on the surface of the drop v̂s(ẑ) is recon-

structed by summation according to eqn (18) or (19) evaluated at

r̂ ¼ 0 and factorizing sin q.

Typical results for a viscosity ratio of l¼ mi/me¼ 1/4 are shown

in Fig. 9 for different values of the retarding soluto-capillary

gradient ranging fromM/3¼ 0, 2, 4, 6, 8, 10, 12. In the absence of

the Marangoni effect, the maximum surface velocity is computed

to be 1.6 in comparison to the value of 2 pertaining to the l ¼ 0
Soft Matter
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Fig. 9 Typical velocity profiles v̂s(ẑ) obtained from the boundary layer

expansion in the vicinity of the droplet surface for an adverse Mar-

angoni effect of non dimensional strength M/3 ¼ 0, 2, 4, 6, 8, 10, 12;

m̂i ¼ 1/5; m̂e ¼ 4/5.
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case. For moderate Marangoni driving, the flow further decel-

erates until flow reversal appears for M/3 > 4.23 close to ẑ ¼ �1.

As theMarangoni driving is further increased, the flow continues

to decelerate, while the flow reversal region widens and deepens.

At M/3 ¼ 8.7, the maximum velocity of 0.3 and the minimum

of �0.08, which recall our experimental measurements (see

Fig. 4), are observed. For M/3 > 10.75, the entire flow reverses,

and the physical assumption of negative tail-to-nose surface

tension gradient is likely to break down. Similar results, with

different thresholds, are observed for varying viscosity ratios

including air bubbles.

It should be noted that the present boundary layer approxi-

mations are only the first step towards a rigorous asymptotic

expansion which follows the line of Thompson.28 The perspective

implied by a complete asymptotic expansion will provide insight

into the screening mechanism resulting in the low velocity region

of the droplet center.

5 Summary and discussion

In summary, we observe a complex three-dimensional recircu-

lation pattern within a drop that is forced by a simple uni-

directional channel flow. This three dimensional motion is

generic; it is observed for different drop sizes, viscosity ratios,

fluid pairs, and surfactants. It always takes place in the curved

rim of the droplet, near the interface, therefore leaving the fluid

in the bulk of the drop nearly stationary. Although a slow central

flow would be expected even from a classical two-dimensional

description of the flow within the droplet,25 the observed veloc-

ities are still an order of magnitude lower in the experiments. This

can be understood by recalling that the pressure inside the drop

must be constant17 to the leading order in h/(2r). The current

results show that the viscous driving from the interface is further

screened by the three-dimensional recirculation near the droplet

edge.

Moreover, we have observed that the forward flow on the

interface is slower than the driving flow even in the case of a gas
Soft Matter
bubble. All of these observations point to the presence of surface

stresses as the likely physical mechanism behind these effects. A

Marangoni model, which accounts for the surfactant accumu-

lation at the downstream end, is therefore developed. It indeed

recovers the main features of the flow reversal, providing good

qualitative agreement with the experimental observations for a

wide range of viscosity ratios and in a limited range of soluto-

capillary stresses. The generality of the recirculations in the

experiments may therefore be an indication that a particular

surfactant distribution arises from the interactions between

advective and diffusive transport for a wide range of physical

parameters.

However, our analysis cannot rule out other physical inter-

pretations, such as effects of surface viscosity due to the presence

of adsorbed contaminants. A different model of the interfacial

stress that includes these dissipation mechanisms may also lead

to similar flow organization but of a different physical origin.

Nevertheless, our boundary-layer approach demonstrates a

viable method to reconstruct the recirculation patterns on the

drop interface by considering surface effects.

The experiments in this study are enabled by the new micro-

fluidic tools that allow for quantitative flow measurements in the

absence of drop migration and in the steady state. The results

motivate further experiments and theoretical developments in

order to better determine the underlying physical effects. From a

technological point of view, they also point to limitations on

mixing within the drop, which has significant implications on the

application of these devices.
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