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The static reconfiguration of flexible beams exposed
to transverse flows is classically known to reduce the
drag these structures have to withstand. But the more
a structure bends, the more parallel to the flow it
becomes, and flexible beams in axial flows are prone
to a flutter instability that is responsible for large
inertial forces that drastically increase their drag.
It is, therefore, unclear whether flexibility would
still alleviate, or on the contrary enhance, the drag
when flapping occurs on a reconfiguring structure. In
this article, we perform numerical simulations based
on reduced-order models to demonstrate that the
additional drag induced by the flapping motion is
almost never significant enough to offset the drag
reduction due to reconfiguration. Isolated and brief
snapping events may transiently raise the drag above
that of a rigid structure in the particular case of heavy,
moderately slender beams. But apart from these short
peak events, the drag force remains otherwise always
significantly reduced in comparison with a rigid
structure.

1. Introduction
When flexible structures are placed in a fluid flow,
the drag they experience is strongly modified by the
deformation caused by that flow. In particular, the
work of [1] has shown that plants in nature benefit
from their flexibility and experience a lower drag force
than if they were rigid. This ability to reduce flow-
induced forces by passively adapting their shape is
now thought to be a key factor in allowing aquatic
organisms to survive in flow-dominated environments
[2]. To better understand this phenomenon, the studies
of [3,4] have analysed the mechanism of elastic
reconfiguration and the resulting drag reduction of flat
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plates in uniform, steady, large-Reynolds-number flow. More recent papers have additionally
accounted for gravity and buoyancy [5], non-uniformities [6], non-planar deformations [7] or
viscous effects [8–10].

All these studies assume static structural deflection in a steady background flow. However, the
low-Reynolds-number study in [11] has shown that the vortices shed from the free tip may force
a flexible fibre into a flapping motion. The efficiency of drag reduction when flapping occurs is
then mitigated and depends on the mode of deformation [12]. Such self-induced dynamics has
also been witnessed for large-Reynolds-number systems, for instance on tree leaves that flap in
the wind [13–15]. The very occurrence of dynamics induces inertial loads that may enhance the
drag, and one may wonder whether flexibility is associated with lower or larger drag in that case,
compared with a rigid structure that does not reconfigure but does not flap either.

The cause and the nature of the flapping dynamics depend on the geometry of the structure
and its orientation to the flow. When the structure is perpendicular to the flow, the vortices
shed from the tip are obviously responsible for flow-induced vibrations [16]. Flexible structures
exposed to a transverse flow become more and more aligned with it as they reconfigure,
but the flapping of flags in the wind illustrates that structures parallel to the flow are also
prone to self-induced dynamic oscillations [17–22]. This flag flutter instability results from the
competition between the destabilizing aerodynamic pressure forces and the stabilizing rigidity of
the structure, so slender structures in axial flow are also liable to it [23–28]. A few authors have
tried to assess the drag of such structures theoretically [29], numerically [24] and experimentally
[30–36]. All these works prove that the onset of flutter is associated with a large increase in the
drag force, whose magnitude is strongly correlated to the periodicity and the envelope of the
flutter mode.

As stated above, cantilever structures that bend in a transverse flow become more and more
aligned with it, so that the flow about sufficiently deflected beams becomes mostly axial. If
reconfiguration is known to have a drag-lowering effect that protects the structural integrity, the
possible fluttering of highly reconfigured beams may, on the other hand, be responsible for a
magnification of the drag, possibly leading to damage or breakage. In the literature, the small-
amplitude vibrations of a naturally curved rod in a flow have been considered in [37], as well as
the flapping dynamics of plates clamped in axial flow at their trailing edge instead of their leading
edge (the so-called inverted flag problem [38–40]), and the flow-induced instability of filaments
clamped at their trailing edge but deflected by gravity [41]. However, very little is known about
the self-induced dynamics of structures passively bending under the effect of the flow, and even
less about whether the resulting drag force is overall enhanced or reduced. The goal of this work
is thus to determine if, and to what extent, the occurrence of flutter may impair the drag reduction
abilities of flexible structures in transverse flow compared with rigid ones. We will focus on the
case of cantilevered, elongated beams of arbitrary but uniform cross section.

The model used throughout the study is presented in §2. In §3, we discuss the domain of
stability of the static reconfiguration. In §4, the post-critical flapping behaviour of the deflected
structure is analysed. Finally, the consequences of flexibility in terms of total drag modulation
when reconfiguration and flutter are both considered are discussed in §5.

2. Model
We consider the problem depicted in figure 1. A structure of length L, width W, thickness D and
mass per unit length m is clamped perpendicular to a uniform and steady flow of velocity U of
a fluid of density ρ.

We assume that the structure may only bend in the xz-plane and we neglect torsion or any out-
of-plane deformation. The structure is elongated in the plane of bending (L � D), and we model
it as a two-dimensional inextensible Euler–Bernoulli beam of bending stiffness EI [42]. The local
angle θ of the tangent vector τ = r′ is defined with respect to the vertical axis ez, where r = x(s, t)ex
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Figure 1. (a) Side view of the deforming structure. (b) Examples of geometries of two undeformed structures with different
cross-section shapes.

+z(s, t)ez is the position vector and the prime symbol (·)′ denotes differentiation with respect to
the curvilinear coordinate s. Following [42], the dynamic equilibrium reads

mr̈ = F′ + q, (2.1)

where q is the external load per unit length on the structure, F = Tτ + Qn is the internal
force vector and the overdot stands for time derivation. The internal bending moment M is
related to the local curvature κ = θ ′ by M = EIκ , and the shear force Q is given by Q = −M′ =
−EIκ ′. Clamping implies x = z = θ = 0 at s = 0, while the free tip condition reads T = M = Q = 0
at s = L.

We disregard the influence of gravity and buoyancy forces, and we restrict our study to large
Reynolds number so that friction drag is neglected. More details about the influence of friction
can be found in [28]. We also assume that the structure is slender (L � W) so that the flow at a
given location s along the span is dominated by its local two-dimensional component in the plane
of the cross section. This assumption implies that we neglect the end-wall effects so that this
problem physically amounts to considering that the structure is clamped in the middle region of
the flow and there is no wall. Following Eloy et al. [43], Singh et al. [44,45] or Michelin & Doaré
[46], we model the effect of the flow as a combination of two external loads distributed along
the span. First, the reactive (or added mass) force is related to the potential component of the
flow [47,48],

qam = −ma[∂t(Unn) − ∂s(UnUτ n) + 1
2 ∂s(U2

nτ )], (2.2)

where the added mass is given by ma = ρπW2/4. This expression involves the normal and
tangential components of the relative velocity Ur = Uτ τ + Unn = ṙ − U. In the case of an
inextensible beam, this force becomes purely normal and its expression may be simplified in

qam = −ma[r̈ · n − 2θ̇Uτ + κ(U2
τ − 1

2 U2
n)]n, (2.3)

as explained in appendix A. This reactive model has been extensively used in the literature for
the linear stability analysis of straight beams in axial flow [27,28,49]. Indeed, as emphasized in
[44,50], it is the potential component of the flow that is driving the instability. However, when
studying the large-amplitude post-critical oscillations, an additional resistive contribution qd
associated with flow separation in the plane of the cross sections has proved necessary to avoid
unrealistically large flapping amplitude [44]. Besides, in our case, the beam is statically deflected
by the effect of the cross-flow before it starts fluttering. The reactive term qam vanishes on a
straight and motionless beam, so the resistive contribution qd is essential to bend the beam into a
configuration prone to flutter. The semi-empirical formulation of [51] is unambiguously used in

 on January 8, 2018http://rspa.royalsocietypublishing.org/Downloaded from 

http://rspa.royalsocietypublishing.org/


4

rspa.royalsocietypublishing.org
Proc.R.Soc.A474:20170678

...................................................

the literature as a flapping amplitude-limiting term in flutter studies such as [43–45] or [46], as
well as the driving force in the static reconfiguration studies of [4,6]. It reads

qd = −1
2
ρCDW|Un|Unn, (2.4)

where CD is a drag coefficient that depends on the geometry of the cross section and that is
typically of order O(1). For instance, we classically have CD = 1 for a circular cross section, and
CD = 1.8 for a flat plate with rectangular cross section.

Combining (2.3) and (2.4) in the right-hand side of equation (2.1) yields the governing equation

mr̈ = [T + 1
2 EIκ2]′τ + [κT − EIκ ′′]n + qam + qd. (2.5)

After projection on the tangential and normal directions and elimination of the unknown tension
T, we finally obtain a single integro-differential equation on the kinematic variables κ , θ , r :

(m + ma)r̈ · n − mκ

∫ s

L
r̈ · τ ds + EI

[
κ ′′ + 1

2
κ3

]

+ ma

[
κ

(
U2

τ − 1
2

U2
n

)
− 2θ̇Uτ

]
+ 1

2
ρCDW|Un|Un = 0. (2.6)

Following de Langre et al. [28] and Païdoussis [49], we non-dimensionalize all the variables using
the length of the structure L and the scale of the natural period of the structure in small-amplitude
oscillations in the fluid Ts = L2

√
(m + ma)/EI. We finally obtain, in non-dimensional form,

r̈ · n − (1 − β)κ
∫ s

1
r̈ · τ ds + κ ′′ + 1

2
κ3 + β

[
κ

(
U2

τ − 1
2

U2
n

)
− 2θ̇Uτ

]
+ βλ|Un|Un = 0, (2.7)

with the inextensibility condition r′ = τ , the boundary conditions r = 0, θ = 0 at the clamped edge
s = 0 and κ = κ ′ = 0 at the free tip s = 1. The non-dimensional relative velocity is given by Uτ τ +
Unn = ṙ − u/

√
βex. This system is ruled by three non-dimensional parameters that are

β = ma

ma + m
, u = UL

√
ma

EI
and λ = ρCDWL

2ma
=

(
2
π

CD

)
L
W

. (2.8)

The mass ratio β represents the amount of fluid inertia within the total inertia of the system. It
take values between 0 and 1. For instance, β → 0 for a very dense structure, β = 0.5 for a neutrally
buoyant cylinder with circular cross section and β → 1 for very thin plates (D � W). The reduced
velocity u compares the relative magnitude of the fluid inertial (or reactive) load with the internal
elasticity forces. Both are classically used in studies about the flutter of slender beams in axial
flow, as in [49] or [28], while the third parameter λ = O(L/W) is mostly a slenderness parameter
specific to the geometry of the structure. It can also be seen as the ratio of the resistive drag to the
reactive force. Because our model is only valid for elongated structures, we are restricted to λ � 1.

As already mentioned, the flutter instability results from the competition between the
destabilizing effect of the reactive force and the stabilizing effect of the rigidity of the structure.
The reduced velocity u is therefore the natural parameter that governs this phenomenon. On
the other hand, the static reconfiguration of the beam is primarily due to the resistive drag
overcoming the bending stiffness of the structure. The classical non-dimensional parameter that
compares these two forces is the Cauchy number CY [52–54]. In the case of a slender structure
bending in transverse flow, we define the Cauchy number following [4] as CY = ρCDWL3U2/2EI.
These two non-dimensional parameters are redundant as they both provide scaling of the flow
velocity with respect to the structural stiffness. They are related via the slenderness parameter by
CY = λu2. However, the Cauchy number is more relevant to describe reconfiguration, while the
reduced velocity is more relevant to discuss features of the flutter instability.
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3. Stability of the static reconfiguration
To discuss the joint effect of flutter and reconfiguration, we first need to identify the domain in
which flutter may happen, and that in which the structure will reconfigure without flapping. To
do so, let us first look for the stationary equilibrium solutions of the governing equation (2.7).
Removing all unsteady terms in equation (2.7) yields the static equation

κ ′′ + 1
2
κ3 + CY

λ

(
sin2 θ − 1

2
cos2 θ

)
κ − CY cos2 θ = 0, (3.1)

with boundary conditions θ = 0 at s = 0 and κ = κ ′ = 0 at s = 1. This equation is independent
of the mass ratio β, and depends exclusively on the Cauchy number CY and the slenderness
parameter λ. In the limit of infinite slenderness λ → +∞, we recover the model in [4,6] based on
the equilibrium between the elastic forces and the resistive drag to describe static reconfiguration.
The numerical results in [55] have proved that the static contribution of the reactive force O(CY/λ)
is negligible as soon as the slenderness λ � 10 so that the results of [4,6] remain valid for slender
structures, regardless of their actual aspect ratio. However, by analogy with beams in axial flow,
we expect the static shape solution of equation (3.1) to become unstable to some flutter instability
as the flow velocity exceeds some threshold and the structure aligns with the flow.

To determine the stability threshold, we make use of Lyapunov’s indirect method as advocated
in [56] and applied in [57] regarding the stability of cantilever fluid-conveying pipes with an
inclined terminal nozzle. Namely, for each value of the parameters, we perform a global linear
stability analysis of the dynamic governing equation (2.7) with the corresponding boundary
conditions, about the stationary equilibrium solution of equation (3.1) for that particular set of
parameters. Thus, we expand the instantaneous position vector and angle θ as

r(s, t) = r0(s) + ξ (s, t)τ 0(s) + η(s, t) n0(s) and θ (s, t) = θ0(s) + δθ (s, t), (3.2)

where the subscript ‘0’ refers to quantities related to the stationary solution, and ξ , η and δθ

are small-amplitude time-dependent perturbations of the same order. At the linear order, the
tangential and normal vectors read

τ (s, t) = τ0(s) + δθ (s, t) n0(s) and n(s, t) = n0(s) − δθ (s, t) τ 0(s). (3.3)

Linearization of the inextensibility condition r′ = τ provides two relations between the small
variables

ξ ′ − κ0η = 0 and δθ = η′ + κ0ξ . (3.4)

Making use of the boundary condition ξ = 0 at s = 0, we may rewrite the tangential
perturbation as

ξ =
∫ s

0
κ0η ds. (3.5)

Finally, injecting the expansion (3.2) in equation (2.7) and making use of (3.3)–(3.5), we obtain the
governing equation for the small-amplitude normal perturbation

η̈ − (1 − β)κ0

∫ s

1
ds

∫ s

0
κ0η̈ ds + 2u

√
β

[
S0η̇

′ +
(

1
2
κ0 + λ

)
C0η̇

]

+
( [

u2
(

S2
0 − 1

2
C2

0

)
+ 5

2
κ2

0

]
η′

)′
+ η(4) +

[
3
2

(κ2
0 )′′ + κ4

0

]
η

+ 2λu2C0

[
S0η

′ + 1
2

C0κ0η

]
= 0, (3.6)

where the notations C0 = cos θ0 and S0 = sin θ0 have been used for brevity, and with the boundary
conditions η = η′ = 0 at s = 0 and η′′ = η′′′ = 0 at s = 1. This equation is consistent with previous
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Figure 2. Critical velocity uc as a function of the mass ratio β , for λ = 10 (solid line), λ = 102 (dashed line) and λ = 103

(dotted line).

work on slender beams in axial flow. Indeed, for θ0(s) = π/2 and κ0(s) = 0 (structure parallel to the
flow in the static equilibrium configuration), equation (3.6) reduces to

η̈ + 2u
√

βη̇′ + u2η′′ + η(4) = 0, (3.7)

which is the classical small-amplitude flutter equation for an undamped beam in axial flow with
no friction or gravity that is used, for instance, in [27,49] or [25].

Following [28], we then assume a perturbation of the form η(s, t) = φ(s)eiωt so that equation
(3.6) turns into the quadratic eigenvalue problem

− ω2
[
φ − (1 − β)κ0

∫ s

1
ds

∫ s

0
κ0φ ds

]
+ 2iu

√
βω

[
S0φ

′ +
(

1
2
κ0 + λ

)
C0φ

]

+ φ(4) +
([

u2(S2
0 − 1

2
C2

0) + 5
2
κ2

0

]
φ′

)′
+ 2λu2C0S0φ

′ +
[

3
2

(κ2
0 )′′ + κ4

0 + λu2C2
0κ0

]
φ = 0, (3.8)

with the boundary conditions φ = φ′ = 0 at s = 0 and φ′′ = φ′′′ = 0 at s = 1.
To solve this numerically, the beam is discretized using N = 100 Gauss–Lobatto points

sk = 1
2 (1 − cos((k − 1)/(N − 1)π )), and the derivatives and integrals are computed, respectively,

by Chebyshev collocation and using the Clenshaw–Curtis quadrature formulae. For a given
slenderness λ and mass ratio β, we first compute the static solution of equation (3.1) iteratively
by increasing the Cauchy number from the upright case CY = 0. After each increment, we solve
equation (3.1) with a pseudo-Newton solver (method of Broyden [58]) using the solution at the
previous step as an initial guess. Then, for each value of CY (equivalently of u), we compute
the eigenmodes φ(s) and eigenfrequencies ω by solving equation (3.8) with the Matlab function
quadeig [59]. To check convergence of the results with respect to the mesh, computations with
twice the number of points N = 200 were conducted and led to no significant modification of the
results. For instance, the static angle at the tip of the structure θ0(s = 1) (solution of equation (3.1))
varied by less than 10−10 for any Cauchy number CY between 10−1 and 105 and for the three
values of λ considered (10, 102 or 103).

The stability thresholds are shown in figure 2 in the β − u plane for different values of the
slenderness λ. Similar to the axial case, the critical velocity increases with the mass ratio, hence
making the structure heavier or the fluid lighter has a destabilizing effect. For instance, a given
structure is much more likely to flap in air than in water, and neutrally buoyant structures are
always stable if they are close to flat (β → 1), while they lose stability between around u ∼ 16
and 21 if they have a circular cross section (β = 0.5). For a given mass ratio, the critical velocity
depends very little on the slenderness. Therefore, it is indeed the relative magnitude of the
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Figure 3. Critical Cauchy number CY ,c as a function of the mass ratio β and static equilibrium shape at the stability threshold
for two specific values of the mass ratio, forλ = 10 (solid line),λ = 102 (dashed line) andλ = 103 (dotted line).

reactive fluid force and the structural stiffness that determines the onset of flutter regardless of
the magnitude of the resistive drag.

On the other hand, the same stability thresholds redrawn in terms of the Cauchy number in
figure 3 are obviously shifted with respect to one another as CY ∝ λ for a given u. Consequently,
the static equilibrium shapes at the critical velocity (also shown on figure 3) are more and
more deflected as slenderness is increased. Thus, we may deduce that the critical velocity does
not depend on the pre-existing curvature distribution in the static equilibrium shape. More
importantly, we may conclude that elongation stabilizes reconfiguration. Indeed, the more slender
a structure is, the larger its critical Cauchy number CY,c, and so the more it may reconfigure
statically before it loses stability and starts fluttering. Note finally that the critical Cauchy number
is always much larger than 1. Consequently, flutter may only occur on highly reconfigured
structures.

Note that, even for the most deflected cases (corresponding to λ → +∞) that are almost parallel
to the flow, the critical velocity does not converge to that of slender beams in axial flow. This point
is discussed in appendix B.

4. Post-critical kinematics
When the stability threshold is exceeded, the static solution of equation (3.1) cannot physically
exist anymore. The static reconfiguration models are not valid in the unstable domain and we
ought to account for the self-triggered dynamics to properly assess the drag. In this section, we
start by analysing the kinematics that takes place in the post-critical regime in order to discuss its
consequences in terms of drag in §5.

Hence, we now solve the full time-dependent nonlinear equation (2.7) using a time-
stepping method. The time derivatives are computed using implicit second-order accurate finite
differences. The time step is tuned for each case using the period Tlin and growth rate σlin
of the most unstable eigenmode found in the linear stability analysis. It is chosen so that 100
iterations are performed over Tlin or 1/σlin, whichever is the shortest. At t = 0, we combine a small
contribution of the most unstable eigenmode with the static solution to initialize the system. Then,
at each time step, the boundary value problem is solved with the pseudo-Newton solver used in
the static case [58]. Computations are carried on a horizon such that 120 Tlin has passed, and the
amplitude of the most unstable eigenmode would have had time to grow by a factor of 1010 in
the linear framework, whichever lasts the longest.
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Figure4. Vertical amplitudeof flappingat the tip (blue) and standarddeviation (orange) versus the reduced velocityu, forβ =
0.5, λ = 10. Examples of deformation modes are shown in the thumbnails for u= 16.4 (square, static regime (S)), u= 22.7
(circle, periodic regime (P)) and u= 67.3 (triangle, non-periodic regime (NP)). Static equilibrium shape superimposed (dashed
lines).

(a) Kinematic regimes
For the sake of clarity, let us first focus on the reference case of a neutrally buoyant circular
cylinder (β = 0.5) with moderately large aspect ratio (λ = 10), before discussing the influence of
varying slenderness or mass ratio in §4b. We analyse both the average and the extreme features
of the dynamics, respectively, through the standard deviation and the amplitude (defined as
half of the peak-to-peak amplitude measured over the simulation horizon) of the tip vertical
displacement on figure 4. As is classical in flag flutter studies, three distinct regimes are identified
depending on the value of u [20,21,60,61]. Each regime is illustrated in figure 4 for particular
values of u in the thumbnails. Below the critical velocity uc = 16.5, the structure is statically stable,
so the amplitude of flapping is null. Right above the stability threshold, periodic flapping takes
place. The amplitude and standard deviation both sharply increase from zero, then decrease
very slowly for increasing u. The bumpy shape of these curves is most probably associated
with flapping mode switches [21,61]. The amplitude is continuous at the onset of the flutter,
thus indicating that the instability is supercritical. Periodic flapping is observed until u ∼ 62.7.
Above that threshold, no limit cycle can be identified in most cases and the motion is generally
either quasi-periodic or chaotic. In this non-periodic regime, the standard deviation of the tip
displacement remains rather continuous and of the same order of magnitude as in the periodic
regime. On the other hand, the amplitude of flapping measured over the simulation horizon
is rather erratic, due to the random nature of the dynamics. Overall, our results indicate that
the amplitude jumps from being of the order of 0.12 to approximately 0.2. In fact, if the loss of
periodicity preserves the flapping amplitude on average, it is also associated with the random
occurrence of isolated, short, extreme events characterized by violent accelerations. These so-
called ‘snapping events’ have also been reported in the axial configuration [20,60] and are known
to be responsible for drag peaks probably at the origin of the tearing of flags [36]. Note that, owing
to the random occurrence of these peaks, their magnitude may actually depend on the horizon
of the simulation. Longer simulations would allow more of the most extreme events to occur and
would consequently lead most probably to a larger, and smoother, amplitude. The precise features
of the non-periodic dynamics such as its frequency spectrum or the probability distribution of the
magnitude of the snapping events are, however, outside the scope of this article. Note also that
regular flapping is still observed for some values of reduced velocity between u ∼ 72 and u ∼ 93,
corresponding to the lower flapping amplitudes in figure 4. These occurrences are disseminated
among irregular flapping cases without a clear separation, so the boundary of the periodic regime
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Figure 5. Vertical amplitude of flapping at the tip (blue) and standard deviation (orange) versus the reduced velocity u, for
β = 0.5,λ = 103. Examples of deformationmodes are shown in the thumbnails for u= 20.0 (square, static regime (S)), u=
59.0 (circle, periodic regime (P)) and u= 78.0 (triangle, periodic regime also). Static equilibrium shape superimposed (dashed
lines).
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Figure 6. Vertical amplitude of flapping at the tip (blue) and standard deviation (orange) versus the reduced velocity u, for
β = 0.1, λ = 10. Examples of deformation modes are shown in the thumbnails for
u= 5.2 (square, static regime (S)), u= 13.2 (circle, periodic regime (P)) and u= 36.7 (triangle, non-periodic regime
(NP)). Static equilibrium shape superimposed (dashed lines).

drawn on figure 4 is actually more of a threshold above which non-periodic motion is observed,
but not exclusively.

(b) Influence of the slenderness and mass ratio
The kinematic regimes described above are affected if the slenderness or mass ratio is varied.

For instance, the same data as in figure 4 are displayed in figure 5 for a structure 100 times more
elongated λ = 103. First, the order of magnitude of the non-dimensional amplitude of flapping
is drastically decreased. Actually, it even seems that λ�ztip = O(1) so that the dimensional
amplitude of flapping would scale with the width of the structure, independently of its length.
Similarly to the previous case, limit-cycle flapping takes place above the critical velocity uc = 20.8.
But, contrary to the previous case, the motion remains periodic for the whole range of reduced
velocities tested. As u is increased, period multiplications and divisions successively take place,
leading to more complex flapping dynamics illustrated in the thumbnail for u = 78.0 in figure 5.
The trajectory of the tip makes several loops within a single period of the system while it simply
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follows an eight-shaped trajectory in the simpler case u = 59.0. These flapping modes are elaborate
but remain nonetheless regular and no snapping event is observed. Slenderness thus has a
stabilizing effect on the nonlinear dynamics as it saturates the flapping amplitude and prevents
irregular motion from taking place at large flow velocities.

The mass ratio also has an influence on the post-critical dynamics. We show in figure 6 the
case of a flat plate with smaller mass ratio β = 0.1, and moderate slenderness similar to the first
situation λ = 10. Similar to the reference case, periodic flapping is triggered right above the critical
velocity uc = 5.24 until periodicity is lost above some other threshold u ∼ 18.5. The amplitude
of flapping is, however, larger and the domain of regular flapping is reduced. Thus, reducing
the mass ratio has a destabilizing effect on the nonlinear dynamics, as it enhances the flapping
amplitude and favours the early transition towards irregular motion.

5. Drag reduction in the post-critical regime
The very occurrence of flutter, be it periodic or not, is known to be responsible for a significant
additional drag force. Besides, its magnitude is strongly related not only to the amplitude of the
flapping motion but also to its regularity as the violent accelerations associated with snapping
events are responsible for enhanced drag peaks [36]. We thus expect the drag reduction abilities
of the three structures introduced in §4 to be at least mitigated above the stability threshold. In
this section, we discuss the modulation of drag due to flexibility for the same three structures,
based on the computational results of the previous section, and in the light of the observations
regarding the post-critical kinematics.

To quantify drag reduction by reconfiguration, the reconfiguration number is defined in [4]
as the ratio of the drag force on the deflected structure to that on the similar but upright beam
R= F/Frigid. The total drag force F is equal to the internal shear force at the base Q(s = 0) = −EIκ ′
(s = 0), while the rigid drag is the integral of the resistive drag on the vertical structure of length L,
Frigid = 1/2ρCDWLU2, so that the reconfiguration number reads in terms of the non-dimensional
quantities R= −κ ′(s = 0)/CY. When R< 1, flexibility is responsible for lowering the drag, while
it enhances it when R> 1. Because the drag force F on the deflected structure is time dependent
when flutter occurs, we will focus in the following on the time-averaged and maximum values of
R. The variations in the maximum and average reconfiguration numbers are related, respectively,
to those of the amplitude and standard deviation of flapping.

First, figure 7 displays the variations of these two quantities with the Cauchy number CY in
the reference case (β = 0.5, λ = 10), along with the corresponding static reconfiguration curve.
The maximum and average reconfiguration numbers diverge from the static curve at the critical
Cauchy number CY,c = λu2

c = 2.71 × 103, because of the triggering of flutter. Further increasing
CY, the average reconfiguration number remains always larger than the static one. The self-
induced dynamics is therefore responsible for an additional drag that significantly contributes
to the total drag on average. However, the average reconfiguration number is decreasing with
increasing CY so that a larger flexibility is still associated with an enhanced drag reduction above
the stability threshold, on average. This trend carries on in the non-periodic as well as in the
periodic regime. On the other hand, similarly to the flapping amplitude, the maximum drag
sharply increases when periodicity is lost due to the occurrence of snapping events, as will be
discussed in further detail later in the low mass ratio case. But, most importantly, the maximum
reconfiguration number remains inferior to 1 for all values of CY. Therefore, no matter how large
the flow velocity, the drag force remains at all times inferior to what it would be if the structure
were rigid and standing upright. In other words, the additional drag due to flapping is not large
enough in this case so as to completely offset the drag reduction due to reconfiguration.

This conclusion holds also for more stable structures, such as the more slender structure
(β = 0.5, λ = 103) in §4b. In fact, we have shown in §4b that the amplitude of regular flapping
is reduced compared with the reference case, so that the associated flutter-induced drag
contribution is smaller. Besides, the results of §3 indicate that the instability is restricted to
more deflected structures (the critical Cauchy number CY,c = 4.33 × 105 is higher), associated
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Figure 7. Reconfiguration number R versus the Cauchy number CY , time average (orange) and maximum (blue), for
β = 0.5,λ = 10. Static reconfiguration number (black). The same examples of deformationmodes as in figure 4 are shown in
the thumbnails, corresponding, respectively, to CY = 2.69 × 103 (square, static regime (S)), CY = 5.15 × 103 (circle, periodic
regime (P)) and CY = 4.53 × 104 (triangle, non-periodic regime (NP)). Static equilibrium shape superimposed (dashed line).
(b) Simply a zoom of the lower right corner of (a).

with larger static drag. Consequently, the relative contribution of flutter-induced drag to the total
drag is now almost negligible, and the reconfiguration numbers displayed in figure 8 are almost
superimposed on the static curve.

The situation of a less stable structure such as the low mass ratio plate (β = 0.1, λ = 10) of §4b is
actually more intricate. As for the two previous cases, the average R displayed in figure 9 keeps
decreasing slowly (or remains almost constant) above the stability threshold, regardless of the
regularity of the flapping motion. Thus, a larger flexibility is still responsible for an alleviation
(or at least no enhancement) of the drag on average even when flutter is triggered at an early
stage of reconfiguration, when the amplitude of flapping is large, and in spite of the early loss of
periodicity. On the other hand, the sharp increase in the flapping amplitude in the non-periodic
regime may induce large enough flutter-induced drag forces so as to increase the total drag in
excess of its static value. The maximum reconfiguration number increases above 1 in these cases,
as, for instance, in the case CY = 1.35 × 104 in figure 9. The variations of R through time for this
case in figure 10 confirm that this peak of drag is related to a very brief, rare, snapping event. If the
peak value of the drag during one of those snapping events exceeds the largest load, the structure
may endure; flexibility may in this particular case and at this particular moment be responsible for
structural failure. Nonetheless, the rareness and brevity of these events make their contribution
negligible on average, and flexibility remains responsible for a large overall reduction in drag, at
almost any moment, in spite of flapping.
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Figure 8. Reconfiguration number R versus the Cauchy number CY , time average (orange) and maximum (blue), for
β = 0.5,λ = 103. Static reconfiguration number (black). The same examples of deformationmodes as in figure 5 are shown in
the thumbnails, corresponding, respectively, to CY = 4.00 × 105 (square, static regime (S)), CY = 3.48 × 106 (circle, periodic
regime (P)) and CY = 6.08 × 106 (triangle, periodic regime also). Static equilibrium shape superimposed (dashed line). (b)
Simply a zoom of the lower right corner of (a).

CY

10−1

1

1 102 104

(S) (P) (NP)

Figure 9. Reconfiguration number R versus the Cauchy number CY , time average (orange) and maximum (blue), for
β = 0.1,λ = 10. Static reconfiguration number (black). The same examples of deformationmodes as in figure 6 are shown in
the thumbnails, corresponding, respectively, to CY = 2.70 × 102 (square, static regime (S)), CY = 1.74 × 103 (circle, periodic
regime (P)) and CY = 1.35 × 104 (triangle, non-periodic regime (NP)). Static equilibrium shape superimposed (dashed line).
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Figure 10. Time series of the reconfiguration number in the non-periodic regime of case β = 0.1, λ = 10, CY = 1.35 × 104

(equivalently u= 36.7) corresponding to the thumbnail shown in figures 6 and 9. Level of the static reconfiguration number
drawn for comparison (dashed line). The time interval displayed corresponds to the whole simulation, apart from the transient
regime. Largest snapping event at tsnap = 1.019 (triangle). The shape of the structure at tsnap is shown in the thumbnail (solid
line), along with the static shape (dashed line) and the average shape (dotted line).

6. Discussion
In this study, we have addressed the question of how flexibility may affect the drag of structures
exposed to transverse flows, when the competing influences of reconfiguration and flutter are
simultaneously considered. First, we performed a linear stability analysis to determine the
domain in which dynamics comes into play. Then we performed nonlinear simulations in the time
domain to analyse how the occurrence of dynamics alters the total drag force in the post-critical
domain.

We may finally draw the following conclusions. First, it appears that, in spite of an additional
flutter-induced drag contribution, the total drag of flexible structures is still reduced overall in
comparison with rigid structures. Flutter may only occur when the structure reaches an advanced
level of reconfiguration, so that the drag associated with the flapping motion is never large
enough to fully offset the already significant reduction due to bending. Thus, flutter does not
prevent drag reduction by reconfiguration.

However, the triggering of dynamics does lower the extent to which the drag of flexible
structures is reduced, depending on the slenderness λ and mass ratio β of the structure. Increasing
either of these parameters has a threefold stabilizing effect that tends to abate the flutter-induced
contribution to drag. Firstly, both parameters are positively correlated with the stability threshold
in terms of the Cauchy number CY,c, so the level of reconfiguration reachable before losing
stability is enhanced when any of the two parameters is increased. Secondly, the amplitude of
flapping is negatively correlated with β and λ, and so is the magnitude of the additional drag
force. Thirdly, both parameters have a regularizing effect on the post-critical dynamics in the
sense that the larger β and λ are, the larger the flow velocity may get before periodicity of the
dynamics is lost. This last point is particularly important because, when flapping is irregular,
very large inertial forces may transiently raise the total drag in excess of the rigid value during
short snapping events. In that case, flexibility may possibly be the cause of structural damage
if the failure threshold is reached. But this situation may only happen for heavy structures with
moderate slenderness, and only during rare and very brief occurrences. The order of magnitude
of the drag remains otherwise comparable to its mean value, which is much reduced compared
with the rigid case in any situation. Therefore, we may finally conclude that the ability of flexible
structures to alleviate drag by reconfiguration, albeit lessened by the flapping motion, generally
prevails nonetheless in spite of flutter.
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Appendix A. Simplification of the reactive force
In the particular case of an inextensible structure, the reactive force (2.2) is purely normal and
may be simplified in (2.3). Indeed, developing and sorting the terms in equation (2.2) yields

qam = −ma[(U̇n − U′
nUτ − UnU′

τ + 1
2 κU2

n)n + (U′
n + κUτ − θ̇ )τ ]. (A 1)

Differentiating the relative velocity equation Uτ τ + Unn = ṙ − U with respect to s and using the
inextensibility condition r′ = τ provides

(U′
τ − κUn)τ + (U′

n + κUτ )n = ṙ′ = τ̇ = θ̇n, (A 2)

so that the tangential component of equation (A 1) vanishes and U′
τ = κUn and U′

n = θ̇ − κUτ .
Using these expressions, equation (A 1) further simplifies in

qam = −ma[U̇n − θ̇Uτ + κ(U2
τ − 1

2 U2
n)]n. (A 3)

Differentiating the relative velocity with respect to time now provides

(U̇τ − θ̇Un)τ + (U̇n + θ̇Uτ )n = r̈, (A 4)

so that projection on the normal vector gives U̇n = r̈ · n − θ̇Uτ . Making use of that expression in
equation (A 3) finally yields equation (2.3).

Appendix B. Comparison with the stability of the axial configuration
For asymptotically large slenderness λ → +∞, the structure aligns with the flow, and one might
expect it to behave similarly to the classical axial configuration. However, figure 11 shows that the
critical velocity for large slenderness does not converge to the threshold expected for an elongated
beam in axial flow. In fact, even though θ0 → π/2 almost everywhere, the product λC0 remains
of order O(1) so that the contribution of the resistive drag remains significant even on the part of
the structure that is nearly parallel to the flow. Consequently, in the limit of infinite slenderness,

b

u

0

20

40

60

80

100

0.2 0.4 0.6 0.8 1.0

Figure 11. Linear stability thresholds obtainedwith the full equation (3.6) forλ = 103 (dotted line), with the equation relative
to the axial configuration (3.7) (dashed dotted line) and with the asymptotic equation (B 1) forλ = 103 (solid line).
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equation (3.6) actually reduces to the classical elongated small-amplitude equation in axial flow
equation (3.7), but supplemented by the non-vanishing resistive drag contribution

η̈ + 2u
√

βη̇′ + u2η′′ + η(4) + 2λC0

(
u
√

βη̇ + u2η′
)

= 0. (B 1)

The stability curve found for λ = 103 with this asymptotic equation on figure 11 is
indistinguishable from that obtained with the full equation (3.6). Quite understandably, this
persistent drag term introduces some additional damping that stabilizes the system compared
with the axial configuration, as soon as β � 0.024.
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