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When an object is placed at the surface of a liquid, its weight deforms the interface. For two identical
spherical objects, such a deformation creates an attractive force, leading to the aggregation of the twobody system. Here, we experimentally investigate the interaction between two granular rafts, formed
by the aggregation of dense millimeter-sized beads placed at an oil–water interface. The interfacial
deformation created by such a two-dimensional object exceeds by at least an order of magnitude the
deformation of a single bead. This leads to unusually high capillary forces which strongly depend on the
number of particles. Likewise, because the raft grows in size as more particles are added, the viscous
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drag experienced increases along with the capillary attraction, leading to a non-trivial dependence of
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relation with the interfacial deformation they generate, we derive a model for the observed speed
profiles. With this work, we generalize how the capillary interaction between two non-identical complex
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structures evolves with their respective geometry.

the balance of forces on the number of beads. By studying the relative motion of two granular rafts in

1 Introduction
When a few identical objects are deposited on a fluid interface,
a daily yet striking phenomenon occurs, during which the
passive objects will spontaneously move towards one another.
The implications of what could appear as a trivial experiment
are countless. In Nature, fire ants use it to survive floods by
aggregating into a floating raft,1 while some animals are able to
propel by deforming the water surface in a specific way.2 This
phenomenon is also used in industrial processes for the fabrication of macroscopic objects with a specific microstructure.3–5
The self-assembly of objects at a liquid interface relies on the
interaction due to the surface deformation around each particle.6
When the menisci around several objects overlap, capillary attraction (or repulsion) arises. Colloidal particles generate lateral forces
due to the undulation of the contact line around their surface,7–10
either because of surface roughness and wettability, or due to a
non-spherical shape. The interface around the particle is then
conveniently seen as a capillary multipole. For anisotropic
colloids, the interaction depends strongly on the individual
shapes,11 giving rise to oriented aggregation either through a
precise manufacturing of the form of each particle,12 or thanks
to a curved interface acting as a force field.13
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For larger objects, another contribution comes from the
particles’ weight which deforms the surrounding interface by
pushing the liquid down, an eﬀect that can be taken into
account through a generalized Archimedes’ principle.14 Models
for such interactions have been developed almost exclusively
for two identical rigid bodies.15,16 In 1949, Nicolson15 proposed
a model using a linear superposition approximation of the
interface deformations to describe the force of interaction
between two floating bubbles at a liquid interface. This far-field
calculation leads to an analytical formulation of the capillary force
between identical objects (bubbles, solid sphere,. . .).16,17 Good
experimental agreement has been reported for the relative motion
of a small number of large identical spheres.18,19 However, most
of these models and experiments concern individual and identical
particles and no detailed investigations have been made so far to
characterize the interactions between clusters of particles.
In this paper, we focus on such large objects, where dense
millimeter-sized beads act as monopoles. We study the
interaction between two granular rafts,20,21 each formed by
the aggregation of dense spherical beads into a single axisymmetric object. Such 2-D structures are flexible and exhibit
high deformations of the interface due both to their weight
and their geometrical extension. The overall meniscus
created by these large objects generates a specific raft–raft
interaction that needs to be characterized. We quantify the
dependence of the drag and the capillary force experienced
by a raft on both its size and the size of the other interacting
raft. The present study questions whether two assemblies
of particles forming dense objects can interact as single

Soft Matter

View Article Online

Paper

Soft Matter

entities, and investigates the influence of the clusters dimensions on their interactions.

2 Kinematics of two interacting
granular rafts
Published on 25 June 2019. Downloaded by Sorbonne Universit&#233; on 7/1/2019 9:56:01 AM.

2.1

Experimental setup

In a typical experiment, a thick layer of oil (kinematic viscosity
n = 50  106 m2 s1, density ro = 960 kg m3, oil–water surface
tension g = 38 mN m1) is carefully poured into a tank of
dimensions 0.2  0.2  0.25 m filled with pure water. A precise
number of particles nA are sprinkled from above. Beads are
deposited far away from one another, from every direction
around the raft. Due to the very strong gravitational interaction
between such objects the beads automatically aggregate into a
compact axisymmetric raft. When using the beads presented in
Table 1, we never observe a loosely packed assembly such as the
one described in ref. 22 and 23. The raft size can be controlled
by adding beads progressively (meaning the raft is made of
precisely nA particles), as represented in Fig. 1.
The same procedure is reproduced elsewhere in the tank,
with nB particles. The motion of the two rafts thus formed
(respectively identified by the letters A and B) is recorded either
from above or from the side by a camera at 250 frames
per second. The properties of the various beads used in the
experiments are summarized in Table 1, along with the approximate maximum number of particles nmax the corresponding
raft can reach before sinking.21
At the oil–water interface, the capillary length ‘c ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g=ððrw  ro ÞgÞ is greatly increased by buoyancy effects, so
that cc E 10 mm (with rw the density of water, and g the
gravitational acceleration). The maximal possible deformation
is thus far more important than at an air–water interface. This
leads to unusually high long-range capillary forces.
2.2

Speed measurement

For a given set of sizes (nA, nB), we record the dynamics from
above to measure the speed of the rafts, and from the side when
we want to access the deformation of the interface. A typical
experiment can be visualized in Fig. 2 (see ESI† for the movies,
taken from above and from the side), for two rafts with respectively nA = 30 and nB = 50. The two rafts move towards one another
until they come into contact, at which point they will rearrange to
form a bigger raft or sink. Here, we focus on the interaction of two
rafts before they reach contact.

Table 1

Characteristics of the beads used in experiments

Type of particle

rs (kg m3)

Rpart (mm)

nmax

Plastic
Plastic
Ceramic
Ceramic
Ceramic
Ceramic

1420
1420
3800
3800
4800
4800

2
2.5
0.35
0.45
0.35
0.45

16
7
160
60
60
25
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Fig. 1 Schematic side view of a granular raft. Deformation of the interface
around a single raft B, described by two quantities: the radius of the raft
Rraft B, and the depth of the interface at the edge of the raft hraft B. The radial
coordinates are defined from the center of the raft, while the origin of the
vertical axis h corresponds to the height of the undisturbed flat interface.

In a typical experiment such as the one presented in Fig. 2a,
the fluid interface undergoes strong deformations due to the
weight of each raft. This induces a vertical displacement which
cannot be neglected in our measurement of the raft speed.
For example, in Fig. 2a, the amplitude of the vertical motion of
raft B (nB = 30) between the last two images is more than half
the length of its horizontal motion. In our study, all the speed
measurements are derived from top views of the granular raft
motion. Yet, a movie taken from above only gives us information on the horizontal projection of the speed. The vertical
component is not directly accessible. We deduce the vertical
displacement from the radial motion, via measurements of the
interface deformation.
The equation for the interface is obtained by a classic
equilibrium between the hydrostatic pressure and the pressure
jump due to the curvature. For a cylindrical coordinate system
centered in the middle of the raft, the height of the interface
beyond the raft B is obtained as the solution of the following
system of equations:
8  00

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h
h0
>
02
>
g
þ
>
> 1 þ h02 r  ðrw  ro Þgh 1 þ h ¼ 0
>
<
(1)
hðr ! 1Þ ¼ 0
>
>
>
>
>
:
hðr ¼ Rraft B Þ ¼ hraft B
with h the height of the interface (h = 0 for a flat interface), r the
radial coordinate, h 0 the derivative of h with respect to r, Rraft B
the radius of the raft and hraft B the height of the interface at the
edge of the raft (see Fig. 1). We neglect the irregularities at the
edge of the raft due to the presence of the particles, making
the assumption that the shape of the interface around the raft
is isotropic. We can thus write eqn (1) in an axisymmetric
configuration.
After having measured Rraft B and hraft B from a side view of
raft B (without the presence of A), we solve eqn (1) numerically,
and obtain the expression of h(r) imposed by the presence of
the raft B. Then, from the knowledge of the radial position L of
the center of A with respect to the center of B, which is
measured directly from the movie, we can deduce the expected
vertical position of the granular raft A along its motion.
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Fig. 2 Aggregation of two granular rafts. (a) Time lapse of the motion of two granular rafts at an oil–water interface, filmed from the side (see ESI† for
the movies, taken from above and from the side). Each raft is made of ceramic spherical beads (density rs = 3800 kg m3, radius of a single particle
Rpart = 0.45 mm), in an axisymmetric configuration, with 50 particles for the raft on the left (raft A), and 30 particles for the one on the right (raft B). The
final image corresponds to the exact moment of contact between the two rafts. Time between two images: 0.13 s. Scale bar: 10 mm. (b) Speed of the
same two rafts as a function of the distance between the centers of the two rafts (made dimensionless using the radius of a bead Rpart). Red circles: speed
of raft B; black squares: speed of raft A. The errors bars are of the order of the thickness of the curves.

Following this procedure, we can calculate the total speed V of
a granular raft from its radial displacement. Implicitly here,
we use the Nicolson linear approximation15 by saying that the
derivative of the vertical position of A only depends on the
interface height imposed by B.
The total speed V for the experiment of Fig. 2a is plotted in
Fig. 2b, for the two rafts, as a function of the non-dimensionalized
distance between the two centers. As a consequence, the curves
have to be read from right to left, with an increase of V as the two
rafts get closer, until it reaches a maximum speed. Then, the
two rafts briefly slow down just before contact, because of a
hydrodynamic coupling in the drag force: the liquid that separates
the two rafts before collision has to be expelled, causing an
increase in the drag.
Qualitatively, we can already see in Fig. 2 that the sizes of the
two rafts have an eﬀect on their motion. Indeed a raft made of
30 particles will move at a larger speed than the raft made of
50 particles during their interaction. We now need a model to
relate these speed profiles to the interacting forces acting on a
granular raft.

3 Dynamics of two interacting
granular rafts
3.1

Theoretical model

We study the influence of the number of particles on the
respective motion of two granular rafts. To that end, we use
the theoretical framework derived for the dynamics of two
identical spheres interacting at an interface, in the limit of
small deformations,16 and see how the amplitude of the forces
is aﬀected by the size of the raft.

This journal is © The Royal Society of Chemistry 2019

The force between two objects at an interface depends only
on the shape of the interface around them, and is obtained
by integrating the capillary forces around their contact line.
This shape results from how the particles deform the interface,
which in the case presented here is the consequence of the
combined eﬀect of their weight, their wettability and the
induced buoyancy. In the case of small spheres (Rpart { cc)
where the shape of the interface is isotropic around each bead
and its deformations are small, the calculation leads to an
energy of interaction equal to the product between the eﬀective
weight of one particle and the vertical deformation created by
the other. For two identical spheres, the force exerted by one
bead on the other is then obtained by deriving the interaction
energy, leading to:
 


L
Fcap 1!1 ¼ a Rpart ; rs ; . . . K1
(2)
‘c
with a a coeﬃcient taking into account the particle and fluid
properties (ref. 16 for more details), L the distance between
the centers of the two particles, and K1 the modified Bessel
function of the second kind of order one. We generalize this
formulation to the attraction of two granular rafts (designated
by the letters A and B), as schematically represented in Fig. 3:
 


L
Fcap A!B ¼ f ðnA ; nB Þa Rpart ; rs ; . . . K1
(3)
‘c
where f is the function we want to determine experimentally,
Fcap A-B the force exerted by the raft A on B, and nA and nB the
number of particles in each raft. To make such a generalization,
we assume here that the wavelength and amplitude of the
undulation of the edge of the raft are small enough so that
they can be neglected at long range and the interface around
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by Batchelor,25 and can be approximated by an interpolation
formula.18 At infinity, there is no coupling and G(+N) = 1,
whereas when the two particles are in contact, G(2) = 0.
Again, we generalize eqn (4) to the motion of a granular raft:


1 l þ 2Rpart
Fdrag A ¼ gðnA ÞbVA G
(5)
Rpart

Fig. 3 Forces acting on a given axisymmetric granular raft. Schematic
representation of the interaction between two granular rafts A and B
(nA and nB respectively stand for the number of particles in each raft), at
an oil–water interface. L is the distance between the centers of the two
rafts, while l is the distance between the two nearest particles of each raft.
The raft A (respectively B) is subjected to a capillary attraction Fcap B-A and
a viscous drag Fdrag A (respectively Fcap A-B and Fdrag B).

the raft can be described as isotropic. We neglect here the
granular nature of the raft, the edge of which may be roughened by individual particles.
The drag force acting on a raft also needs a careful treatment.
For two identical spherical beads, Fdrag is expressed as a Stokes
drag corrected by the mobility function G for two spheres in a
single phase, in order to take into account the drainage of the
liquid between the particles:
Fdrag ¼ bVG

1



L
Rpart


(4)

with V the speed of the particle, b = 6pmoRpartk a corrected Stokes
drag coeﬃcient on a sphere, where k accounts for the fact that the
particle moves along an interface and as a consequence is
immersed in two phases.24 The mobility function G was tabulated

where g is the function we want to determine experimentally,
and l designates the distance between the edges of the two
closest particles of the two rafts, as defined in Fig. 3. We approximate the hydrodynamic coupling between the two rafts by
considering the drainage of the liquid only between the two
closest particles of each interacting raft. Such a formulation of
the drag is only valid for a sphere, but here we use it for a
granular raft, which has the shape of a curved disk. As a
consequence, the scaling law for the drag should also diﬀer
from the Stokes drag of a sphere: if the linearity with the
viscosity and the velocity is expected from this viscous regime,
the length involved cannot be a priori the radius of the raft.
Keeping in mind the assumption lying under the scaling law
of eqn (5), we combine it with eqn (3) and finally deduce an
expression for the speed of a raft made of nA particles attracted
by a second raft constituted by nB beads:

  
f ðnA ; nB Þ a
l þ 2Rpart
L
G
VA ¼
K1
(6)
gðnA Þ b
‘c
Rpart
The ratio a/b is measured once and for all for each type of
particle (given radius and given density, see Table 1) thanks to a
two-bead experiment, for which f (1,1) = g(1) = 1 by definition.
Then, f/g can be experimentally determined as a function of nA
and nB, giving us information on the ratio of the two forces.

Fig. 4 Agreement between experimental results and theoretical model. Speed of the raft A for diﬀerent number of particles in A and B, as a function of
the distance between the centers of the two rafts (made dimensionless using the radius of a bead Rpart), fitted by the theoretical prediction of eqn (6)
(black dotted curves). For all these experiments, the particles are ceramic spherical beads (density rs = 3800 kg m3, radius of a single particle
Rpart = 0.45 mm). (a) Speed of a single particle A for diﬀerent sizes of the other raft, nB = 1, 5, 10, 30, 60. (b) Speed of a raft of increasing size (nA = 1, 5, 10,
20, 40), attracted by a raft of fixed size (nB = 60). The errors bars are of the order of the thickness of the curves.
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3.2

Experimental results

We plot in Fig. 4 the speed of the raft A as a function of the
distance between the centers of the two rafts L, first with nA = 1
and an increasing nB, and then with nB = 60 and an increasing
nA. The speed of the raft appears to increase both with nA and
nB, as expected from our definition of the capillary force. This is
due to the deformation of the interface that increases with nB.
Similarly, Fcap B-A is related to the weight and the size of the
raft A, an increasing quantity with nA. Focusing on a single
curve of Fig. 4, we recover the behavior described previously: an
increasing speed as the two rafts are attracted towards one
another, until a maximum where the speed then starts to
decrease due to the drainage of the liquid between the two
rafts. As nA or nB increases, the curves are shifted to the right
since Lmin = Rraft A + Rraft B, a value which increases as we add
particles.
The black dotted curves of Fig. 4 represent the fit of eqn (6)
for each couple of rafts (nA, nB). There is a good agreement
between the experimental data and the theory for nA = 1
(Fig. 4a), the fitting line being within the experimental noise.
As we increase nA, the fit starts to drift from the measured
speed, in particular regarding the position of its maximum.
We discuss the limitations of our description in the last section
of the paper and propose a number of hypothesis which may
explain this result. Keeping in mind that for high nA, our model
does not explain the entire dynamics, we observe the evolution
of the fitting coeﬃcient f/g as a function of nA and nB for
diﬀerent types of beads (see Table 1), and a large variety of
combinations of nA and nB (Fig. 5). All the data collapse onto
the same straight line when represented as a function of
pﬃﬃﬃﬃﬃﬃ
nB nA , on approximately three decades, giving the following

Paper

experimental result:
pﬃﬃﬃﬃﬃﬃ
f ðnA ; nB Þ
¼ nB nA
gðnA Þ

(7)

Eqn (7) gives us an empirical relation between the ratio of
the two forces and the number of particles in each raft. Even
though both forces are functions of nA, nB only intervenes in the
capillary force. This immediately proves that Fcap A-B p nB.
Moreover, applying Newton’s third law,26–28 we obtain that this
force has to be symmetrical in nA and nB and thus Fcap A-B p
pﬃﬃﬃﬃﬃﬃ
nAnB, implying also for the drag force gðnA Þ / nA . The farfield behavior of the capillary force Fcap A-B p nAnB follows a
Coulomb or gravitational-like law, replacing the electric charge
or the mass by the number of grains; since this force only
depends on the number of grains, it indicates that the organization of the particles within such compact granular rafts plays
no role in the interaction. This is consistent with the superposition approximation, where interface deformation at large
distances can be considered as the sum of the individual
meniscii of each particle. However we lack a physical understanding of these scalings and need to go back to the definition
of the capillary force.

4 The drag and the capillary force
As explained earlier, the capillary force exerted by a raft,
assuming it has an isotropic shape and the deformations of
the interface are small, is proportional to the slope of the
interface deformed by its presence. In the limit of small
deformations we derive an analytical formula for this slope by
solving a linearized version of eqn (1):
8
h
>
>
> r2 h ¼ 2
>
>
‘
c
<
(8)
hðr
!
1Þ
¼0
>
>
>
>
>
:
hðr ¼ Rraft Þ ¼ hraft
which gives us the following expression:
 
dh
hraft =‘c
L
K1
:
¼
dL K0 ðRraft =‘c Þ
‘c

(9)

with K0 the modified Bessel function of the second kind of
order zero.
Eqn (9) can be reconciled with the scaling Fcap A-B p nA if
hraft =‘c
is
we show that the modified aspect ratio of a raft
K0 ðRraft =‘c Þ
linear with its number of particles n.
Fig. 5 Forces acting on a granular raft. Fitting coeﬃcient of the speed of
pﬃﬃﬃﬃﬃﬃ
the granular raft A, as a function of nB nA , for diﬀerent densities and sizes
of particles (green right-pointing triangles: plastic beads, rs = 1420 kg m3,
Rpart = 2.5 mm; blue left-pointing triangles: plastic beads, rs = 1420 kg m3,
Rpart = 2 mm; black squares: ceramic beads, rs = 4800 kg m3, Rpart =
0.45 mm; pink stars: ceramic beads, rs = 4800 kg m3, Rpart = 0.35 mm; blue
circles: ceramic beads, rs = 3800 kg m3, Rpart = 0.45 mm; red upwardpointing triangles: ceramic beads, rs = 3800 kg m3, Rpart = 0.35 mm). The
solid line has a slope of 1.

This journal is © The Royal Society of Chemistry 2019

4.1

Experimental and numerical description of a raft shape

Experimentally, we measure hraft from side views of the granular
raft (blue arrows, Fig. 6a). We then measure the area of the raft
Araft from top views (see Video S2 of the ESI†) and calculate the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
equivalent radius by Rraft ¼ Araft =p. The experimental modified
aspect ratio is plotted in black diamonds in Fig. 6b for diﬀerent
types of beads and raft sizes, as a function of the eﬀective weight
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Fig. 6 Morphology and weight of a granular raft. Relation between the deformation of the interface and the weight of the granular raft, for a broad
variety of densities, radii and numbers of particles. (a) Side view of a granular raft for an increasing number of ceramic particles (density rs = 4800 kg m3,
radius of a single particle Rpart = 0.35 mm). In the top three photos, the red line represents the shape of the interface calculated by the numerical
simulation for a membrane of a radius similar to the background photo (dotted line: oil–water interface, solid line: granular raft). The blue arrows indicate
hraft =‘c
the measurement of Rraft and hraft. Scale bars: 3 mm in each photo. (b) Modified aspect ratio
as a function of the effective weight of the raft
K0 ðRraft =‘c Þ
Fvert, for experiments (black diamonds), and numerical simulations (colored circles). The solid line has a slope of 1. The vertical errors bars for the
experiments are of the order of the size of the individual points, and are thus not displayed for clarity reasons.

of a raft Fvert, that we define as the diﬀerence between the weight
of the particles and their buoyancy:

4
r þ rw 
(10)
Fvert ðnÞ ¼ nFvert ð1Þ ¼ n pRpart 3 g rs  o
2
3
with n the number of particles in the raft. In eqn (10), both the
weight and the buoyancy of the particles are considered linear
with n, with the supplementary assumption that a bead is equally
immersed in oil and water. However, we are aware that the
generalized buoyancy of the raft, which takes into account surface
tension eﬀect, is not strictly additive, as discussed in previous
collective sinking experiments.14
All the data collapse onto a single curve, and the modified
aspect ratio appears linear with Fvert (a power law regression on
the experimental data gives an exponent of 1.01), which is by
definition proportional to n. As a consequence, the modified
aspect ratio is linear with the number of particles.
To this experimental evidence, we add a numerical confirmation for the morphology of a granular raft, using the code
described in ref. 21. The raft is simulated as an axisymmetric
continuous membrane of thickness 2Rpart, with a given volume
fraction of a material of density rs, a complementary volume
fraction of a material of density (ro + rw)/2, and a tension T
directed tangentially to the raft surface. As long as the tension
remains positive, a static solution is found, and the shape of
both the granular raft and the interface beyond can be solved
numerically.

Soft Matter

In Fig. 6a, the simulated interface is plotted on top of
experimental visualisations of the corresponding granular raft,
with a visually good agreement for the top three photos. For the
last two granular rafts shown in Fig. 6a, no numerical result is
available: the simulations predict the sinking of the raft for
such a deformation. This is probably due to the simplicity of
the model used for the simulations, the limitations of which
are discussed in our previous work.21 As a consequence, the
numerics can only give us information for part of the sizes
accessible experimentally. However, they allow us to explore a
far broader range of densities and radii of particles, and appear
in that sense complementary to the experiments. The numerical
measurement of the modified aspect ratio is represented in
colored circles in Fig. 6. Here again, the data collapse onto the
same curve when represented as a function of Fvert, over more
than four decades, with an exponent of 1.08 for a power fitting
law. In conclusion, we recover the following result both experimentally and numerically:
hraft =‘c
/n
K0 ðRraft =‘c Þ

(11)

Interestingly, in Fig. 6b, we find that beyond a critical
vertical force, the linear relation between the modified aspect
ratio and Fvert no longer holds (see the right portion of the blue
curve). Such a curve corresponds to a situation where the raft
reaches a maximal depth which corresponds to a balance

This journal is © The Royal Society of Chemistry 2019
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between the hydrostatic pressure and the raft weight, and then
extends indefinitely as more particles are added.21 As a consequence, hraft is bounded, leading to the saturation of the
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p Rraft
capillary force. Since K0 ðRraft =‘c Þ 
and Fvert p Rraft2,
e
2Rraft
it explains the vertical deviation in Fig. 6b for large rafts.
Eqn (11) can also be recovered theoretically in the limit of
small deformations (see ESI† for more details). All these results
validate that:
Fcap B-A = nAnBFcap 1-1.

4.2

(12)

The drag force on each raft

Finally, we need to explain how the drag force depends on the
raft geometry:
pﬃﬃﬃﬃﬃﬃ
(13)
Fdrag A ¼ nA Fdrag1
One could understand the drag dependency with nA by
considering the equivalent sphere of radius Rraft. For such a
sphere, the Stokes drag is proportional to Rraft, which for a large
pﬃﬃﬃ
range of granular raft sizes evolves as n. This argument does
not hold for the largest granular rafts (see for instance the last
photo of Fig. 6), for which the high curvature of the raft makes
pﬃﬃﬃ
Rraft deviate from this law. However at first order, Rraft / n,
leading to the expected drag on the granular raft. The proportionality between the drag force and the raft radius is still quite
surprising, since the shape of a granular raft is not a perfect
sphere, but more a curved disk.

5 Discussion
A number of hypotheses underlying the approach described in
this paper are no longer valid for a granular raft. They give us
some clues to understand the limits of our model. In particular
we observe an increasing discrepancy between the fit and
the experimental data measured for the velocities when the
rafts become large (the two highest velocities of Fig. 4b for
nA = 20 and 40). The two-sphere canonic example we use to
derive eqn (3) and (5) strongly relies on the assumption of small
deformations around spherical beads (small in relation to the
capillary length). With granular rafts, we can reach a vertical
deformation of the interface up to almost half the capillary
length. Moreover, the morphology of a raft, a two-dimensional
circular monolayer of beads, cannot be approximated as a
spherical shape, and one could therefore expect the drag to
be drastically diﬀerent. Finally, the viscous hypothesis used for
the calculation of the drag can be questioned for the bigger
rafts. In this case, the maximum speed reached during their
motion is almost a hundred times higher than for two single
beads, leading to a Reynolds number of order one. All these
diﬀerences may change the amplitude of the forces through
f and g and even the form of these functions.
We also assumed that the capillary force is proportional to
K1(L/cc), a result that comes from the linearized solution of

This journal is © The Royal Society of Chemistry 2019

Fig. 7 Example of the failure of the linear superposition assumption.
Comparison between a side view of two granular rafts during their motion
towards one another (background photo) and the expected interfacial
shape obtained if the assumption of small deformations was valid (blue
dotted curve). Each of the rafts is made of 50 ceramic spherical beads
(density rs = 3800 kg m3, radius of a single particle Rpart = 0.45 mm),
in an axisymmetric configuration. The photo is taken 0.1 s before contact.
Scale bar: 5 mm.

eqn (1). However, for some experiments, when two dense
granular rafts interact, as in Fig. 7, eqn (1) becomes highly
non-linear, and the approximate linear solution is no longer
suﬃcient to account for the curvature of the interface. Fig. 7
illustrates this limitation of our model: on top of the experimental visualisation of the interface when two granular rafts
are almost in contact, we plot the interfacial shape we would get
if the deformations could be superimposed, deduced from
the experimental measurement of the shape of the interface
around a single granular raft of the same size. The superposition principle seems to account rather well for the curvature on the left and right side of each raft, but clearly
overestimates the depth of the interface between the two rafts,
leading to an error on the calculation of the capillary force. This
could be part of the explanation for the disagreement between
the fit and the measured speed in Fig. 4 for the motion of the
two biggest rafts.
Another important feature that we did not take into account
is the lateral extension of a granular raft. As already emphasized, the derivation of eqn (2) for the capillary force between
two spheres at an interface relies on various hypotheses,
including the size of the particles: Rpart { cc. However, the
largest rafts, as illustrated in Fig. 7 for instance, can exhibit a
diameter of the order of the capillary length. In this situation
eqn (2) should not be valid anymore. Here again, this could
explain the discrepancy between our experimental data and the
corresponding fitting curve for large rafts.
Despite all these limits, our model still accounts for the
major part of our data, proving that in a first approximation, a
granular raft does behave as a heavy membrane which is not
deformed by the interaction with other rafts.

6 Conclusion
We have investigated the interaction dynamics of a two-body
system formed after the clustering of beads into granular rafts
at an oil–water interface. In particular we described the capillary
forces generated by each granular raft, as well as the drag due to
their individual motion. Because the deformation around a
granular raft strongly depends on its size (depth and width), the
capillary interaction can surpass by several orders of magnitude
the forces created by individual beads, with a very strong
dependence on the number of particles. A generalization of
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the two-particle model is found to account very satisfactorily
for the motion of the granular rafts, and only starts to deviate
from the experimental data for objects of dimensions close to
the capillary length. Despite the clear non-linearity of the
equations describing the shape of the interface for such large
rafts, the capillary force appears linear both with the size of the
attracting and the attracted raft. The drag, on the other hand,
increases linearly with the radius of the considered raft (or in
other terms, as the square root of the number of particles).
In this paper we have completely neglected the intrinsic
discrete nature of a granular raft by modeling it as a twodimensional membrane. However, in some cases the granular
aspect of the raft may play an important role. We have observed
that rafts made of smaller particles (diameter o400 mm) show a
weaker cohesion between the grains within the raft, which may
lead to erosion and internal motions for a fast enough raft
displacement. Further work is thus required to characterize this
phenomenon and investigate the role of shape changes on the
overall interaction of granular objects at a liquid interface.
Discrete aspects of the raft, as well as elasticity, could be also
included in future developments of the model.
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