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Summary

The motion of a solid and no-slip spherical body immersed in a Newtonian liquid near a motionless,
plane and impermeable slip wall is investigated, in the creeping flow approximation, using on the
wall the Navier slip boundary condition. The considered cases are as follows (i) a sphere either
translating or rotating parallel to the wall in a quiescent liquid; (ii) a sphere either held fixed or
freely-suspended in a modulated, linear or quadratic ambient shear flow. For each case, the velocity
and pressure fields about the sphere together with the associated physical quantities whenever
relevant (the force, torque, non-zero stresslet component on the sphere and its translational and
angular velocities) are expressed in bipolar coordinates as infinite series, the coefficients of which
are governed by an infinite linear system. This system is solved numerically by first truncating at
an order depending on the relevant quantity and on the sphere location and wall slip length and then
applying either a Gaussian elimination or a Thomas’ algorithm for inverting a large tridiagonal
matrix. Handy formulae for all key quantities are also derived as asymptotic expansions for a
sphere-wall gap that is large compared with the sphere radius. The sensitivity of the computed
associated normalized friction factors (force, torque, stresslet) and mobilities (translational and
angular velocities) to both the sphere location and the wall slip length are then discussed.

1. Introduction

Various applications are concerned with a suspension of solid particles immersed in a Newtonian
liquid flowing near a boundary. Particle-boundary hydrodynamic interactions play a key role
in the macroscopic suspension flow properties (such as suspension effective viscosity, effective
Brownian diffusion coefficient, average settling velocity). These interactions deeply depend upon
the surface shape (whether planed or curved) and nature (whether solid or deformable, impermeable
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or permeable, not slipping or slipping). While the no-slip boundary condition for a viscous liquid
is universally recognised as being the most relevant one, it is not applicable any more for instance
for impermeable hydrophobic surfaces or impermeable surfaces with micro-scaled or nano-scaled
patterns (in those cases, considering an average over the patterns). In such special cases, the no-
slip condition must be replaced by another boundary condition allowing for a prescribed non-zero
tangential component of the liquid velocity on the surface. It has recently been recognised in the
literature (see for example (1) for a review) that a slip condition initially proposed by Navier (2) is the
appropriate one. This condition takes a very simple form for a plane, motionless and impermeable
solid wall �. Taking Cartesian coordinates (O, x, y, z) with associated unit vectors (ex, ey, ez) and
origin O attached to the z = 0 plane motionless surface, the boundary condition for the liquid velocity
v are

v.ex = λ
∂v.ex

∂z
, v.ey = λ

∂v.ey

∂z
and v.ez = 0 at �(z = 0), (1)

where λ ≥ 0 is the wall slip length and may be interpreted as the distance to which the velocity
profile should be extrapolated inside the solid boundary for the velocity to vanish. It should be
emphasized that (1) has been sustained by experimental investigations (3–6).‡ Of course, the usual
no-slip boundary condition is retrieved for λ = 0.

In a first step towards the modelling of the viscosity of a dilute suspension flowing above a solid
plane slip wall, the attention may be restricted to the case of a single solid particle interacting with the
wall. That is, hydrodynamic interactions between particles are ignored. Even for this more tractable
case, determining the liquid flow velocity and pressure remains in general an involved task since
these fields are governed by the unsteady non-linear Navier-Stokes equations. Fortunately, for a
sufficiently small particle all inertial effects may be neglected and the liquid flow fulfills the quasi-
steady creeping flow equations (that is the classical linear Stokes equations). Within this convenient
and relevant low-Reynolds-number flow approximation, several papers have been concerned with
the interaction of a solid no-slip spherical particle with a plane slip wall �§. To this framework
belong the pioneering calculations of (7–9) for a sphere rotating or translating normal to a slip wall,
using bipolar coordinates together with the lubrication technique for small gaps. The cases of a
sphere either translating or rotating parallel to a slip wall in a fluid at rest and either held fixed or
freely suspended near the slip wall in a linear ambient shear flow have also been addressed using
bipolar coordinates in (10–12).

A general ambient Stokes flow (complying with the Navier condition (1) on the slip wall) that is
weakly varying on the scale of the sphere-wall distance may be approximated by a Taylor expansion
in the coordinates near the wall. By linearity of the Stokes equations, the flow problem then boils
down to dealing with polynomial ambient Stokes flows. These problems have been solved, again in
bipolar coordinates, for a no-slip wall (λ = 0) by retaining flows up to degree 2 in (13, 14) or even up
to degree 3 in (15), respectively. Note that, when approximating the ambient flow up to degree 2, the
article (13) provides results of medium accuracy for the particle in ambient modulated shear flow and
linear and quadratic shear flows. More accurate results have been later obtained in (16) for the linear
shear flow and in (14) for the modulated and quadratic shear flows. The case of the quadratic shear
flow near a slip wall (λ > 0) has been briefly addressed in (17, 18) with also asymptotic expansions
of the force, torque and non-zero stresslet component exerted on a distant sphere held fixed in the

‡ A typical value of the slip length would be around 100 μm.
§ Note that there is a related problem in low pressure gases at low Knudsen number, where a slip condition is applied for the
gas on all surfaces. That boundary condition is equivalent to the Navier condition (1).

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/69/4/353/2450519 by Ecole Polytechnique user on 13 Septem

ber 2018



[10:34 4/11/2016 hbw010.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 355 353–390

SPHERE NEAR A SLIPPING WALL 355

Fig. 1 A solid sphere in the vicinity of a plane, motionless, impermeable and slipping wall � with slip length λ

quadratic shear flow. The aim of this work is, in the framework of a sphere near a slipping wall, to
provide a new solution for the modulated shear flow, to give more comprehensive results for the
ambient quadratic shear flow and to provide asymptotic results for a distant sphere either translating
or rotating parallel with the wall in a quiescent liquid or immersed in a linear or quadratic shear
flow‖.

The article is organized as follows. The notation and addressed second-order unidirectional
ambient Stokes flow are presented in section 2 while the case of the ambient modulated shear
flow is investigated in section 3 either for a close sphere or a distant one (deriving then asymptotic
estimates). The treatment of the linear and quadratic ambient shear flows is handled in section 4. The
coefficients in the series of the solutions in bipolar coordinates are calculated using two different
methods and the numerical results for arbitrary sphere location are presented in section 5 together
with the asymptotic analysis for a distant sphere. Finally, concluding remarks are in section 6.

2. Governing problems and selected ambient flow

Consider, as illustrated in Fig. 1, a solid sphere with centre O′, radius a and surface S immersed in a
Newtonian liquid with uniform density ρf and viscosity μ above a plane, motionless, impermeable
and slipping wall �. Cartesian coordinates (O, x, y, z) with unit vectors (ex, ey, ez) are attached to
the wall represented by z = 0 and the sphere centre O′ is located on the (O, ez) axis with OO′ = lez
and l > a.

In absence of the sphere, the ambient liquid velocity and pressure are (ua, pa) in the entire z > 0
half space. The solid sphere experiences a rigid-body motion described by its translational velocity
U (that is the velocity of its centre O′) and angular velocity �. Let the disturbed flow velocity and
pressure in the liquid domain D around the particle be (ua + u, pa + p), respectively. Let the scale
of both velocity fields be V . Inertial effects are assumed to be negligible, that is Re = ρf Va/μ � 1.

Under these assumptions, both ambient and disturbed flows obey the Stokes equations. With the

‖ correcting here an error made in (18) for the stresslet component estimate.
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appropriate boundary conditions, the governing problems read

μ∇2ua = ∇pa and ∇.ua = 0 for z > 0, (2)

ua.ez = 0, ua.ex = λ
∂ua.ex

∂z
and ua.ey = λ

∂ua.ey

∂z
on �(z = 0), (3)

μ∇2u = ∇p and ∇.u = 0 in D, (u, p) → (0, 0) as |OM| → ∞, (4)

u.ez = 0, u.ex = λ
∂u.ex

∂z
and u.ey = λ

∂u.ey

∂z
on �(z = 0), (5)

u = −ua + U + � ∧ O′M on S, (6)

where M denotes a current point in the flow field. Equations (3) and (5) are the mixed-type Navier
slip boundary conditions (2) and λ ≥ 0 designates the so-called wall slip length which quantifies
the wall ability to let the flow slip tangent to it. As specified by (6), there is no slip on the sphere
surface S.

Let σ be the stress tensor of the flow field (u, p). The flow field (ua + u, pa + p) exerts on the
sphere the following force F and torque T about the point O′

F =
∫

S
σ .ndS, T =

∫
S

O′M ∧ σ .ndS (7)

with n (see Fig. 1) the unit normal on S pointing into the liquid. In practice, three different
circumstances arise:

Case (1): A sphere experiencing a prescribed rigid-body motion (U, �) in a quiescent liquid
(ua = 0 and pa = 0). The resulting hydrodynamic force F and torque T, denoted below by Fh(U, �)
and Th(U, �), linearly depend on U and �.

Case (2): A sphere held fixed (U = � = 0) in a given ambient Stokes flow (ua, pa) satisfying
(2)-(3). In this case the resulting force and torque on the sphere, given by (7), are denoted by Fa and
Ta.

Case (3): A freely suspended sphere in the ambient flow (ua, pa). Its unknown rigid-body motion
(U, �) is then determined by requiring the sphere with negligible inertia to be force-free and torque-
free. Combining by linearity the previous Cases (1) and (2), provides the relationships

Fh(U, �) = −Fa, Th(U, �) = −Ta. (8)

Since Fh(U, �) and Th(U, �) linearly depend upon (U, �), the conditions (8) result in a linear
system for (U, �).

This work henceforth restricts attention to the following ambient velocity and pressure fields

ua = [ks(z + λ) + 2kmy(z + λ) + kqz2]ex, pa = 2μkqx, (9)

where ks, kq and km are prescribed constants. Such a flow is the most general second-order
unidirectional Stokes flow parallel to the slipping wall on which it satisfies the Navier slip
conditions (3). Clearly, ua consists of a ‘pure’¶’ shear flow ks(z + λ)ex, a ‘modulated’ shear flow

¶ Due to the boundary condition (3) such a flow is actually linear in z+λ.
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2kmy(z + λ)ex and a quadratic shear flow kqz2ex. By superposition, it is sufficient to successively
handle those ambient flows in solving the general problem (4)–(6) and (8). As mentioned in the
introduction, this has been achieved using bipolar coordinates for a no-slip wall (λ = 0) in (16, 14)
and for a slipping wall (λ > 0) in (10–12, 17, 18).

3. Sphere immersed in a modulated shear flow

This section deals with a sphere held fixed or freely suspended in the ambient velocity field ua =
2kmy(z + λ)ex.

3.1 Relevant flow decomposition

By linearity, the flow field ua = 2kmy(z + λ)ex is split as the sum of a ‘straining’ flow vst and a
‘modulated rotational’ flow vrot with zero pressures and such that

2kmy(z + λ)ex = vst + vrot, (10)

vst = km(z + λ)[yex + xey], vrot = km(z + λ)[yex − xey]. (11)

Invoking symmetries, as done in (13, 14) for the λ = 0 case, easily shows that a sphere held fixed in
the ‘straining’ flow vst experiences zero force and zero torque. Hence, the ‘straining’ flow does not
contribute to the motion of a sphere freely suspended in the ambient polynomial flow (9). It should
be possible to gain the flow disturbance (u, p) about a sphere held fixed in the flow vst for a slipping
wall (λ > 0) by extending the procedure developed in (14) for the no-slip wall (λ = 0). However,
this appears to be a lengthy task. Since it is also useless in addressing the motion of the sphere in
the ambient flow (9), such an investigation is therefore not handled in the present work.

3.2 Solution for the modulated rotational flow

For convenience, we introduce cylindrical polar coordinates (ρ, z, φ) defined by ρ = {x2 +
y2}1/2, x = ρ cos φ, y = ρ sin φ and the associated unit vectors eρ = cos φ ex + sin φ ey and
eφ = ez × eρ. Therefrom we also define the bipolar coordinates η and ξ such that (19)

ρ = c sin η

cosh ξ − cos η
, z = c sinh ξ

cosh ξ − cos η
, c = (l2 − a2)1/2, (12)

where 0 ≤ φ ≤ 2π, 0 ≤ η ≤ π and 0 ≤ ξ ≤ α in the liquid domain D. The domain boundaries are
the ξ = z = 0 plane slipping wall � and the sphere surface S on which ξ = α with cosh α = l/a.

As shown for instance in (20, 21), using bipolar coordinates is quite efficient when dealing with
such a liquid domain geometry. More generally, these coordinates are also convenient for deriving
accurate solutions of Stokes flows whenever the bounded or unbounded liquid domain has a boundary
consisting of two different spheres or of one sphere and a plane (for several related references, apart
the ones quoted in this paper, the reader is directed to (15)).

3.2.1 Pressure and velocity disturbances. The treatment proposed in (9) for a sphere rotating
normal to a slipping wall is extended to the present case of a sphere held fixed in the ambient
modulated rotational flow field vrot . The flow about the sphere has a zero pressure (p = 0) and a
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velocity vrot + kmv(ρ, z)eφ where v is an unknown function. From the general problem (4)–(6), it
follows that v should satisfy{

∂2

∂ρ2
+ 1

ρ

∂

∂ρ
+ ∂2

∂z2
− 1

ρ2

}
v = 0, v → 0 as (ρ2 + z2)1/2 → ∞, (13)

v = λ
∂v

∂z
for z = 0, v = ρ (z + λ) on S. (14)

Invoking (22), the general solution of (13) may be expressed in terms of the bipolar coordinates
(η, ξ ) defined by (12) as follows

v = c2(cosh ξ − t)1/2 sin η
∑
n≥1

[An cosh(γnξ ) + Bn sinh(γnξ )]P′
n(t), (15)

where An and Bn are unknown coefficients vanishing for n large, t = cos η, γn = n + 1/2, Pn(t)
denotes the Legendre polynomial of order n and the prime designates a differentiation with respect
to t.Appealing to (9), the first boundary condition (14) on the z = ξ = 0 slipping plane wall becomes

An = λ

c

{
(n + 1

2
)Bn − 1

2
(n − 1)Bn−1 − 1

2
(n + 2)Bn+1

}
for n ≥ 1. (16)

In enforcing on the ξ = α sphere surface S the second boundary condition (14) it is convenient to
use the following identities#

(cosh α − t)−3/2 = 2
√

2
∑
n≥1

e−γnαP′
n(t), (17)

3 sinh α(cosh α − t)−5/2 = 4
√

2
∑
n≥1

γne−γnαP′
n(t). (18)

Requiring that v = ρ(z + λ) for ξ = α then yields the relationship

An cosh(γnα) + Bn sinh(γnα) = 2
√

2e−γnα

[
λ

a sinh α
+ 2n + 1

3

]
for n ≥ 1. (19)

Combining (16) with (19) then provides the following infinite linear system for the unknown
coefficients Bn

(
1 − n

2
)Bn−1 + [γn + a

λ
sinh α tanh(γnα)]Bn − (

n + 2

2
)Bn+1 = a

λ
sinh αJn, n ≥ 1 (20)

to be solved with the definitions and behaviour

γn = n + 1

2
, Jn = 2

√
2e−γnα

cosh(γnα)

[
λ

a sinh α
+ 2n + 1

3

]
, Bn → 0 as n → ∞. (21)

# The identity (17) is obtained, for instance, by differentiating the relation (2.8) given in (23) while (18) is immediately
retrieved by differentiating (17) with respect to α.
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Once (20)–(21) is solved the calculation of the velocity disturbance kmv(ρ, z)eφ follows from (15)
and from the relationship (19)

An = Jn − Bn tanh γnα, n ≥ 1. (22)

3.2.2 Torque about a fixed sphere. Angular velocity of a freely-suspended sphere. Clearly, the
axisymmetric flow kmv(ρ, z)eφ exerts a zero force on the fixed sphere. In contrast, it applies a non-
zero torque Cmod on the sphere about its centre O′. For v of the general form (15) this torque is
parallel with ez and given versus the coefficients An and Bn in (23). Using the link c = a sinh α, it
reads

Cmod = −4
√

2kmπμa4 sinh4 α
∑
n≥1

n(n + 1)[An + Bn]ez. (23)

The torque Cmod on the fixed sphere depends upon the normalised slip length λ = λ/a and the
normalised wall-sphere gap l/a − 1. For large l/a the influence of the plane wall vanishes and
Cmod tends to the value −8πa3lμkmez predicted by the usual Faxen (24) relationship. As in (14), we
therefore introduce the friction coefficient cm

zx for the modulated shear flow (and modulated rotational
flow) such that

Cmod = −8πa3lμkmcm
zxez, cm

zx =
√

2 sinh4 α

2 cosh α

∑
n≥1

n(n + 1)[An + Bn]. (24)

Note that analogous results were derived in (9) for a sphere rotating at the angular velocity �ez in a
quiescent liquid (no ambient flow). In that case, the torque Crot exerted on the rotating sphere is

Crot = −8πa3μ�cr
zzez, cr

zz = sinh3 α√
2

∑
n≥1

n(n + 1)[An + Bn], (25)

with coefficients An and Bn still given by solving (20)–(22) but with Jn now given by

Jn = 2
√

2[1 − tanh γnα]. (26)

Accordingly (recall (8)), a sphere that is freely-suspended in the modulated shear flow 2kmy(z + λ)ex
rotates (without translating) parallel with ez at the angular velocity �ez with

� = −kmlω, ω = cm
zx/cr

zz, (27)

where ω is a normalized angular velocity.

3.3 Numerical implementation and results

For a no-slip wall (λ = 0) it is possible to obtain analytical solutions with An = 0 and Bn =
2
√

2[1/ tanh(γnα) − 1] for the rotating sphere (see (9)) and Bn = 2
√

2(2n + 1)[1/ tanh(γnα) − 1]/3
(with An given by (22)) for the sphere held fixed in the modulated rotational flow (see (14)).

For a slipping wall (λ > 0) a numerical treatment is needed in order to obtain the coefficients Bn
which vanish as n becomes infinite (see (21)) and are solutions of the linear system (20). This linear
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system is now denoted as L(Bn) = dn (with dn the right-hand side of (20)) and let ct be the resulting
normalised torque (that is either cm

zx or cr
zz). Two different numerical methods were employed to

compute, at a prescribed small accuracy level εl, the torque friction coefficient ct :

(i) The technique, introduced in (23) for a sphere rotating near a plane surfactant layer and further
employed in (9) for the sphere rotating normal to the slipping wall and in (16) for other problems
involving a sphere and a no-slip wall. It consists in setting Bn = tn + B1vn for n ≥ 1 with series
(tn) and (vn) such that t1 = 0, v1 = 1, L(tn) = dn and L(vn) = 0. For a prescribed truncation
level N + 1 one first gets, by induction and from (t1, v1) and (20), the terms tm and vm for
2 ≤ m ≤ N . Requiring Bn to vanish for n large (that is here for n = N) gives the solution
B1 = B1(N) := −tN/vN which then from the decomposition Bn = tn + B1vn provides the
coefficients B2, ..., BN and the resulting approximation ct(N) of the friction factor. The entire
procedure is iteratively repeated by increasing the value of the integer N and stopped as N reaches
a convergence value N1 which is the smallest positive integer such that |ct(N + 1) − ct(N)| < εl
where εl is a prescribed tolerance.

(ii) The second procedure is the classical one. It consists in solving for (B1, ..., BN ) the linear
N − equation system obtained by setting BN+1 = 0 and using the equations (20) for n = 1, ..., N .

The approximation of ct is ct(N) and, as for the previous method (i), the procedure is iteratively
repeated and stopped for a convergence value N2 for which the error on ct is less than εl.

Those two alternative methods have been coded in Fortran using double precision. They do not
approximate the B′

ns with the same accuracy level since method (i) is explicit and method (ii) is
implicit. Consequently, for a prescribed value of εl the convergence values of N1 and N2 are not
necessarily identical. Moreover, both N1 and N2 also depend upon the sphere location l/a, the
normalised slip length λ = λ/a and the addressed problem (rotating sphere or sphere held fixed in
the modulated rotational flow).

Table 1 gives for a rotating sphere and εl = 10−7 the quantities N1, N2 and cr
zz for several values

of λ/a and different sphere locations l/a = cosh(α). Both techniques (i) and (ii) provide identical
six-digit approximations of cr

zz. These results are in good agreement with the predictions obtained
by the quite different boundary integral equation (BIE) approach (see this article conclusions). For
instance, using 1058 collocation points on the sphere surface the (less accurate) BIE Code gives
cr

zz = 1.023149 for α = λ/a = 0.5. For very small sphere to wall gaps (l/a − 1 � 1) the BIE
method is not appropriate because the mesh on the sphere should be too refined. Method (ii) can be
used by increasing N2, but at some stage the size of the matrix to be inverted becomes prohibitively
large for present computer memory. Then method (i) becomes more adapted because there is no such
large matrix to store and invert. However, being explicit the method (i) requires a large number of
digits in intermediate calculations: typically quadruple precision (32 digits), or more (using computer
algebra software), is needed to ascertain the required accuracy (see for example for details (16) in
the particular case λ = 0).

Surprisingly, the results reported in (9) using the above technique (i) are not in perfect agreement
with our results and the BIE predictions. Note that discrepancies especially arise when both λ and the
normalised gap l/a − 1 become small. It might be that those authors have used an insufficient single
(eight-digit) precision in their numerical implementation, therefore obtaining results of medium
accuracy. One should actually replace Table B of (9) with the present Table 2 indicating the corrected
six-digit values of cr

zz.
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Table 1 Torque friction coefficient cr
zz (recall definition (25)) for several sphere locations

l/a = cosh(α) and different normalised slip lengths λ = λ/a. Both methods (i) and (ii), here run
for εl = 10−7, provide the identical and reported six-digit values of cr

zz. The table also displays the
associated convergence integers N1 and N2 and in its last column (for comparison purposes) the

less accurate values obtained in (9)

α l/a λ N1 N2 cr
zz (9)

0.1 ∼ 1.005 0.1 41 99 1.113946 1.097966
0.1 ∼ 1.005 0.5 78 99 1.026519 1.021974
0.1 ∼ 1.005 2.5 159 141 0.949742 0.949170
0.1 ∼ 1.005 5 208 177 0.930107 0.929919
0.2 ∼ 1.020 0.1 22 51 1.107806 1.082618
0.2 ∼ 1.020 0.5 41 52 1.026126 1.018354
0.2 ∼ 1.020 2.5 86 77 0.951907 0.950888
0.2 ∼ 1.020 5 114 98 0.932702 0.932365
0.5 ∼ 1.128 0.1 10 22 1.076332 1.052665
0.5 ∼ 1.128 0.5 17 22 1.023153 1.013755
0.5 ∼ 1.128 2.5 37 34 0.965008 0.963549
0.5 ∼ 1.128 5 51 44 0.948759 0.948256
1 ∼ 1.543 0.1 6 11 1.029249 1.024901
1 ∼ 1.543 0.5 9 11 1.013441 1.011094
1 ∼ 1.543 2.5 19 17 0.989347 0.988835
1 ∼ 1.543 5 25 22 0.981106 0.980910
2 ∼ 3.762 0.1 3 6 1.002174 1.002153
2 ∼ 3.762 0.5 4 6 1.001603 1.001587
2 ∼ 3.762 2.5 8 7 1.000183 1.000599
2 ∼ 3.762 5 10 9 0.999447 0.999444

As shown in Fig. 2, the torque coefficient cr
zz is close to unity whatever λ ≥ 0 and l/a ≥ 1. It also

weakly either increases or decreases as l/a decays (that is as the sphere approaches the wall) when λ

is either close to zero or larger than unity, respectively. Not surprisingly, for a given sphere location
cr

zz drops as the normalised slip length λ increases since the friction exerted on the flow by the wall
then becomes weaker. Finally, it is remarked that cr

zz − 1 quickly vanishes as l/a becomes large. As
detailed below in Section 3.4 (see (28)), it turns out that cr

zz − 1 = O(a3/l3) for l  a.

Accurate computations of cm
zx and of the normalised angular velocity ω have been also performed

using both techniques (i) and (ii). Some illustrating eight-digit results (that is obtained for the accuracy
level εl = 10−9) are listed in Table 3.

By comparison, running the previously-mentioned BIE Code with 1058 collocation points on
the sphere boundary gives cm

zx = 1.350242 and cr
zz = 1.014215 for l/a − 1 = λ/a = 0.5. Using

superscripts m for a sphere held fixed in the modulated shear and r for the case of the rotating sphere,
we also provide the number of terms for convergence Nm

1 , Nr
1, Nm

2 and Nr
2 in Table 3. As for Table 1,

these numbers are seen to strongly increase with a/l and λ/a because the flow structure which takes
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Table 2 Corrected values of the torque friction factor cr
zz which should replace the ones given in

(9) (Table 2). Like in that reference, the first column gives the ratio a/λ and the sphere location is
given by the value of α with l/a = cosh(α)

a/λ α = 0.1 α = 0.2 α = 0.5 α = 1.0 α = 2.0

0.2 0.930107 0.932702 0.948759 0.981106 0.999447
0.4 0.949743 0.951907 0.965009 0.989347 1.000183
0.6 0.965216 0.966983 0.977434 0.995167 1.000609
2.0 1.026519 1.026126 1.023153 1.013441 1.001603
4.0 1.066696 1.063987 1.049484 1.021951 1.001937
6.0 1.088736 1.084741 1.062742 1.025723 1.002065
10 1.113946 1.107806 1.076332 1.029249 1.002174
40 1.161024 1.148672 1.096844 1.033939 1.002307
100 1.176726 1.161019 1.101957 1.034992 1.002335
∞ 1.190962 1.170931 1.105622 1.035719 1.002353

Fig. 2 Torque coefficient cr
zz for a sphere rotating normal to the plane slipping wall in a quiescent liquid. λ = 0

(solid line), λ = 0.1(∗), λ = 0.7(♦), λ = 1(�), λ = 2(�) and λ = 5(�)

place between the slipping wall and the sphere becomes more complex as a/l and/or λ/a increase(s).
Retaining at the most about 50 terms is sufficient to achieve the required eight-digit accuracy for
l/a ≥ 1.5 but much more terms are needed for smaller values of l/a. In addition, more terms are
always needed for the modulated shear flow than for the rotating sphere (Nm

1 > Nr
1 and Nm

2 > Nr
2).

The technique (i) requires more terms than the procedure (ii), except for λ > 0 smaller than unity.
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Table 3 Computed torque coefficients cm
zz, cr

zz and dimensionless angular velocity ω (see
definition (27)) for different values of the normalized sphere location l/a and wall slip length λ/a.

Both (i) and (ii) give identical eight-digit values but need different numbers of terms (Nm
1 , Nr

1) and
(Nm

2 , Nr
2) for convergence

l/a λ/a cm
zx cr

zz ω Nm
1 Nr

1 Nm
2 Nr

2

1.001 0 1.08213596 1.19904464 0.90249848 426 384 294 268
1.01 0 1.08047432 1.18324390 0.91314591 129 113 98 89
1.1 0 1.06596885 1.11706475 0.95425879 37 33 33 30
1.5 0 1.03035673 1.03910451 0.99158143 16 14 16 14
2 0 1.01393369 1.01592710 0.99803784 11 10 12 11
5 0 1.00098101 1.00100103 0.99998000 6 6 7 7
10 0 1.00012439 1.00012502 0.99999937 4 4 6 5
1.001 0.5 1.53544181 1.02662233 1.49562481 308 236 296 270
1.01 0.5 1.53046935 1.02639008 1.49111862 97 81 98 90
1.1 0.5 1.48522781 1.02392937 1.45051782 31 28 33 30
1.5 0.5 1.35025068 1.01422153 1.33131731 14 13 16 15
2 0.5 1.25887236 1.00767722 1.24928136 10 9 12 11
5 0.5 1.10081027 1.00074894 1.09998645 5 5 7 7
10 0.5 1.05011282 1.00010793 1.04999949 4 4 6 5
1.001 1 1.99000669 0.98854360 2.01306922 465 339 348 323
1.01 1 1.98180270 0.98919230 2.00345544 146 118 120 112
1.1 1 1.90640944 0.99449092 1.91697017 46 40 41 38
1.5 1 1.67202580 1.00284093 1.66728915 20 19 18 18
2 1 1.50473225 1.00323125 1.49988574 14 13 13 12
5 1 1.20066727 1.00056366 1.19999089 7 6 7 7
10 1 1.10010249 1.00009355 1.09999958 4 4 6 5
1.001 2 2.89693642 0.95734904 3.02599815 722 490 505 450
1.01 2 2.88238911 0.95854471 3.00704711 228 173 178 159
1.1 2 2.74772516 0.96892974 2.83583528 71 60 61 55
1.5 2 2.31631353 0.99138814 2.33643459 30 27 27 25
2 2 1.99710279 0.99829800 2.00050766 20 19 19 17
5 2 1.40042077 1.00030286 1.39999676 9 9 8 8
10 2 1.20008422 1.00007042 1.19999972 6 6 6 5
1.001 5 5.60868606 0.92940232 6.03472356 1320 778 853 684
1.01 5 5.57538703 0.93097804 5.98874176 416 281 306 249
1.1 5 5.26540750 0.94503380 5.57166050 129 99 107 89
1.5 5 4.24860226 0.97919677 4.33886465 54 45 48 41
2 5 3.47485185 0.99248153 3.50117532 36 31 32 28
5 5 1.99978649 0.99989064 2.00000521 14 13 13 12
10 5 1.50003861 1.00002577 1.49999996 8 8 7 7
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Fig. 3 Torque coefficient cm
zx for λ = 0 (solid line), λ = 0.1(∗), λ = 0.7(♦), λ = 1(�), λ = 2(�) and λ = 5(�)

The coefficient cm
zx is plotted in Fig. 3 versus l/a for several values of λ.

In contrast to cr
zz, it appears that cm

zx might be large for small sphere-wall gap l/a − 1 and large
λ and also tends slower to unity for l/a  1. Moreover, it turns out that cm

zx increases with λ for a
given sphere location l/a. This is because as the slip length increases the wall ability to let the liquid
flow tangent to it is larger. As a consequence, the flow velocity magnitude |km|(z + λ)ρ on the sphere
boundary (in particular on the part facing the wall) strongly increases in a non-trivial way with λ,

therefore leading to a larger torque.
For l + λ  a the ambient fluid velocity is of order ua ∼ km(l + λ)ρ eφ on the sphere surface. The

velocity disturbance u = kmveϕ on the sphere then obeys (14) where the second relation is replaced
with the condition v = ρ(l + λ). Clearly, the fluid velocity about the sphere is v = (l + λ)v1 with
v1eϕ the velocity about a sphere rotating at the angular velocity e3 near the plane wall with slip
length λ. Recalling the definitions (24)–(25) of the coefficients cm

zz and cr
zz, one therefore gets the

very first approximations (further improved in section 3.4) cm
zx ∼ (1 + λa/l)cr

zz and ω ∼ 1 + λa/l
when l + λ  a. This later condition actually encompasses two different circumstances:

(i) The case of a strongly slipping wall for which λ  1. In this case the sphere location is arbitrary
(that is the sphere may even be very close the wall when l/a ∼ 1).

(ii) The case of a distant sphere with l/a  1. Since a[cr
zz − 1]/l vanishes as l/a becomes large

(recall Fig. 2) it turns out that cm
zx ∼ 1 + λa/l for a distant sphere whatever the normalized slip

length λ. A refined asymptotic expansion of cm
zx for large l/a will also be derived in section 3.4.

As the reader may check, both approximations cm
zx ∼ (1 + λa/l)cr

zz and ω ∼ 1 + λa/l nicely agree
with the computed values presented in Table 3 in the range l + λ  a. For example, taking l/a = 2
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Fig. 4 Normalised angular velocity ω for λ = 0 (solid line), λ = 0.1(∗), λ = 0.7(♦), λ = 1(�), λ = 2(�)
and λ = 5(�)

and λ = 5 yields cm
zx ∼ 3.4737 and ω = 3.5 two values which compare very well with the computed

ones (cm
zx = 3.4748 and ω = 3.501) reported in Table 3.

As observed in Fig. 4, the sphere normalized angular velocity ω exhibits the same behaviour as
the torque coefficient cm

zx. This is easily understood from (27) since cr
zz generally remains of order

unity. Note that for very small λ the value of ω is less than unity for a sufficiently close sphere. This
is because of the local increase of cr

zz due to lubrication stresses.

3.4 Asymptotic expansions for a distant sphere

For large l/a asymptotic expansions may be obtained by formally solving (20) using the technique
(i) and expanding in terms of the small parameter ε = e−l/a. Results for cm

zx, cr
zz and ω are then

obtained as series in a/l each coefficient depending on λ. Like in (16), we use for that purpose
Maple computer algebra software. The derived asymptotic expansions read

cr
zz ∼ 1 + 1

8
(
a

l
)3 − 3λ

8
(
a

l
)4 + 3λ

2

4
(
a

l
)5, (28)

cm
zx ∼ 1 + λ(

a

l
) + 1

8
(
a

l
)3 − λ(

a

l
)4 + [3λ

2

8
− 1

16
]( a

l
)5, (29)

ω ∼ 1 + λ(
a

l
) − 1

16
(
a

l
)5. (30)

We observe (without formal proof) that (28)–(30) represent asymptotic expansions when l/a  1
only for λ(a/l) � 1. Instead of plotting (28)–(30) in Figs. 2–4, this later condition is better illustrated
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Table 4 Comparisons between computed and asymptotic (given by (28)–(30) and indicated by
the ∗ symbols) values of the torque coefficients cm

zz, cr
zz and dimensionless angular velocity ω. The

value of λ/l = λ(a/l) is also given

l/a λ/a λ/l cm
zx cm

zx(∗) cr
zz cr

zz(∗) ω ω(∗)

2 0 0 1.01393369 1.01367188 1.01592710 1.01562500 0.99803784 0.99804688
5 0 0 1.00098101 1.00098000 1.00100103 1.00100000 0.99998000 0.99998000
10 0 0 1.00012439 1.00012438 1.00012502 1.00012500 0.99999937 0.99999938
2 0.5 0.25 1.25887236 1.23535156 1.00767722 1.00976563 1.24928136 1.24804688
5 0.5 0.1 1.10081027 1.10021000 1.00074894 1.00076000 1.09998645 1.09998000
10 0.5 0.05 1.05011282 1.05007531 1.00010793 1.00010813 1.04999949 1.04999938
2 1 0.5 1.50473225 1.46289063 1.00323125 1.01562500 1.49988574 1.49804688
5 1 0.2 1.20066727 1.19950000 1.00056366 1.00064000 1.19999089 1.19998000
10 1 0.1 1.10010249 1.10002813 1.00009355 1.00009500 1.09999958 1.09999938
2 2 1 1.99710279 1.93554688 0.99829800 1.06250000 2.00050766 1.99804688
5 2 0.4 1.40042077 1.39826000 1.00030286 1.00076000 1.39999676 1.39998000
10 2 0.2 1.20008422 1.19993938 1.00007042 1.00008000 1.19999972 1.19999938
2 5 2.5 3.47485185 3.49414063 0.99248153 1.48437500 3.50117532 3.49804688
5 5 1 1.99978649 1.99598000 0.99989064 1.00400000 2.00000521 1.99998000
10 5 0.5 1.50003861 1.49971813 1.00002577 1.00012500 1.49999996 1.49999938

by comparing in Table 4 these asymptotic estimates against the computed values for l/a = 2, 5, 10
and different values of λ = λ/a.

Not surprisingly, the formula (29) yields its worst prediction for l/a = 2 and λ = 5. In general,
the accuracy of (28)–(30) deteriorates for l/a = 5, 10 as λ(a/l) = λ/l increases.

According to (28)–(30) both cm
zx − 1 and ω − 1 drop as a/l while cr

zz − 1 decays as fast as
(a/l)3 for a distant sphere. This property is observed in Figs. 2–4. Finally, it is noteworthy that
ω − 1 − λ(a/l) = O((a/l)5) as a/l becomes large.

4. Sphere immersed in quadratic or ‘pure’ shear flows

This section addresses ambient ‘pure’ shear and quadratic flows. For symmetry reasons a sphere
freely suspended in these flows translates and rotates parallel with ex and ey, respectively. The
necessary flow fields (u, p) are thus solutions of (4)-(5) with the boundary conditions

u = −z2ex on S (quadratic shear), u = −(z + λ)ex on S (’pure’ shear), (31)

u = ex on S (translation) , u = ey ∧ O′M on S (rotation). (32)

These flow fields have been obtained in (10–12) except for the quadratic shear flow which was
recently and briefly handled in (17, 18). This section presents for these flow fields a unified treatment
reducing, as in (11, 12), to the determination of four series of coefficients (in contrast to (10)
which ends up with seven series of coefficients). The focus here is on the quadratic shear flow. As
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a complement to earlier quoted works, we also calculate the stresslet tensor for the various flow
fields.

4.1 Required flow fields about the sphere

As pioneered by (25, 26, 27) for problems with a no-slip solid wall, the velocity and pressure fields
u = uρeρ + uφeφ + uzez and p are sought for under the following form

uρ = 1

2
{ρQ1

c
+ U0 + U2} cos φ, uφ = 1

2
(U2 − U0) sin φ, (33)

uz = 1

2
{ zQ1

c
+ 2W1} cos φ, p = μQ1 cos φ (34)

with c = a sinh α and unknown functions W1, U0, U1 and U2 depending upon the bipolar coordinates
(η, ξ ). The boundary condition u.ez = 0 on the z = ξ = 0 plane wall and the equation μ∇2u = ∇p
in the entire liquid domain 0 < ξ < α are enforced by seeking W1, U0, U1, U2 in the following
forms (14)

W1 = cM (cosh ξ − t)1/2 sin η
∑
n≥1

An sinh(γnξ )P′
n(t), (35)

Q1 = cM (cosh ξ − t)1/2 sin η
∑
n≥1

[Bn cosh(γnξ ) + Cn sinh(γnξ )]P′
n(t), (36)

U0 = cM (cosh ξ − t)1/2
∞∑

n≥0

[Dn cosh(γnξ ) + En sinh(γnξ )]Pn(t), (37)

U2 = cM (cosh ξ − t)1/2 sin2 η
∑
n≥2

[Fn cosh(γnξ ) + Gn sinh(γnξ )]P′′
n (t), (38)

where, recalling (31)–(32), M = 2 for the quadratic shear flow, M = 1 for the ’pure’ shear flow or
the sphere rotating parallel with ey and M = 0 for the sphere translating parallel with ex. In addition,
in (35)–(38) we set t = cos η, γn = n + 1/2 while Pn is the Legendre polynomial of order n and
primes designate differentiations with respect to t.

Because (u, p) vanishes as |OM| → ∞ ( that is as (ξ, η) → (0, 0)) and is bounded on the wall
and in the entire fluid domain, all coefficients An, Bn, Cn, Dn, En, Fn and Gn are required to vanish
as n becomes large.

Exploiting the remaining conditions (5) on the slip wall gives (see 10, 11, 12)

cFn = c

2
[An−1 − An+1] − λ

4
[Cn−1 − Cn+1]

−λ

2
[(n − 2)Gn−1 − (2n + 1)Gn + (n + 3)Gn+1] for n ≥ 2, (39)
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cDn = c

2
[(n + 1)(n + 2)An+1 − n(n − 1)An−1]

+λ

4
[n(n − 1)Cn−1 − (n + 1)(n + 2)Cn+1]

−λ

2
[nEn−1 − (2n + 1)En + (n + 1)En+1] for n ≥ 0. (40)

As shown in (26), the divergence-free condition (4) for the velocity u further yields two additional
relationships obtained for ξ > 0 and ξ = 0. The relation for ξ > 0 reads

(n − 2)(n − 1)Gn−1 − 2(n − 1)(n + 2)Gn + (n + 2)(n + 3)Gn+1

= (n − 1)Cn−1 − 5Cn − (n + 2)Cn+1 + En−1 − 2En + En+1 for n ≥ 1. (41)

The second relation for ξ = 0 may actually be combined with the boundary conditions for the
tangential velocity components on the ξ = 0 plane wall thereby providing on this boundary the
condition ∂vz/∂z = λ∂2vz/∂z2 for ξ = 0. Curtailing the details available in (12), we eventually
obtain

cBn = c[(n − 1)An−1 − (2n + 1)An + (n + 2)An+1]
−λ[(n − 1)Cn−1 − (2n + 1)Cn + (n + 2)Cn+1] for n ≥ 1, (42)

Of course, (39)–(42) hold whatever the addressed flow since (31)–(32) have not yet been taken into
account.

Focusing now on the quadratic shear, we further impose (31), that is u = −z2ex on S. In other
words, we require

uρ = −z2 cos φ, uφ = z2 sin φ and uz = 0 for ξ = α. (43)

Enforcing (43), as detailed in Appendix A, results in three additional relationships. Defining

q−
n = tanh(γnα)

tanh α
− 1, q+

n = tanh(γnα)

tanh α
+ 1, γn = n + 1

2
for n ≥ 0, (44)

these relations read

Bn = 2q−
n (

n − 1

2n − 1
)An−1 + 2q+

n (
n + 2

2n + 3
)An+1

− tanh(γnα)[Cn + 2An/ tanh α] + f (M)
n for n ≥ 1, (45)

Dn = (n + 1)(n + 2)

2n + 3
q+

n An+1 − n(n − 1)

2n − 1
q−

n An−1

− tanh(γnα)En − K (M)
n for n ≥ 0, (46)

Fn = q−
n

2n − 1
An−1 − q+

n

2n + 3
An+1 − tanh(γnα)Gn + f (M)

n for n ≥ 2, (47)
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with, for the quadratic shear flow (M = 2),

K (2)
n = 8

√
2γne−γnα

3 cosh(γnα)
[γn + coth α] for n ≥ 0 and f (2)

n = 0 for n ≥ 1. (48)

As established in (10–12), (45)–(47) still hold for the other boundary conditions (31)–(32):

(i) For the sphere held fixed in the pure shear flow (λ + z)ex, then M = 1 and

K (1)
n = 4

√
2e−γnα

cosh(γnα)
[γn + λ

2c
] for n ≥ 0 and f (1)

n = 0 for n ≥ 1. (49)

(ii) For the sphere translating with velocity ex, then M = 0 and

K (0)
n = −2

√
2e−γnα

cosh(γnα)
for n ≥ 0 and f (0)

n = 0 for n ≥ 1. (50)

(iii) For the sphere rotating with velocity ey, then M = 1 and

K (1)
n = γn[ q−

n

sinh(γn−1α)
− 2

√
2e−γnα

cosh(γnα)
] for n ≥ 0, (51)

f (1)
n = 4γnq−

n

sinh(γn−1α)
for n ≥ 1. (52)

As proposed in (11, 12) and in contrast to (10), the task of determining the coefficients An, Cn, En
and Gn may be reduced as follows. Injecting (45)–(47) in (39)–(41) and setting λ = λ/a provides
the following coupled equations

(
n − 1

2n − 1
)(2n − 1 − 2q−

n )An−1 + 2[coth α tanh(γnα) − γn]An

+(
n + 2

2n + 3
)(2n + 3 − 2q+

n )An+1 − (n − 1)λ

sinh α
Cn−1

+[ (2n + 1)λ

sinh α
+ tanh(γnα)]Cn − (n + 2)λ

sinh α
Cn+1 = 0 for n ≥ 1, (53)

−[2q−
n − 2n + 1

2(2n − 1)
]An−1 − [2n + 3 − 2q+

n

2(2n + 3)
]An+1

− λ

4 sinh α
[Cn−1 − Cn+1] − λ

2 sinh α
[(n − 2)Gn−1 + (n + 3)Gn+1]

+[ λ

sinh α
γn + tanh(γnα)]Gn = f (M)

n for n ≥ 2, (54)
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−[ n(n − 1)

2(2n − 1)
][2q−

n + 2n − 1]An−1 + [ (n + 1)(n + 2)

2(2n + 3)
][2q+

n − 2n − 3]An+1

−n(n − 1)λ

4 sinh α
Cn−1 + (n + 1)(n + 2)λ

4 sinh α
Cn+1 + nλ

2 sinh α
En−1

−[ λ

sinh α
γn + tanh(γnα)]En + (n + 1)λ

2 sinh α
En+1 = K (M)

n for n ≥ 0, (55)

(n − 2)(n − 1)Gn−1 − 2(n − 1)(n + 2)Gn + (n + 2)(n + 3)Gn+1

= (n − 1)Cn−1 − 5Cn − (n + 2)Cn+1 + En−1 − 2En + En+1 for n ≥ 1. (56)

Because u vanishes far from the sphere it is also (see (10)) required that

(An, Cn, En, Gn) → (0, 0, 0, 0) as n → ∞. (57)

In this process, once An, Cn, En and Gn are obtained, the coefficients Bn, Dn and Fn follow from
(45) to (47).

4.2 Resulting force, torque and stresslet tensor

This section expresses the force, torque and second-rank stresslet tensor exerted on the sphere by
each of the previously-handled flow fields of the form (33)–(38).

4.2.1 General formulae. From (25, 26), the net force and torque (about the sphere centre O′)
produced on the sphere by a flow field given by (33)–(38) read

F =
∫

S
σ .ndS = Fxex, Fx = −√

2πμcM+1F(Cn; En), (58)

T =
∫

S
O′M ∧ σ .ndS = Tyey, Ty = 2

√
2πμcM+2T (An; En)ey, (59)

with F and T expressed in terms of the coefficients An, Cn and En as follows

F(Cn; En) =
∑
n≥0

[n(n + 1)Cn + En], T (An; En) =
∑
n≥0

[2n(n + 1)An + En

tanh α
]. (60)

Another quantity of interest is the second-rank stresslet tensor S exerted on the sphere. When defined
with respect to the sphere centre O′ it reads

S = 1

2

∫
S

{
x′ ⊗ σ .n + σ .n ⊗ x′ − 2

3
(x′.σ .n)I

}
dS (61)

with x′ = O′M and I the usual identity tensor. The stresslet S plays a key role (see, among others,
(28–31)) in the theoretical prediction of the effective viscosity of a dilute suspension of
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freely-suspended solid spheres. It is thus expected to be useful for a dilute suspension bounded
by a slipping plane wall and subject to a prescribed ambient linear or quadratic shear flow given by
(9).

For a disturbed flow field of the general form (33)–(34) symmetries easily show that S = Sxz[ex ⊗
ez + ez ⊗ ex]. Moreover, (61) yields Sxz = Dxz +T.ey/2 with Dxz the following Cartesian component
of a Stokes doublet

Dxz =
∫

S
(x′.ex)(ez.σ .n)dS. (62)

As shown in (32), the component Dxz may be expressed in terms of the coefficients An, Bn and Cn
by exploiting (33)–(38). Taking into account (58)–(59), we eventually obtain

Sxz = √
2πμcM+2S(Bn; Cn; En), (63)

S(Bn; Cn; En) = −
∑
n≥0

[n(n + 1)(2n + 1)

3
(Bn + Cn) − En

tanh α
]. (64)

4.2.2 Resulting force, torque and stresslet friction coefficients. From (58) to (59) and (63) we
introduce force, torque and stresslet (normalised) friction factors associated with the non-zero
components Fx, Ty and Sxz for a sphere held fixed in a pure or quadratic shear flow and a sphere
either translating or rotating parallel with ex or ey, respectively. The adopted definitions are displayed
below.

(1) Sphere held fixed in the pure shear flow ks(λ + z)ex. We designate by (As
n; Bs

n; Cs
n; Es

n) the
coefficients obtained for ks = 1, and introduce the friction factors f s

xx, cs
yx and ss

xz as∗

Fs
x = 6πμa(l + λ)ksf s

xx, Ts
y = 4πμa3kscs

yx, Sxz = 10

3
πμa3ksss

xz. (65)

(2) Sphere translating with the velocity Uex. In this case (At
n; Bt

n; Ct
n; Et

n) are the coefficients derived
for U = 1 and the friction factors f t

xx, ct
yx and st

xz are defined from

Ft
x = −6πμaUf t

xx, Tt
y = 8πμa2Uct

yx, St
xz = 6πμa2Ust

xz. (66)

(3) Sphere rotating with the velocity �ey.The coefficients for � = 1 are denoted by (Ar
n; Br

n; Cr
n; Er

n)
and the friction factors f r

xy, cr
yy and sr

xz are such that

Fr
x = 6πμa2�f r

xy, Tr
y = −8πμa3�cr

yy, Sr
xz = 6πμa3�sr

xz. (67)

(4) Sphere held fixed in the quadratic shear flow kqz2ex. We label (Aq
n; Bq

n; Cq
n ; Eq

n ) the coefficients
obtained for kq = 1 and use the friction factors f q

xx, cq
yx and sq

xz satisfying

Fq
x = 6πμal2kqf q

xx, Tq
y = 8πμa3lkqcq

yx, Sr
xz = 20

3
πμa3lkqsq

xz. (68)

∗ A misprint error in (11) in the definition of f s
xx was corrected in (12).

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/69/4/353/2450519 by Ecole Polytechnique user on 13 Septem

ber 2018



[10:34 4/11/2016 hbw010.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 372 353–390

372 N. GHALIA et al.

Setting z = z′ + l, the following decompositions hold

ks(z + λ) = ksz′ + ks(l + λ), kqz2 = 2kqlz′ + kq(l2 + z′2). (69)

Accordingly, for a distant sphere (a case for which the results for an unbounded liquid prevail)
the non-zero contribution to Sxz is due to the velocity ksz′ez or 2kqlz′ez for the ambient pure
shear or quadratic shear flow, respectively. This explains the selected scalings for Sxz in (65) and
(68).

It is noteworthy that the usual reciprocal identity (19) also holds (see, for instance, (12)) for two
arbitrary Stokes flows satisfying (4)–(6) with ua = 0. Consequently, f r

xy = 4ct
yx/3. All coefficients

f t
xx, ct

yx, f r
xy, f s

xx, cs
yx, st

xz, sr
xz and ss

xz, also termed friction factors, are then displayed in Appendix B
whereas for the quadratic shear flow the results are

f q
xx = −

√
2

6

sinh3 α

cosh2 α
F(Cq

n ; Eq
n ), cq

yx =
√

2

4

sinh4 α

cosh α
T (Aq

n; Eq
n ), (70)

sq
xz = 3

√
2

20

sinh4 α

cosh α
S(Bq

n; Cq
n ; Eq

n ). (71)

Each friction factor depends upon (λ/a, l/a). The values in absence of wall, further denoted by using
the additional superscript NW (which means no wall), are obtained by using the widely-employed
Faxen relations (see 24, 19) for a solid sphere and found to be unity except the following ones

f q,NW
xx = 1 + 1

3
(
a

l
)2, f r,NW

xy = ct,NW
yx = st,NW

xz = sr,NW
xz = 0. (72)

Accordingly, f r
xy, ct

yx, st
xz and sr

xz vanish while the other friction factors tend to unity as l/a becomes
large.

4.3 Case of a freely-suspended sphere

A freely-suspended sphere in the quadratic ambient shear flow field kqz2ex translates with velocity
Uqex and rotates at the angular velocity �qey. These velocities are derived by enforcing the relations
(8). Exploiting the definitions (66)–(68) provides the following normalized velocities uq and ωq

uq = Uq

kq(l2 + a2

3 )
= ( l

a )2cr
yyf q

xx + ( l
a )f r

xycq
yx

[( l
a )2 + 1

3 ][cr
yyf t

xx − f r
xyct

yx]
, (73)

ωq = �q

kql
= cq

yxf t
xx + ( l

a )f q
xxct

yx

cr
yyf t

xx − f r
xyct

yx
. (74)

By superposition, the stress tensor component Sq,free
xz for a sphere freely suspended in the quadratic

shear flow and its associated dimensionless component sq,free
xz are given by

sq,free
xz = Sq,free

xz
20
3 πμa3lkq

= ( 9

10

l

a
+ 3

10

a

l

)
st
xzuq + 9

10
sr
xzωq + sq

xz. (75)

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/69/4/353/2450519 by Ecole Polytechnique user on 13 Septem

ber 2018



[10:34 4/11/2016 hbw010.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 373 353–390

SPHERE NEAR A SLIPPING WALL 373

Similarly, a sphere freely-suspended in the pure shear flow field ks(z + λ)ex translates with velocity
Usex and rotates with velocity �sey given by∗∗

us = Us

ks(l + λ)
= cr

yyf s
xx + ( l

a + λ
a )−1f r

xycs
yx/2

[cr
yyf t

xx − f r
xyct

yx]
, (76)

ωs = �s

ks/2
= cs

yxf t
xx + 2( l

a + λ
a )f s

xxct
yx

cr
yyf t

xx − f r
xyct

yx
(77)

whereas the associated stress tensor component Ss,free
xz and selected normalised component ss,free

xz
read

ss,free
xz = Sq,free

xz
10
3 πμa3ks

= 9

5
(

l

a
+ λ

a
)st

xzus + 9

10
sr
xzωs + ss

xz. (78)

Note that each quantity uq, ωq, sq,free
xz , us, ωs and ss,free

xz tends to unity as a/l vanishes.

5. Asymptotic and numerical results for the linear and quadratic shear flows

This section briefly presents the numerical treatment. It then gives asymptotic results for a distant
sphere and numerical results for a sphere with arbitrary location.

5.1 Computational methods

We first cast the equations (53)–(56) into the following form

M̂1X1 + M̂+
1 X2 = B1, (79)

M−
n Xn−1 + MnXn + M+

n Xn+1 = Bn (n ≥ 2), (80)

where the M’s are 4 × 4 known matrices are readily obtained by inspecting (53)–(56) and the vectors
Xn are defined as

X1 = �A1C1E1E0, Xn = �AnCnEnGn (n ≥ 2) (81)

while the right-hand sides vectors Bn read

B1 = �0K (M)
0 K (M)

1 0, Bn = �0f (M)
n K (M)

n 0 (n ≥ 2). (82)

Of course, the infinite linear system (79)–(82) is supplemented with the key asymptotic behaviour
(57). It is inverted by truncating at a large enough integer N when setting XN+1 = (0, 0, 0, 0)t . For a
prescribed level of truncation N two different approaches have been employed to solve the resulting
truncated linear system with 4N × 4N matrix Ms:

(i) A direct solution by applying a LU factorization algorithm to the matrix Ms (see section 5.2).
(ii) The use of a so-called Thomas’algorithm to efficiently handle the obtained sparse and tridiagonal

matrix Ms. Details regarding the relevant implementation are given in (17) (see section 5.3).

∗∗ Errors made for both us and ωs in (17) were corrected in (12).
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Table 5 Computed normalised friction factors and velocities versus the truncating integer N when
inverting the linear system (79)–(80) by Gaussian elimination (direct approach (i) in section 5.1).
Here the wall slip length is large and the wall-sphere gap is small with λ/a = 5 and l/a = 1.005

N = 4000 N = 8000 N = 12000 N = 16000

f t
xx 0.98621160 0.98621211 0.98621211 0.98621211

ct
yx −0.13224102 −0.13244200 −0.13244240 −0.13244240

cr
yy 1.44741109 1.44746265 1.44746265 1.44746275

f s
xx 0.98621160 0.98621211 0.98621211 0.98621211

cs
yx 2.25502664 2.25753149 2.25753648 2.25753651

f q
xx 1.41806687 1.41806778 1.41806778 1.41806778

cq
yx 0.95468458 0.95504181 0.95504252 0.95504253

us 1.00440183 1.00440125 1.00440125 1.00440125

ωs 0.45586282 0.45590285 0.45590293 0.45590293

uq 1.00925708 1.00925169 1.00925168 1.00925168

ωq 0.53632655 0.53636760 0.53636768 0.53636768

st
xz 0.02184178 0.02197565 0.02197592 0.02197592

sr
xz 0.52201099 0.52037626 0.52037299 0.52037298

ss
xz 0.82941082 0.84547752 0.84550956 0.84550978

sq
xz 1.01431902 1.01661042 1.01661500 1.01661502

ss,free
xz 1.28070678 1.29757473 1.29760836 1.29760860

sq,free
xz 1.29280961 1.29449355 1.29449690 1.29449693

5.2 Numerical technique

The truncation level N is iteratively increased until a prescribed accuracy is reached for the computed
vectors Xn. As for the modulated rotational flow (see section 3.3), the value of N required to reach
a prescribed accuracy in the determination of a normalised quantity (friction factor or normalised
velocity) depends on the addressed quantity and increases as the wall slip length increases and/or
the sphere approaches the slipping wall. This trend is illustrated in Table 5, using the previous direct
LU factorization algorithm (i), for λ/a = 5 and l/a = 1.005 (a severe setting requiring N to be large
since the wall-sphere gap is small compared with both the sphere radius and the wall slip length).
Note that results for translation, rotation and linear shear flow are in perfect agreement with those
of (12) which used method (ii) (except for the stresslet which was not treated there).

As confirmed by this Table 5, taking N = 12000 is ‘sufficient’ to compute all the normalised
quantity introduced in section 4.2 and section 4.3 with a six-digit accuracy in the range 0 ≤ λ/a ≤ 5
when l/a ≥ 1.005. Note that, in this regard, the more demanding quantities are the stresslet friction
factors. Still smaller gaps would need a larger number of terms. Method (ii) would also need a larger
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number of digits, since it is explicit (see (12) for details in the cases of translation, rotation and pure
shear flow).

5.3 Asymptotic analysis for a distant sphere

For engineering applications it is useful to propose handy formulae for the friction coefficients which
are valid in a wide range of values of the slip length and sphere location. It is worth quantifying the
range of the sphere-wall interactions by scaling them in terms of the small parameter a/l � 1 and
λ/a for a distant sphere. We define in this article ‘long-range’ as being O(a/l) and ‘short-range’ as
decaying faster than O(a/l). The asymptotic estimate of a given friction coefficient or normalized
velocity is expected to depend upon the addressed quantity for a fixed or a freely-suspended distant
sphere, that is for a/l � 1. It is here obtained by Thomas’ algorithm, with Mathematica computer
algebra software, expanding the friction coefficient in terms of the small parameter ε = e−l/a and
then converting the result as series in a/l. In doing so we retain in the series (35)–(38) one more term
than the desired number of terms in ε for the velocities W1, U0, U2 and pressure Q1. The method is
by essence able to build asymptotic expansions at large orders. For a sake of conciseness, attention
is however restricted in this article to estimates of order (a/l)5.

5.3.1 Sphere translating or rotating parallel to a distant slipping wall. Friction coefficients
cr

yy, f r
xy = 4ct

yx/3 and f t
xx have been numerically computed for arbitrary sphere location and

normalised slip length λ = λ/a in (10) and more recently, at a high-level accuracy, also in (12).
However, those papers neither provide asymptotic estimates nor consider the stresslet factors st

xz and
sr
xz. Here, we obtain for a distant rotating sphere

cr
yy ∼ 1 + 5

16

(a

l

)3 − 15λ

16

(a

l

)4 + 27λ
2

8

(a

l

)5
, (83)

f r
xy ∼ [1

8
− 9λ

2

8
]
(a

l

)4 − [ 3

64
+ λ

2
+ 81λ

2

128
− 33λ

3

4
]
(a

l

)5
, (84)

sr
xz ∼ 5

24

(a

l

)3 − 5λ

8

(a

l

)4 − [1

6
− 55λ

2

12
]
(a

l

)5
(85)

and for a distant translating sphere

f t
xx ∼ 1 + 9

16

(a

l

)
+ [ 81

256
− 9λ

16
]
(a

l

)2 + [ 217

4096
− 81λ

128
+ 9λ

2

8
]
(a

l

)3

+[ 8865

65536
− 651λ

4096
+ 405λ

2

256
− 81λ

3

16
]
(a

l

)4

+[ 207529

1048576
− 8865λ

16384
− 2655λ

2

4096
− 891λ

3

128
+ 261λ

4

8
]
(a

l

)5
, (86)

st
xz ∼ 5

16

(a

l

)2 + [ 45

256
− 5λ

8
]
(a

l

)3 − [ 619

4096
+ 135λ

256
− 45λ

2

16
]
(a

l

)4

+[11069

65536
+ 619λ

1024
+ 585λ

2

256
− 145λ

3

8
]
(a

l

)5
. (87)
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Table 6 Comparisons between computed and asymptotic values (see (88)–(99)) of the
normalized friction factors and velocities for λ = a and l/a = 10, 100

Computed l = 10a Asymptotic l = 10a Computed l = 100a Asymptotic l = 100a

f t
xx 1.05412 1.05423 1.0056009030 1.0056009032

f r
xy −0.00058 −0.00029 −0.0000000094 −0.0000000093

cr
yy 1.00024 1.00025 1.0000003034 1.0000003035

f s
xx 1.05387 1.05397 1.0056005979 1.0056005981

cs
yx 1.00095 1.00121 1.0000014147 1.0000014151

f q
xx 1.05708 1.05718 1.0056338068 1.0056338069

cq
yx 1.00042 1.00057 1.0000007002 1.0000007005

us 0.99976 0.99975 0.9999996965 0.9999996965

ωs 0.99974 0.99972 0.9999996963 0.9999996962

uq 0.99947 0.99945 0.9999993872 0.9999993870

ωq 0.99974 0.99975 0.9999996963 0.9999996966

st
xz 0.00280 0.00274 0.0000308207 0.0000308206

sr
xz 0.00017 0.00019 0.0000002025 0.0000002025

ss
xz 0.94511 0.94431 0.9943975227 0.9943975224

sq
xz 0.97530 0.97486 0.9972267727 0.9972267719

ss,free
xz 1.00075 1.00083 1.0000009109 1.0000009111

sq,free
xz 1.00075 1.00080 1.0000009109 1.0000009109

For a no-slip wall (λ = 0) the terms of order (a/l)4 vanish in the expansions of cr
yy and sr

xz and the
results match the ones derived earlier in (16) for the force and torque friction factors. A non-zero
normalised wall slip length λ affects some coefficients of the previous expansions but, except for
f r
xy, not the leading term. As a result, the above friction factors are more or less sensitive to the wall

slip length when the sphere is distant. For instance, cr
yy is weakly sensitive to the wall slip while

f r
xy (and also ct

yx) is even less affected. Finally, observe that some terms in the expansions (86)–(87)
adopt a complicated form.

The proposed asymptotic expansions are compared in Table 6 for λ = 1 and l/a = 10, 100 with
the computed values obtained by using the LU factorisation algorithm with N = 12000 (this value
of N has been found to give the reported 10-digit accuracy for these values of (λ, l/a)).

5.3.2 Sphere in a shear flow bounded by a distant slipping wall. We now turn to the asymptotic
results for a sphere immersed in a linear or quadratic ambient shear flow. For the linear shear flow
neither (10) nor (12) provided such asymptotic estimates. For a distant sphere held fixed in the pure
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shear flow ks(z + λ)ex we obtain

f s
xx ∼ 1 + 9

16

(a

l

)
−
(

9λ

16
− 81

256

)(a

l

)2 −
(

1063

4096
+ 81λ

128
− 9λ

2

8

)(a

l

)3

−[ 2655

65536
− 3189λ

4096
− 405λ

2

256
+ 81λ

3

16
]
(a

l

)4

+[ 300457

1048576
+ 2655λ

16384
− 15711λ

2

4096
− 1782λ

3

256
+ 261λ

4

8
]
(a

l

)5
, (88)

cs
yx ∼ 1 − 3

16
(1 − 9λ

2
)
(a

l

)3 + 9

256
(2 + 16λ + 27λ

2 − 304λ
3
)
(a

l

)4

+(
593

2048
− 9λ

32
− 24437λ

2

4096
− 891λ

3

128
+ 1197λ

4

16
)
(a

l

)5
, (89)

ss
xz ∼ 1 − 9

16

(a

l

)
+
(

9λ

16
− 81

256

)(a

l

)2 +
(

20931

20480
+ 81λ

128
− 63λ

2

16

)(a

l

)3

−
(

42021

327680
+ 62793λ

20480
+ 405λ

2

128
− 441λ

3

16

)(a

l

)4

−
(

6128717

5242880
− 42021λ

81920
− 222293λ

2

10240
− 5427λ

3

256
+ 3483λ

4

16

)(a

l

)5
. (90)

Again, for λ = 0 above results (88)-(89) match those of (16). Thus, one has either long-range (for
f s
xx and ss

xz) or short-range (case of cs
yx) sphere–wall interactions for a sphere held fixed in the linear

shear flow. Moreover, exploiting (76)–(78), (83)–(84), (86) and (88)–(89) gives for a freely-suspended
sphere in a pure shear flow the approximations

us ∼ 1 − 5

16

(a

l

)3 + 15λ

16

(a

l

)4 +
(

1

4
− 15λ

2

4

)(a

l

)5
, (91)

ωs ∼ 1 − 5

16

(a

l

)3 + 15λ

16

(a

l

)4 +
(

1

4
− 55λ

2

8

)(a

l

)5
, (92)

ss,free
xz ∼ 1 + 15

16

(a

l

)3 − 45λ

16

(a

l

)4 −
(

1 − 145λ
2

8

)(a

l

)5
. (93)

As seen again in Table 6, the proposed estimates (88)–(93) agree with the computed values. Moreover,
the formulae (91)–(93) reveal that the rigid-body motion and the stresslet experienced by a distant
sphere (ε = a/l � 1) freely suspended in a pure linear shear flow are solely affected at order O(ε3)
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by the wall regardless of slip and at order O(ε4) by the wall normalized slip length λ. Finally, note
also that us − ωs = O(ε5) whatever λ > 0 when l  a.

In a similar way, asymptotic estimates of the factors f q
xx, cq

yx and sq
xz for a distant sphere held fixed

in a quadratic shear flow have been given, up to order (a/l)6, in (17). Retaining here expansions up
to order (a/l)5,

f q
xx ∼ 1 + 9

16

(a

l

)
+
(

499

768
− 9λ

16

)(a

l

)2 +
(

9λ
2

8
− 81λ

128
− 1575

4096

)(a

l

)3

−
(

81λ
3

16
− 405λ

2

256
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4096
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cq
yx ∼ 1 +

(
27λ

2

32
− 3

32

)(a

l

)3 −
(

99λ
3

16
− 243λ

2

512
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4
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2

8192
− 45λ

256
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Unfortunately, the expansion of sq
xz proposed in (17) suffers from several misprint errors (starting

with the sign of the term of order a/l). The corrected estimate reads

sq
xz ∼ 1 − 9
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512

)(a

l

)2 +
(

32451

40960
+ 243λ

512
− 81λ

2

32

)(a

l

)3

−
(

18981

655360
+ 26691λ

10240
+ 1053λ

2

512
− 261λ

3

16

)(a

l

)4

−
(

12048973

10485760
− 28197λ

131072
− 71903λ

2

4096
− 405λ

3

32
+ 4005λ

4

32

)(a

l

)5
. (96)

The normalised velocities uq and ωq of a sphere freely-suspended in the quadratic shear flow have
the following expansions

uq ∼ 1 − 5

8

(a

l

)3 + 5λ

4

(a

l

)4 +
(

79

96
− 45λ

2

8

)(a

l

)5
, (97)

ωq ∼ 1 − 5
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(a

l

)3 + 15λ

16

(a

l

)4 +
(

1

4
− 7λ

2

2

)(a

l

)5
(98)
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and the resulting stresslet factor for the freely-suspended sphere behaves as

sq,free
xz ∼ 1 + 15

16

(a

l

)3 − 45λ

16

(a

l

)4 +
(

161λ
2

10
− 79

64

)(a

l

)5
. (99)

As for the freely-suspended sphere in a linear shear flow, the results (97)–(99) (not given in (17))
show that the freely-suspended sphere rigid-body motion and experienced stresslet are subject to
short-range wall-sphere interactions of order O(ε3) which are sensitive to the wall normalized slip
length λ solely at order O(ε4) with ε = a/l � 1.

When comparing the results for the distant sphere freely immersed in a linear or a quadratic shear

flow it is noticeable that ωs − ωq = O(ε5) and that ss,free
xz − sq,free

xz = O(ε5)!
Finally, comparisons of the derived asymptotic estimates (94)–(99) against the computational

predictions (using again the LU factorization method detailed in section 5.1) are given in Table 6.

5.4 Numerical results for arbitrary sphere location

This section numerically investigates the case of a sphere located near the slip wall. It should be
recalled that (12) recently reported accurate results for a sphere translating or rotating parallel with
the slip wall in a quiescent liquid or immersed (being either held fixed or freely-suspended) in a
linear shear flow except for the stresslet component. However, (12) does not deal with the stresslet
component for those cases. Therefore, we here confine attention to the quadratic shear flow and also
to the stresslet coefficients for a sphere embedded in a linear or quadratic ambient shear flow.

The lubrication problem (for very low l/a − 1) was treated in (12) on the basis of Thomas’
algorithm computations. Recall that the conclusions from (12) were that an approximate lubrication
formula could be obtained for f t

xx but the cases of f r
yx and cr

yy which involve log(l/a − 1) were more
difficult to tackle and would require a special and involved analytical analysis. In this article, the
lubrication regime is not studied in detail. We can simply remark that a singular behaviour of friction
factors is expected only when the neighbouring surfaces of the sphere and wall are in relative motion.

5.4.1 Normalised force, torque and rigid-body motion in a quadratic shear flow. Let us start with
the force coefficient f q

xx and the torque coefficient cq
yx for a sphere held fixed in a quadratic ambient

shear flow. These coefficients, admitting asymptotic estimates (94)–(95) for a distant sphere, are
plotted versus l/a ≤ 10 in Fig. 5.

Both quantities slowly tend to unity as the wall-sphere gap increases. That is, sphere-wall
interactions are long-range. They also take a finite value as the sphere–wall gap vanishes. Not
surprisingly, the normalized force f q

xx is seen to monotonically decrease as l/a or λ/a increases. In
addition, for very small sphere–wall and normalised slip length λ/a it is seen that f q

xx may reach
twice its value of unity in absence of wall.

In contrast, the torque coefficient exhibits a quite different behaviour. First, cq
yx remains very close

to unity (up to 4%) whatever (l/a, λ/a). Second, the sensitivity of cq
yx to l/a deeply depends upon

the normalised slip length λ = λ/a ≥ 0.As already pointed out in (14) for the no-slip case (λ = 0), it
turns out that for λ < λc (with, from our numerical investigations, a critical slip length λc < 0.1) the
coefficient cq

yx first decreases and then increases with increasing l/a, thereby admitting a minimum.
Such a minimum is located very close to the wall, in practice at l ∼ 1.2a (for instance, see (14), for
λ = 0 the minimum takes place at l = 1.18a). For λ > λc , cq

yx first increases and then decreases
with increasing l/a, therefore admitting a maximum located around l = 2a.

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/69/4/353/2450519 by Ecole Polytechnique user on 13 Septem

ber 2018



[10:34 4/11/2016 hbw010.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 380 353–390

380 N. GHALIA et al.

Fig. 5 Force and torque friction coefficients f q
xx and cq

yx for a sphere held fixed in a quadratic shear flow above
a slip wall versus l/a and for λ/a = 0 (◦), λ/a = 0.3 (•), λ/a = 1 (∗), λ/a = 2 (�) and λ/a = 5 (�)

Both normalised translational velocity uq and angular velocity ωq of a freely-suspended sphere
in a quadratic shear flow are displayed in Fig. 6.

As revealed by the asymptotic estimates (97)–(98), these quantities tend to unity very fast as a/l
vanishes. We therefore plot them only in the range 1 < l/a ≤ 4. It is observed that variations of
uq with λ are significant whereas those of ωq with λ are small. Moreover, wall-sphere interactions
slow down (uq < 1 and ωq < 1) the sphere translational and rotational motions whatever (l/a, λ/a).
Moreover, for a given sphere location l/a, increasing the wall slip length also increases the sphere
translational velocity uq while the sphere rotation may either increase or decrease depending upon
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(a)

(b)

Fig. 6 Normalised translational velocity uq and angular velocity ωq for a sphere freely suspended in a quadratic
shear flow above a slip wall versus l/a and for λ/a = 0 (◦), λ/a = 0.3 (•), λ/a = 1 (∗), λ/a = 2 (�) and
λ/a = 5 (�)

the value of λ (in fact our computations reveal that ωq goes through a maximum for λ ∼ 0.5). On the
other hand for a prescribed normalised slip length λ it is observed that the sphere angular velocity
ωq decreases as the sphere approaches the slip wall as also does uq except for a sphere sufficiently
close to a slipping enough wall (see the curves for λ ≥ 0.3 in Fig. 6a).

Finally, we provide in Table 7 the computed quantities f q
xx, cq

yx, uq and ωq (using again the LU
factorisation algorithm with N = 12000) for several values of (l/a, λ/a).
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Table 7 Computed normalised quantities f q
xx, cq

yx, uq and ωq for different sphere locations l/a and
wall slip lengths λ/a using the LU factorisation algorithm with N = 12000

l/a λ/a f q
xx cq

yx uq ωq

1.005 0 1.936889 0.990700 0.427204 0.473260
1.01 0 1.931038 0.990632 0.467002 0.519313
1.1 0 1.836197 0.989853 0.663247 0.737156
2 0 1.399981 0.994236 0.936735 0.964149
5 0 1.135383 0.999367 0.995220 0.997561
10 0 1.062357 0.999912 0.999383 0.999689
1.005 0.3 1.797790 0.984127 0.735015 0.569063
1.01 0.0 1.792630 0.984578 0.737422 0.610671
1.1 0.3 1.711689 0.990333 0.785635 0.794186
2 0.3 1.356702 0.998891 0.948566 0.971078
5 0.3 1.128282 0.999894 0.995672 0.997858
10 0.3 1.060606 0.999984 0.999415 0.999712
1.005 1 1.648368 0.974016 0.867812 0.556745
1.01 1 1.643818 0.974867 0.865601 0.598963
1.1 1 1.572887 0.987409 0.873677 0.786536
2 1 1.292192 1.009399 0.961394 0.972373
5 1 1.115306 1.002156 0.996315 0.998105
10 1 1.057084 1.000423 0.999471 0.999742
1.005 2 1.546373 0.966244 0.937303 0.546933
1.01 2 1.542164 0.967327 0.933235 0.588944
1.1 2 1.476612 0.983918 0.924460 0.776407
2 2 1.236876 1.018721 0.970606 0.971020
5 2 1.101440 1.005407 0.996866 0.998171
10 2 1.052920 1.001254 0.999525 0.999760
1.005 5 1.418068 0.955043 1.009252 0.536368
1.01 5 1.414224 0.956375 1.003528 0.577958
1.1 5 1.354342 0.977386 0.979705 0.764144
2 5 1.154433 1.030813 0.982599 0.968018
5 5 1.074621 1.012203 0.997724 0.998091
10 5 1.043688 1.003622 0.999622 0.999768

5.4.2 Stresslet components in linear and quadratic shear flows. As previously mentioned, the

stresslet factors ss,free
xz and sq,free

xz for a freely moving sphere would be of the utmost importance in
evaluating the viscosity of a dilute suspension of solid spheres embedded in a pure (ks) or a quadratic
(kq) shear flow close to a slipping wall.

For completion and comparison purposes, we also plot in Fig. 7 the normalised stresslets ss
xz and

sq
xz obtained when the sphere is held fixed in the ambient linear and quadratic shear flows.
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Fig. 7 Normalised stresslets ss
xz (dashed lines) and sq

xz (solid lines) for a sphere held fixed in linear and quadratic
shear flows above a slip wall versus l/a and for λ/a = 0 (◦), λ/a = 0.3 (•), λ/a = 1 (∗), λ/a = 2 (�) and
λ/a = 5 (�)

These coefficients remain bounded and ss
xz > sq

xz whatever (l/a, λ/a). Clearly, both ss
xz and sq

xz
slowly decay to unity as l/a increases (recall the predictions (90) and (96)).At a given sphere location
l/a both quantities increase with λ. Note that |ss

xz − 1| is at most of order 10% and, at given λ, it
appears that ss

xz first decreases and then increases as l/a increases, the minimum being around l = 2a.

The coefficient sq
xz exhibits a similar behaviour for λ large enough (see the curves for λ ≥ 1 in Fig.

7) but monotonically increases with l/a for a weakly slipping wall.

The normalised stresslets ss,free
xz and sq,free

xz for a freely-suspended sphere are plotted in Fig. 8. These
coefficients follow the same behaviour as for the force coefficient f q

xx (see the previous comments
about Fig. 5) except that a faster decay toward unity is observed for a distant sphere (as shown by
(93) and (99)).

Comparing Fig. 8a and b reveals that the values of ss,free
xz and sq,free

xz are close, a property which
was not true for the case of a sphere held fixed in a shear flow (as seen in Fig. 7)! This has been
already pointed out at the end of section 5.2, for a distant sphere. As shown in Fig. 9, the difference

ss,free
xz − sq,free

xz is actually positive and of small value even when the sphere is close to the wall.
It is straightforward to show that a Poiseuille flow between two slip planes, with equal slip length

λ, located at z = 0 and z = h > 0 has the following velocity

w = ks[z + λ − z2/h]ex, ks = − h

2μ

dp

dx
(100)

with dp/dx the imposed uniform pressure gradient. If the sphere is close to the lower z = 0 wall, i. e.
if l � h/2 we can ignore the interactions with the upper wall and using the relationship kq = −ks/h

obtain the stresslet component Sfree
xz , with associated normalised coefficient sfree

xz , experienced by the
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(a)

(b)

Fig. 8 Normalised stresslets sq,free
xz and ss,free

xz for a sphere freely suspended in quadratic and linear ambient
shear flows above a slip wall versus l/a and for λ/a = 0 (◦), λ/a = 0.3 (•), λ/a = 1 (∗), λ/a = 2 (�) and
λ/a = 5 (�)

sphere as

sfree
xz = Sfree

xz
10
3 πμa3ks

= ss,free
xz − (

2l

h
)sq,free

xz . (101)

Since 2l/h < 1 and all quantities ss,free
xz , sq,free

xz and ss,free
xz − sq,free

xz are positive it then turns out that

sfree
xz > 0 whatever λ/a.

We close this subsection by listing in Table 8 (for the same pairs (l/a, λ/a) as the ones selected
in Table 7) the computed values of the previously plotted stresslet coefficients and also the two
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Table 8 Computed normalised stresslet components for different sphere locations l/a and wall
slip lengths λ/a using the LU factorisation algorithm with N = 12000

l/a λ/a sr
xz st

xz sq
xz sq,free

xz ss
xz ss,free

xz

1.005 0 0.582814 1.872330 0.908248 2.118734 0.608212 2.495611
1.01 0 0.491603 1.562291 0.907759 2.017436 0.609035 2.342179
1.1 0 0.205187 0.635760 0.900382 1.568960 0.623518 1.692766
2 0 0.024173 0.099109 0.893126 1.095137 0.735885 1.100859
5 0 0.001627 0.013732 0.943389 1.007168 0.882492 1.007239
10 0 0.000207 0.003288 0.971071 1.000926 0.941584 1.000928
1.005 0.3 0.526546 0.383801 0.947835 1.556877 0.635069 1.645528
1.01 0.0 0.450447 0.376142 0.947375 1.529466 0.635627 1.616888
1.1 0.3 0.185817 0.289837 0.939165 1.359511 0.646801 1.418512
2 0.3 0.019946 0.076615 0.914513 1.073660 0.751195 1.077808
5 0.3 0.001431 0.012348 0.948897 1.006244 0.887467 1.006303
10 0.3 0.000192 0.003109 0.972630 1.000856 0.943070 1.000858
1.005 1 0.522939 0.157755 0.981524 1.408248 0.667850 1.443191
1.01 1 0.450642 0.155929 0.981152 1.386859 0.667966 1.423013
1.1 1 0.200241 0.135709 0.974312 1.265775 0.671762 1.297292
2 1 0.020001 0.053497 0.940196 1.057990 0.758845 1.061055
5 1 0.001274 0.010378 0.956904 1.005197 0.892195 1.005245
10 1 0.000172 0.002803 0.975297 1.000753 0.945107 1.000755
1.005 2 0.521673 0.080525 0.999446 1.346986 0.710754 1.363678
1.01 2 0.450389 0.079863 0.999151 1.327776 0.710255 1.346255
1.1 2 0.206455 0.073744 0.993663 1.224012 0.704074 1.244462
2 2 0.021391 0.038309 0.958553 1.049754 0.760004 1.052249
5 2 0.001240 0.008707 0.963808 1.004502 0.893844 1.004542
10 2 0.000161 0.002504 0.977920 1.000668 0.946442 1.000670
1.005 5 0.520373 0.021976 1.016615 1.294497 0.845510 1.297608
1.01 5 0.449930 0.021940 1.016420 1.277001 0.843264 1.282273
1.1 5 0.211167 0.023274 1.012726 1.186744 0.808260 1.198256
2 5 0.023606 0.020732 0.911560 1.041446 0.762333 1.043375
5 5 0.001305 0.006155 0.974508 1.003681 0.891822 1.003713
10 5 0.000155 0.001976 0.982570 1.000550 0.947056 1.000551

additional coefficients sr
xz and st

xz for the sphere rotating and translating parallel with the slip wall
in a quiescent liquid.

6. Conclusions

A general solution in bipolar coordinates has been obtained for a sphere either held fixed or freely-
suspended near a slip wall in an ambient modulated rotational flow and linear or quadratic shear
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Fig. 9 Quantity ss,free
xz − sq,free

xz versus l/a and for λ/a = 0 (◦), λ/a = 0.3 (•), λ/a = 1 (∗), λ/a = 2 (�)
and λ/a = 5 (�)

flows. The solution for the modulated shear flow is new. The presented results also complement earlier
works for the linear (10–12) and quadratic (17, 18) shear flows. The associated (either friction or
mobility) coefficients for several quantities (force, torque, translational velocity, angular velocity,
non-zero stresslet component) have been obtained for different sphere locations and wall slip lengths.
For the linear (10– 12) and quadratic (17, 18) shear flows, the novelty here is the evaluation of the
stresslet.

The bipolar coordinates method is quite appropriate to provide very accurate results, even at
small wall–sphere gaps. To reach this goal, the boundary conditions on the wall and on the sphere
boundary have first to be carefully cast into relationships between unknown coefficients, reducing
the number of equations from 7 (like in (10)) to 4 (like in 11, 12) (see section 4.1 for details). Second,
the resulting infinite linear system has to be adequately truncated and inverted in order to reach the
expected accuracy level of resolution (see section 5.1 and also Table 5). Methods to reach this goal
depend upon the flow field. The classical implicit method inverting a large matrix may be used for
all flow fields. Methods using less computer memory are explicit ones: (i) for an axisymmetric flow
field, the one pioneered in (23) (see section 3.3); (ii) for a symmetric flow field, the so-called Thomas’
algorithm detailed in (17) (see section 5.1). The merits and drawbacks of each method are discussed
in the relevant subsections sections 3.3 and 5.1.

Two types of results are provided: numerical results valid for any sphere location and asymptotic
ones valid for a distant sphere. Comprehensive numerical results are provided by figures and tables
for all friction and mobility coefficients in a large range of normalised slip length and sphere-to-
wall distances. Asymptotic expansions for the coefficients are derived from the general solution
in bispherical coordinates. These asymptotic expansions are new for the linear and modulated
shear flows and complement results (17, 18) for the quadratic shear flow. It is shown that the
numerical and asymptotic results match for a distant sphere. Moreover, the asymptotic analysis
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reveals that depending upon the addressed friction coefficient either long-range (O(a/l)) or short-
range (O(a3/l3)) weak interactions occur between the slip wall and a distant sphere. With a few
terms only, these asymptotic expansions provide handy formulae in view of practical applications.

A no-slip sphere was considered in this article. The interesting cases of a slip sphere translating
normal to a slip wall and held fixed in a linear shear flow near a slip wall have been handled in (7)
(using again bipolar coordinates) and in (33) (using the boundary integral approach), respectively. In
a similar way, it should be possible to extend the present analysis, still using the bipolar coordinates,
to a slip sphere either held fixed or freely suspended in a quadratic shear.

Even for the no-slip particle, most of the works available in the literature are, like the present one,
restricted to the case of a spherical particle. Since non-spherical particles are encountered in practice
it would be useful in future to also deal with a solid arbitrary-shaped particle so as to quantity shape
effects. Clearly, those problems are not solvable with the bipolar coordinates technique which, by
essence, restricts the analysis to a sphere. One can think about using a boundary integral technique
while exploiting the present results for a sphere to benchmark the boundary procedure. Hence, we
are currently developing a boundary approach with a relevant Green tensor for a slip wall so that
only the body surface has to be meshed (it thus differs from the technique implemented in (33)).
This already provided a confirmation of the present results for the modulated rotational flow (see
comments in section 3.3). However, since it requires additional efforts, its presentation and results
for a non-spherical solid particle immersed in a linear or a quadratic shear flow are postponed to a
future work.
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APPENDIX A

Boundary conditions on the sphere for the quadratic shear flow

This Appendix briefly displays the steps employed in deriving the relations (45)–(47) from the boundary
conditions (43) on the sphere’s surface S(ξ = α) for the quadratic shear flow. Exploiting (33)–(34), the relations
(43) become

U2 = ρ

z
W1, U0 = ρ

z
W1 − 2z2 and Q1 = −2c

z
W1 for ξ = α. (A.1)

Recalling (12), (35) and (38) the first relation zU2 = ρW1 immediately gives

sinh α
∑
n≥2

[Fn cosh(γnξ ) + Gn sinh(γnξ )]P′′
n (t) =

∑
n≥1

An sinh(γnξ )P′
n(t). (A.2)

According to (25) one has the useful identities

(2n + 1)P′
n(t) = P′′

n+1(t) − P′′
n−1(t) for n ≥ 1, (A.3)

(2n + 1)(1 − t2)P′
n(t) = n(n + 1)[Pn−1(t) − Pn+1(t)] for n ≥ 1, (A.4)

(2n + 1)tP′
n(t) = (n + 1)P′

n−1(t) + nP′
n+1(t) for n ≥ 1, (A.5)

sinh2 α

(cosh α − t)5/2
= 4

√
2

3

∑
n≥0

γn[γn + coth α]e−γnαPn(t). (A.6)

Injecting (A.3) in (A.2) then establishes (47). For the quadratic shear flow M = 2. Using (A.4)–(A.5) then shows
that it also easily follows that

z2

c2
= 4

√
2

3
(cosh α − t)1/2

∑
n≥0

γn[γn + coth α]e−γnαPn(t), (A.7)

ρW1

zc2
= (cosh α − t)1/2

sinh α

∑
n≥1

[n(n + 1)

2n + 1
]An sinh(γnξ )[Pn−1(t) − Pn+1(t)]. (A.8)

Combining (A.7)–(A.8) with (37) for M = 2 (quadratic shear flow) accordingly makes it possible to cast the

second relation (A.1) in (46) with the definition (48) of K (2)
n . Finally, appealing to (35)–(36) in enforcing the

last relation (A.1) gives

sinh α
∑
n≥1

[Bn cosh(γnα) + Cn sinh(γnα)]P′
n(t)

= 2
∑
n≥1

An sinh(γnα)(t − cosh α)P′
n(t). (A.9)

Using (A.5) then produces (45) with, as defined in (48), f (2)
n = 0.

D
ow

nloaded from
 https://academ

ic.oup.com
/qjm

am
/article-abstract/69/4/353/2450519 by Ecole Polytechnique user on 13 Septem

ber 2018



[10:34 4/11/2016 hbw010.tex] QJMAM: The Quarterly Journal of Mechanics & Applied Mathematics Page: 390 353–390

390 N. GHALIA et al.

APPENDIX B

Frictions coefficients

The friction coefficients f t
xx, ct

yx, f r
xy, f s

xx, cs
yx and also st

xz, sr
xz and ss

xz defined by (62)–(64) read

f t
xx =

√
2 sinh α

6
F(Cs

n; Es
n), ct

yx =
√

2 sinh2 α

4
T (As

n; Es
n), (B.1)

f s
xx =

√
2 sinh2 α

6ks(l + λ)
F(Ct

n; Et
n), cs

yx =
√

2 sinh2 α

2
T (At

n; Et
n), (B.2)

f r
xy = −

√
2 sinh2 α

6
F(Cr

n; Er
n), sr

yx =
√

2 sinh3 α

6
S(Br

n; Cr
n; Er

n), (B.3)

st
yx =

√
2 sinh2 α

6
S(Bt

n; Ct
n; Er

n), ss
yx = 3

√
2 sinh3 α

10
S(Bs

n; Cs
n; Es

n). (B.4)
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