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The cobra wave is a popular physical phenomenon arising from the explosion of a metastable grillage
made of popsicle sticks. The sticks are expelled from the mesh by releasing the elastic energy stored during
the weaving of the structure. Here we analyze both experimentally and theoretically the propagation of the
wave front depending on the properties of the sticks and the pattern of the mesh. We show that its velocity
and its shape are directly related to the recoil imparted to the structure by the expelled sticks. Finally, we
show that the cobra wave can only exist for a narrow range of parameters constrained by gravity and rupture
of the sticks.
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The physics of metastable states is a classical topic of
statistical physics [1,2]. A well-known route to relax
towards equilibrium is via a nonlinear front that propagates
with a constant speed, such as in viral spread [3,4],
biochemical reactions [5], or combustion [6,7]. In mechanics, the domino race provides an example of such a process
for a nonconnected network [8,9]. For entangled structures,
the question of the optimization of the strength of grillages
has been addressed [10,11] especially because of its role in
construction [12], but their stability remains an open
question. The same type of question also arises in biological systems, such as in the microtubule catastrophe [13,14].
Microtubules are assemblies of GDP tubulin arranged in a
tubular shape ending with a cap of GTP tubulin. The loss of
this cap triggers a rapid depolymerization driven by the
release of the stored mechanical strain [15–17]. Here we
study a macroscopic version of such a system, namely, the
so-called “popsicle-stick cobra wave” [18], obtained by
releasing a mesh of sticks woven according to Fig. 1(b).
To generate a cobra wave, the whole structure is loaded
by the geometrically constrained bending of the individual
sticks and is held together by the red and blue sticks at the
end of the mesh [see Fig. 1(b)]. When one of them is
removed, the structure unravels by expelling one by one the
freed sticks. Because of the asymmetry of the weaving and
the presence of the ground, two very different dynamics
occur depending on which stick was initially removed.
When the red stick is taken away first, the sticks are
expelled upwards and by reaction they pin down the rest of
the mesh to the ground (see movie Inverse-Cobra-Wave in
the Supplemental Material [19]). The outcome is dramatically different when the blue stick is removed. In this case,
the sticks are expelled downwards and they raise the whole
structure as presented in Fig. 2(a) (see also the movie
Cobra-Wave provided in Ref. [19]). After a few hundreds
of ms, the shape of the wave reaches a steady state
0031-9007=17=119(8)=084301(5)

[Fig. 2(b)], and propagates at a few meters per second.
Both the shape and the velocity remain the same until the
wave front reaches the end of the grillage [Fig. 2(c)]. In
this Letter, we combine experimental and theoretical
approaches to characterize the velocity and the shape of
the cobra wave in the steady state.
Since the lifting force raising the lattice originates from
the recoil imparted by the expelled sticks, the global
dynamics of the wave is set by the ejection rate γ and
the momentum transferred during the expulsion Mv, where
M is the mass of a stick and v the velocity of a stick right
after expulsion. The time γ −1 taken by a stick to exit the
mesh is given by L=v, where L is the length of the stick
[Fig. 1(a)]. Taking E the Young’s modulus, w the width,
and e the thickness of individual sticks [Fig. 1(a)], v can be
estimated from the balance between the kinetic energy Mv2
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FIG. 1. (a) Picture of a wooden stick with its characteristic
parameters: length L, width w, thickness e, mass M, density ρ and
Young’s modulus E. (b) Schematics of the lattice with definition
of the angle θ of the lattice and the spatial period a of the pattern.
The blue and red sticks are the sticks that end the lattice. The
construction of the lattice starts with the blue stick, then the sticks
are added one after the other according to the numbering for the
first four sticks. (c) Schematic side view of a stick deformed
in the mesh.
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FIG. 2. Time-lapse photographs of the cobra wave obtained
with sticks of type 1 (see the Supplemental Material [19]) for
θ ¼ 45°, from videos taken at 1000 fps with a Photron-Fastcam
high-speed camera. The different colors represent the wave at
different instants. (a) At the beginning (Δt ¼ 100 ms between
two consecutive images); (b) during the stationary phase
(Δt ¼ 70 ms), with v0 ≃ 2.2 m=s the velocity of the wave front;
(c) at the end (Δt ¼ 70 ms). Scale bars are 10 cm long.

of a stick after ejection and the bending energy Eel ∼
Ewe5 =L3 stored in each stick blocked by the lattice [this
expression is obtained by noting that the curvature of a stick
imposed by its neighbors is Γ ∼ e=L2 , see Fig. 1(c)].
From the previous scaling analysis, we readily deduce
the velocity v0 of the wave front. Indeed, since the sticks are
expelled one by one, we have v0 ¼ aγ=2, where a is the
spatial period of the pattern [Fig. 1(b)]. Noting that, up to a
geometric factor depending on the angle θ, we have a ∝ L,
both v and v0 scale as
sﬃﬃﬃﬃ 
E e 2
v ∼ v0 ¼ bðθÞ
;
ρ L

FIG. 3. Speed of the wave front v0 (solid dots) and speed of the
expelled sticks v (open dots) as a function of a characteristic
speed cðe=LÞ2 for θ ¼ 45° and six different kinds of sticks (see
the Supplemental Material [19]). The black line corresponds to
the fit v0 ¼ 3.95cðe=LÞ2 and the dashed line to the fit
v ¼ 5.46cðe=LÞ2 . (i) Speed of the cobra wave v0 as a function
of the angle of the lattice θ for sticks of type 1.

gravity, and recoil imparted by the expelled sticks [20]. We
treat the mesh as a linear continuous medium characterized
by a flexion modulus K̄ [19] and we describe the expulsion
of the sticks by a force F0 and a torque C0 exerted at the
free end of the grillage. We further assume that the friction
between sticks prevents the deformation of the lattice,
allowing us to describe the mesh as an inextensible linear
medium described by a profile rðs; tÞ, where s is the
curvilinear abscissa (Fig. 4), the local force Fðs; tÞ and
torque Cðs; tÞ are given by
F ¼ −K̄∂ 3s r;

ð1Þ

where ρ is the mass density of a stick and bðθÞ is a scaling
factor that depends on the geometry of the mesh. With c ¼
pﬃﬃﬃﬃﬃﬃﬃﬃ
E=ρ the speed of sound in the material, we find that
v0 ∝ cðe=LÞ2 . In Fig. 3, we confirm experimentally this
scaling for six kinds of wooden sticks (the values of the
mechanical and geometric parameters of the different stick
models are given in Ref. [19]) and we observe that indeed
v ∝ v0 . As expected, the speed does not depend on the
width of the sticks and increases quadratically with the ratio
e=L. In Fig. 3(i), one can see that the speed of the cobra
decreases with the angle of the lattice θ. This trend can be
easily understood qualitatively by noting that the velocity
of the wave is proportional to the spatial periodicity
a ¼ L cos θ=3.
We now focus on the shape of the wave. The height of
the cobra can be understood quantitatively within a
generalized version of Euler’s elastica theory, where the
mesh profile results from a competition between elasticity,

C ¼ K̄∂ s r × ∂ 2s r:

ð2Þ

In the steady state, the shape of the cobra is constant
and moves at the velocity v0. We therefore have rðs; tÞ ¼
rðs0 ¼ s − v0 tÞ and writing Newton’s law for an infinitesimally small element of the mesh leads to the following
dynamical equation,
μv20 ∂ 2s0 r ¼ μg − K̄∂ 4s0 r þ ∂ s0 ðTτÞ þ R;

ð3Þ

where μ ¼ 2M=a is the linear mass density of the cobra, T
the longitudinal tension, τ the tangent unit vector, and R the
ground reaction. We assume that the contact with the
ground occurs for s0 ≤ 0, so that zðs0 ≤ 0Þ ¼ 0 and
Rðs0 ≥ 0Þ ¼ 0, and smax is the total mesh length rising
above the ground. Projecting Eq. (3) on the tangent and
normal directions, these equations can be recast into a
closed equation for the curvature Γ ¼ j∂ 2s rj,
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1 d3 Γ2 dΓ2
μg 2 sin α cos α dΓ
þ
þ 2
;
¼
2 dα3
Γ
dα
K̄
Γ dα

ð4Þ

PRL 119, 084301 (2017)

week ending
25 AUGUST 2017

PHYSICAL REVIEW LETTERS

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C ¼ ðdL=dtÞ∼γL, we get the upper bound Cmax ∼γ 2IEel .
In Eq. (6), the torque is compared to K̄Γ. Using Eq. (5), we
can eliminate Γ and we see that the relative importance of
the torque and the force is driven by the dimensionless
number
 2
C2 γ 2 IðKe2 =L3 Þ
e
≃
≪ 1;
≃
KγMv0
L
K̄F

FIG. 4. Experimental cobra profile for sticks of type 2. The
steady profile (red dashed line) is described theoretically by a
parametric curve rðs0 Þ, where s0 is the curvilinear abscissa. α is
the angle between the mesh and the horizontal axis, and ψ the
angle between the velocity of the expelled sticks and the tangent
vector in s0 ¼ smax . The scale bar is 10 cm long.

where α is the local angle between the mesh and the
horizontal axis.
This equation is of third order in α and thus requires three
boundary conditions to be solved. We obtain these conditions by writing the stress at the free end αmax ¼ αðsmax Þ
of the mesh, namely,
C0 ¼ K̄Γ;

ð5Þ

F∥ ¼ T þ K̄Γ2 ;

ð6Þ

K dΓ2
;
2 dα

ð7Þ

F⊥ ¼ −

where F∥ ¼ F0 · τ and F⊥ ¼ F0 · n and the right-hand
side terms are taken at α ¼ αmax . A fourth condition is
required by the fact that, contrary to the elastica problem
where the length of the beam is fixed, we must here
determine self-consistently the mesh length rising above
the ground. To close the system, we, therefore, impose the
usual mobile contact-point condition Γðα ¼ 0Þ ¼ 0 that
assumes that there is no adhesion energy between the mesh
and the ground [21].
On the one hand, the forces can be calculated from
the momentum transfer between the lattice and the
expelled sticks and we have F⊥ ¼ μv0 v sin ψ and F∥ ¼
μv0 ðv0 − v cos ψÞ.
On the other hand, the torque exerted at the free end of
the cobra can be neglected. Indeed, assuming that all the
elastic energy Eel is converted into rotational energy of the
sticks Erot ¼ 12 Iω2 with I the moment of inertia of a stick
and ω its angular velocity, the
angular
momentum of an
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
expelled stick is L ¼ Iω ¼ 2IEel . Since the torque is

where K ∼ K̄ is the flexion modulus of a single stick [19]
and we have used the fact that v ∼ v0 ∼ γL and I ∼ ML2 .
We thus see that for thin sticks, the torque does not affect
much of the shape of the cobra.
Equation (4) can be solved numerically in the general
case using the shooting method and the height of the cobra
can be obtained from
Z α
max sin α
H¼
dα:
ð8Þ
ΓðαÞ
0
The analysis of Eqs. (4)–(9) shows that H follows the
general scaling
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K̄
H¼
h ðΛÞ;
μv0 v ψ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K̄
with Λ ¼ g
:
μv30 v3

When gravity can be neglected,
Eq. (4) can be solved
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
analytically and yields Γ ¼ Γ0 cosðψ − αÞ − cosðψÞ with
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Γ0 ¼ 2μvv0 =K̄ . We then obtain αmax ¼ 2ψ and the
dimensionless height can be expressed in terms of the
elliptic integrals E and K [22] with
hψ ð0Þ ¼ 2 sinðψÞf2E½sinðψ=2Þ − K½sinðψ=2Þg:

ð9Þ

For large values of Λ, gravity becomes dominant and the
cobra does not rise as high. In this regime, αmax → 0 and we
can therefore neglect the lower order derivatives in each
sides of Eq. (4) leading to the simplified expression
d3 Γ2 2μg dΓ
:
¼
K̄Γ2 dα
dα3

ð10Þ

This equation can be solved analytically leading to an
asymptotic behaviour hψ ≃ 2 sin4 ψ=3Λ3.
The asymptotic behaviors obtained in both the weak and
strong gravity regimes can be understood by a straightforward argument. We note first that Eqs. (7) and (8) lead to
the following scalings:
F⊥ ≃ K̄

Γ20
;
αmax

H≃

α2max
:
Γ0

ð11Þ

We can then distinguish two regimes. For p
small
g,ﬃ the
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
height is saturated and αmax ≃ 1, hence, Γ0 ≃ F⊥ =K̄ and
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FIG. 5. Dimensionless
height hψ ﬃas a function of the dimenpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sionless number Λ ¼ g K̄=ðμv30 v3 Þ which compares gravity and
elasticity, for the six different kinds of sticks (see the Supplemental Material [19]). The solid line corresponds to the prediction of Eqs. (4)–(9) for ψ ¼ 60°. The shaded band corresponds
to the observed 10° variations of the ejection angle. The red
dashed line represents the large Λ expansion hψ ≃ 2 sin4 ψ=3Λ3
for ψ ¼ 60°.

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H ≃ Γ−1
K̄=F⊥ . The scaling for H yields the con0 ≃
dition hψ ≃ 1 for weak gravity. Using Eq. (1), we can
express v0 and F⊥ with K, e, and L. We then obtain a
simple scaling for H ≃ L2 =e, which does not depend any
more on the elasticity of the mesh. This purely geometric
scaling stems from the fact that, when gravity is negligible,
stick elasticity provides both the thrusting and restoring
forces responsible for the shape of the mesh.
For heavy sticks, the lattice is almost horizontal and the
value of αmax is set by the balance between F⊥ and the
weight. The length of the cobra being smax ≃ αmax =Γ0 , we
have thus the additional condition
F⊥ ≃
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μgαmax
:
Γ0

FIG. 6. Set of parameters (e, L) for which a cobra stick wave can
be observed (red region). This region is limited by two conditions
given in Eqs. (13) and (15): the limit set by gravity
Lmaxﬃ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð36Ee4 =ρgÞ1=5 and the breaking limit Lmin ¼ 1.5 × 3 E=σ  e.
Solid blue dots: sets of parameters for which the cobra-stick wave
is observed. Open blue dots: sets of parameters for which the
cobra-stick wave could not be observed (the sticks are too small
and therefore break). (i) Schematics of the shape of a stick in the
lattice with the most probable breaking region.

model. For instance, the validity of the continuum approximation for the description of the mesh, or the linear
approximation for the bending energy. Friction can also
play a larger role, and the strong deformation can weaken
the structure, preventing it from reaching its predicted
height.
Finally, we discuss the condition of existence of the
cobra wave. The first requirement is that the curvature
energy stored in a single stick (Eel ¼ 18Ewe5 =L3 ) should
overcome the gravitational energy (Eg ¼ ρgweL2 =2). This
leads to an upper bound for the length L of the sticks:

ð12Þ

Combining Eqs. (11) and (12) yields the condition αmax ≃
Λ−2 and hψ ≃ 1=Λ3 . The transition between the two
regimes occurs for Λ ≃ 1.
We now compare the previous model to our measurements. We measured the velocity v and the angle ψ at
which the sticks are expelled. We observe that for almost all
stick models, ψ varies between 50° and 70°. In Fig. 5, we
compare our measurements to the predicted value hψ¼60°
without any adjustable parameter (note in particular that the
effective flexion modulus of the mesh is measured independently as described in Ref. [19]). Except in the weakgravity regime, we observe a relatively good agreement
between experiment and theory. We attribute the saturation
of the height of the cobra wave for small Λ to the strong
curvature of the mesh (in this regime the radius of curvature
is only a few times larger than stick length), leading to a
breakdown of the underlying assumptions of the theoretical

L < Lmax



36Ee4 1=5
¼
:
ρg

ð13Þ

However, the length L of the sticks cannot be too small
because if so it becomes impossible to build the lattice: the
sticks either break or slide over each other destroying the
lattice. The breaking condition is derived from a simple
scaling law for the bending stress in a beam that sets
an upper limit for the curvature of a stick in the lattice
[Fig. 6(i)],
C∼

e
σ
<
;
2
Ee
d

ð14Þ

where the length d ¼ ðL − wÞ=3 is defined in Fig. 6(i) and
σ  is the bending stress at rupture of the material. We then
get a lower bound for the length L of the sticks
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E
L > Lmin ∼ 3
e þ w:
σ

ð15Þ
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For wooden sticks, these two conditions set the boundaries
of the cobra-wave region of existence. The phase diagram
(e, L) is plotted in Fig. 6 with the region of existence of the
cobra stick wave in red, assuming the width w to be
negligible compared to the length L of the sticks.
In conclusion, we have shown that the shape of the
popsicle-stick cobra wave was the result of a competition
between the thrust provided by the expulsion of the
sticks and the elastic and gravitational restoring forces.
Depending on the relative importance of gravity, we
identified two asymptotic regimes. In particular, for negligible gravity, the cobra rises at a height which is solely set
by the weaving pattern and the dimensions of single sticks.
Finally, we showed that the Cobra wave can only exist in a
narrow region of the parameter space bounded by gravity
and rupture of the sticks.
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acknowledge fruitful discussions with Basile Audoly,
Daniel Suchet, and the Ecole normale supérieure and
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