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Elongated cylindrical structures with non-uniform diameters, under cross-flow, are often encountered in marine
engineering and energy harvesting devices. In this work, the vortex-induced vibrations of elastically supported
circular tapered and wavy cylinders with different cross sections areas are studied numerically using a wake
oscillator model. The effect of the tapering ratio on the amplitude of oscillation is particularly analyzed. For
tapered cylinders it is found that the amplitude of oscillation under flow decreases strongly when a critical
tapering is reached. This is consistent with experimental data. A similar effect is found in wavy cylinders. A third
system, consisting of a two-section cylinder, also elastically supported and under cross-flow is then considered
and the drop in amplitude is related to the ratio between diameters. For this system, a linear stability analysis of
the equations of the coupled fluid-solid system allows giving a good approximation of the critical diameter ratio,
consistently with the tapered cylinder case. It is concluded that the critical diameter ratio corresponds to the
maximum variation in vortex shedding parameters that the coupled wake-cylinder system can support along its

length while keeping a consistent vortex shedding.

1. Introduction

Vortex Induced Vibration (VIV) is a form of coupling between a wake
and an elastic structure (Williamson and Govardhan, 2004). It might
lead to fatigue, but is also a way to harvest energy by flows (Grouthier
et al.,, 2014). Cylinders undergoing VIV may not be of uniform
cross-section. Tapered and wavy cylinders have been studied in the past.
For tapered cylinders (Fig. 1(a)) several authors (Bargi et al., 2015;
Hover et al., 1998; Kaja et al., 2016; Techet et al., 1998; Seyed-Agha-
zadeh et al., 2015; Zeinoddini et al., 2013) have shown that a strongly
tapering almost suppresses VIV. In their work different cylinders in
terms of mass ratios and tapering ratios have been studied numerically
and experimentally. Differences and similarities have been found be-
tween linearly tapered cylinders subject to uniform flow and uniform
cylinders subject linearly sheared flow (Balasubramanian and Skop,
1996; Parnaudeau et al., 2007). Balasubramanian showed a similar
oscillating behavior for the two cases. Some authors analyzed the
cellular vortex shedding for a tapered cylinder (Mathelin and De Langre,
2005; Narasimhamurthy et al., 2009). For wavy cylinders Fig. 1(b), the
wake and in consequence VIV are also affected by the amplitude and
wavelength of the waviness, as well as the heading angle in elliptical
wavy cylinders. (Balasubramanian and Skop, 1996; Lam et al., 2004;

Lam and Lin, 2009; Lee and Nguyen, 2007; Zhao et al., 2011; Zou et al.,
2013; Zhang et al., 2017; Assi and Bearman, 2018). More generally
span-wise variations of geometry or flow characteristics are at the first
order equivalent to diameter variations.

Simulation of VIV can be done by using reduced order models such as
wake oscillator models (Paidoussis et al., 2010). In this approach, the
wake dynamics is presented by a single variable that satisfies a van de
Pol equation. This is coupled to the dynamics of the cylinder see for
instance Facchinetti et al. (2004a) where it has been shown that the
acceleration coupling is the most appropriate forcing of the bluff body.
By using this nonlinear coupled system the main features of VIV phe-
nomenology can be reproduced. This model has been applied to a large
variety of cases with non-uniform flows with rigid cylinder and flexible
tensioned cable (Mathelin and De Langre, 2005; Srinil et al., 2009;
Violette et al., 2007; Xu et al., 2008). The first use of a wake oscillator
model to study VIV of tapered cylinders was done by Balasubramanian
and Skop (1996), but the drop in amplitude for high tapering was not
recovered. The wake oscillator model has also been used to study the
response of a tensioned cable subjected to flow with different velocity
profiles and different boundary conditions. The results showed that the
simple wake oscillator model can model the important features of dy-
namics of long cylinders such as waves generated in cables. De Langre
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Fig. 2. Elastically supported cylinder subjected to uniform cross flow.

(2006) used a linear stability analysis to analyze the lock-in mechanism
VIV. The linear stability analyses of the coupled equations have also
been applied to waves generated in the cable. The cable under
non-uniform flow and the competition of unstable wave systems have
been discussed as well (De Langre, 2006; Gao et al., 2018, 2019; Violette
et al., 2007, 2010). Xu et al. (2008) considered the applicability of the
nonlinear wake oscillator to high aspect ratio risers and performed
experiment to validate their numerical results.

In the present paper we analyze the response of cylinders with
different cross sections in three steps. First, we apply the wake oscillator
approach of Facchinetti et al. (2004a) to the case of tapered cylinders
and wavy cylinders, in the scope of predicting the reduction of ampli-
tude of VIV that occurs, for strong variation of diameters, as a kind of
loss of lock-in. A simpler case of a two-section cylinder is then analyzed.
In a second approach, based on De Langre (2006), we perform a linear
stability analysis of the coupled wake-structure system. This allows
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Fig. 1. Cylinders with span-wise variations of cylinders considered in this paper: (a) tapered circular (b) wavy (c)2-section cylinder.

finding approximations of the range of flow velocity where lock-in oc-
curs. Finally, in a third approach, as an extension of the linear stability
approach, a simple criteria for loss of lock-in is proposed. Section 2
presents the wake oscillator approach, Section 3 the application for
different cylinders shown in Fig. 1 Section 4 describes the linear stability
analysis and the simple criteria.

2. Wake oscillator model

In this section we recall the main features of the wake oscillator
model in Facchinetti et al. (2004a) and we extend it to the case of
varying cross section. The van der Pol wake oscillator model has been
used for describing the dynamics of the wake behind the cylinder as

2

dq 2
ﬁ*f’é‘(q 71)

%

5 9=/ @

Here q(t) is the dimensionless wake variable which is associated to
the transverse unsteady lift force, ¢ = 2C;/C;o where Cj is the lift co-
efficient, and Cj is the reference lift coefficient in a fixed structure
subjected to the vortex shedding. In Eq. (1) fis the effect of the motion of
the cylinder on the fluid wake oscillator. This can be written as
Ad°Y/0t>. Here A and ¢ are parameters that have been determined from
experiments for circular cylinders (Facchinetti et al., 2004a). In Fig. 2,
an elastically supported rigid cylinder is shown, with diameter D and
mass m subjected to a steady uniform flow of velocity U. This body is
restricted to have only movement in the cross-flow direction y. The
movement of the cylinder can be described by a linear oscillator

2
m%+r%+hyzs, 2
where Y is the displacement of the cylinder, m is the total mass of the
system which includes the mass of structure and the fluid added mass.
Here h is the stiffness of system, r is the total damping modeling both the
viscous dissipation r; = 2m{Q;, and the added damping ry = y/umQy see
(Facchinetti et al., 2004a). We define the parameters { as the structure
reduced damping, Qs = \/h/—m the natural frequency of the structure,
y = Cp/4xSt as the stall parameter related to the drag coefficient (Cp),
Qs the frequency of vortex shedding, 4 = m/pD? the mass ratio, M =
C10/167%St?u the mass number, St the Strouhal number and finally S the
exerted force from vortex to cylinder. In dimensionless form the coupled
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equations for a uniform cylinder are (Facchinetti et al., 2004a)

7 0
=+ <2C+£Q) 2y = Mg
7 0 ®
¥f+ Q4 — 1) a_z 4 Q2 = Aj.

We can extent this formulation to a spanwise varying diameter D(z)

as
@+2§al+ [ MQd(:)g - L2 a
or a VT ), D4
(€]

g Q

) dq Q\’ o
erSWZ)(q 71)E+(WZ)> q=Ay

Here d(z) = D(2)/Do, y = Y/Dy is the dimensionless amplitude, Dy is
the mean diameter of the cylinder, t = T€ is the dimensionless time, 1 =
L /D, is the dimensionless length and Q = Q;/Q, = (USt /Dy)/ Q; = StU,
is the reduced angular frequency. Here q(z,t) and d(z) depend on the
spanwise coordinate z. Eq. (4) can be solved numerically in time as in the
research of Facchinetti et al. (2004a), but with a series of wake oscillator
in the spanwize direction see (Facchinetti et al., 2002). The limit cycle in
terms of its amplitude that is reached after a transient from a non-zero
initial condition, is then analyzed as a function of the parameters, Q =
StU, the shedding frequency, and 7 = L/(Dyg —Dmin) (Mathelin and De
Langre, 2005) the tapering ratio for the tapered cylinder and for the
wavy cylinder, the ratio (Dyq /Dmin) and the wavelength.

It was shown that taking into account the diffusion of the wake dy-
namics in the spanwise direction did not affect significantly the results
(Facchinetti et al., 2002; Mathelin and De Langre, 2005).

The validation of the van der Pol wake oscillator model has been the
topic of many papers. Balasubramanian et al. (1996) used nonlinear
diffusively coupled wake oscillators to study uniform cylinders and
cones under different flow conditions and validated their results against
experimental results. In Facchinetti et al. (2002) the wake oscillator
approach was used to model the time evolution of vortex shedding over

a wavy cylinder in relation to the work of Balasubramanian and Skop
(1996) and Bearman and OWen (1998). Facchinetti et al. (2004a)
studied the coupling of the wake oscillator with a single structural
oscillator and compared the results with experiments and other models.
Cables with different conditions have also been studied and the results
validated against experiments (Facchinetti et al., 2004b; Violette et al.,
2007, 2010). More recently, cables and risers have been modeled using
wake oscillators and the results compared with experiments and DNS
(Gao et al., 2018, 2019; Lin et al., 2009; Xu et al., 2008). All the com-
parisons with experiments or CFD have shown that the wake oscillator
can represent qualitatively most of the features of VIV, and qualitatively
some aspects. Considering its simplicity it is now used in many appli-
cations as well as in the analysis of the dynamics of these systems.

3. Loss of lock-in
3.1. Tapered cylinder

We first apply Eq. (4) to the tapered cylinder case corresponding to
the experiments of Zeinoddini et al. (2013) (u = 6.1;1 = 14.28). Fig. 3
(a)-(d) shows the normalized amplitude of VIV as a function of Q = StU,
for four different levels of tapering. In those figures, the amplitude of
vibration of cylinders have been normalized with the amplitude of
uniform cylinder with the same characteristics and have been indicated
by Y/Yuni f orm. At r = 60 and 7 = 30 the lock-in is similar to that of a
uniform cylinder. In those cases (r = 60 and 7 = 30), most of the cyl-
inder is near the diameter at which lock-in occurs. For = 25 and 7 = 20
the amplitude is much smaller because only a part of the cylinder has a
diameter corresponding to the lock-in condition. By systematically
exploring the values of T the evolution of the maximum of the response
curve can be plotted, Fig. 3(e). A sharp change at 7 ~ 27 is observed,
corresponding to unlock-in. We can define a critical value of the tapering
ratio were unlock-in occurs by the center of the S-shaped curve, or the
point of maximum slope, here at = = 27. The experimental data by
Zeinoddini et al. (2013) for uniform and tapered at r =20 are also
shown in Fig. 3(e) as ll and A respectively. The same analysis can be
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Fig. 4. Effect of diameter ratio A on the amplitude of VIV of a wavy cylinder. Normalized amplitude of cylinder motion showing a drop in amplitude as the diameter
ratio is increased ((a)-(d): A = L/2; ()-(@): A =L/8); (e),(j): amplitude as a function of the diameter ratio A; (k): effect of wavelength on the response of cylinders
with different mass ratio. For each case three wave length are considered, A = L/2,L/4,L/8.
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Fig. 5. Left: Effect of diameter ratio A on the amplitude of VIV of a two-section cylinder. Normalized amplitude of cylinder motion showing a drop in amplitude as
the diameter ratio is increased (left: using nonlinear wake oscillator model; right: using linear stability method); Last row: amplitude as a function of the diameter

ratio A.

done for the case studied in (Seyed-Aghazadeh et al., 2015) (u = 7.6;
A =19.61). Asimilar unlock-in is observed at about 7 = 40, Fig. 3 right.
The change in these two cases show that the strong decrease of VIV
amplitude occurs when the tapering is strong enough (low tapering
ratio). The critical tapering ratio where the shift occurs seems to depend
on mass ratio, which differs between the two cases. The experimental
data of Seyed-Aghazadeh et al. (2015) is also shown in Fig. 3(j) as V/ and
v for tapered and uniform cylinders respectively, but do not show any
apparent loss of lock-in.

3.2. Wavy cylinder

For wavy cylinders, Fig. 1(b)., another parameter is used to describe
the spanwise variation of the diameter, the diameter ratio A = Dyqay/
Dyin. The mass ratio and the length to mean diameter ratio are set to 6.1
and 14.28 respectively, as in the first case of tapered cylinder above. The
wavelength of the sinusoidal variation of the diameter issetto L/ 2 or L/
8. Fig. 4 shows the evolution of the amplitude of motion with the
diameter ratio A. By increasing the variation of diameter the maximum
amplitude of oscillation decreases and shifts to higher reduced velocity
as in the tapered cases. In both wavy cylinders a drop of amplitude is
found, near A = 1.5. Note that this drop of amplitude depends on the
mass ratio, but weakly on the wavelength of diameter variation except
for low mass ratio, as is illustrated Fig. 4(k).

3.3. Two-section cylinder

To gain a better understanding of the drop in VIV amplitude found
for the two systems above, we consider the simpler, more generic case,

of a two-section cylinder, see Fig. 1(c). Now the diameter ratio A is
simply the ratio of the two diameters. For that case, the wake variable
q(z,t) reduces to two variables g (t) and g»(t), so that Eq. (4) become

o 0 d d
%+(2§+£Q) JHZMQz(w)

ot ot 2

62q1 Q ., 0q, Q\? 02y

s SR Sl (A |\ Rt £ = =A—= 5
ar Teg @)t (d1> D=2 2

Pgr | Q. op  (Q) oy
e CATPN il 0 | W Y (nind —A—2
creg (GG (d2 =0

where d; and d; are the upper and lower diameter ratios respectively.
The aforementioned equations are solved for this case and the results are
represented in Fig. 5.

Fig. 5(a)-(d) show the evolution of the VIV response when the
diameter ratio is increased. The classical lock-in response curve, Fig. 5
(a), shifts to a double lock-in curve, Fig. 5(d) for higher diameter ratios.
In-between, the amplitude is reduced as no common frequency of lock-in
can be found. Fig. 5(e) represents the amplitudes of motion as a function
of the diameter ratio. Clearly, the splitting of the lock-in response in two
separated lock-in responses results in a drop of the amplitude of
response, here near A = 1.75. This is similar to the cases of a tapered or
wavy cylinder shown before: as the ratio between diameters along the
cylinder becomes larger, no common lock-in is found for the coupled
dynamical system, and this results in a drop of amplitude. There is a
similarity in the shifting to the double lock-in situation for the two-
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Fig. 6. Effect of the diameter ratio on the range of lock-in in VIV of a two-
section cylinder. The range of reduced frequency Q where lock-in occurs is
shaded in grey. (a) full non-linear model, Eq. (5), (b) linear stability analysis of
the same system, (c) envelopes of lock-in defined by the simple criteria of
Eq. (8).

section and the wavy cylinders. When considering the distribution of
diameters, a large part of the wavy and two-section cylinders have a
diameter close to the extreme values. Conversely, the tapered cylinder
has a uniform distribution of diameters. So, the wavy cylinders and the
two-section cylinder have similar behaviors as we can observe in the
second row of Fig. 4.

4. A simple criteria for loss of lock-in

In the results of the cases computed above it appears that the
amplitude of VIV drops when the ratio between diameters along the
cylinder becomes too large. In the tapered cylinder and the wavy cyl-
inder a strong diameter ratio results in a very strong drop of amplitude.
For the two-section cylinder, the amplitude of motion is not so strongly
reduced, as new lock-in ranges reappear for high diameter ratios.

It seems that the mechanism at the origin of amplitude decrease with
non-uniform diameters is related to the inability of the dynamical sys-
tem to accommodate with wakes of too different natural frequencies.

Ocean Engineering xxx (xxxx) xxx

This can be analyzed on the simpler system of the two-section cylinder.
In that case, two wake variables coexist, that are governed by wake
oscillator equations with two distinct frequencies, see Eq. (5).

We now use the approach of a linear stability analysis of the set of
coupled equations, following the work of De Langre (2006). In that
approach, the modes of the coupled system, made linear, are computed,
and it has been shown that lock-in of the full non-linear system corre-
sponds to the existence of an unstable mode in the linear stability
analysis. In the simple case of uniform flow, the range of lock-in can be
easily computed (see in Appendix) and reads

1 1
<Q< .
1+ VAM 1 —VAM

In the more general case of the two-section cylinders, following the
research work of De Langre (2006) we remove from Eq. (5) the
non-linear terms and the damping terms. They become

oy q1di + qads
-2 Y V(o) i B Tl
Ty ( :

(6)

or*

anl Q 2 aZy

241 = —A— 7
a <d1> n=A5a @
g Q)2 Py

292, (22 — A2

or * (d2> - or*

By looking for eigenmodes in the form of (y,q1,¢2) = (¥°,q%,¢5)e™,
the stability of modes can be assessed by looking at the sign of their
growth rate, — Im(w))/Real(w)), see Appendix. Fig. 5(f)—(i) shows the
evolution of the growth rates with the parameter Q, for different
diameter ratios A, using the same mass ratio as in Fig. 5(a)-(e). For small
values of the diameter ratio A < 1.4 an unstable mode, corresponding to
lock-in, exists in a continuous range of Q. For higher diameter ratio, two
distinct ranges of instability are found. A comparison with the dynamics
of the non-linear system, Fig. 5(a)-(e) shows that the linear stability
captures the separation of one lock-in in two different ones, which was
found to be causing a decrease in amplitude.

To further understand this splitting of the two lock-ins, using Eq. (7),
the range of instability of each mode can be approximated considering
that it is decoupled, in the interaction with the cylinder, of the other
mode. They would read respectively

35

UnLock-in

A critical
N~
W\
T

1.5
Lock-in

10° 10! 10

Fig. 7. Critical diameter ratio for loss of lock-in. Non-linear computations,
Section 3: e tapered cylinder; *,0,+ wavy cylinder with A =L/2,L/4,L/8
respectively. Linear stability analysis of the two-section cylinder, dashed line.
Simplified criteria based on the linear range of lock-in, Eq. (10), contin-
uous line.
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Fig. 6 shows the evolution of the lock-in range with A, for the same
mass ratio 4 = 6.1, with the three approaches above: (a) the solution of
the full non-linear Eq. 5, (b) the linear stability analysis of Eq. (7) and (c)
Eq. (8). It is shown that the linear stability approach, as well as the
simple approximation of Eq. (8) capture reasonably well the effect of A
on lock-in.

Let us now propose a simple criteria for loss of lock-in when di-
ameters vary, based on the results above. These two regions of lock-in
defined by Eq. (8) will be separated if the lower bound of the higher
domain is larger than the upper bound of the lower domain:

d] d2
<
1 —-vVAM 1+ VAM

or, equivalently in term of diameter ratio and mass ratio

1+ /i
A=—2V" (10)
1- \/E
"
where C = Cpo/(16225t2). In Fig. 7, for all the cases considered in this
paper, we can plot the critical diameter ratio that causes a drop in
amplitude, as a function of the mass ratio p. The criterion defined by Eq.
(10) gives a good approximation of the critical diameter ratio, except for

small mass ratio. Note that the linear stability analysis presented above
for the two-section cylinder gives a more conservative prediction.

9

5. Discussion and conclusion

We have focused here on the particular case of a uniform flow on a

cylinder with varying cross-section, and used a simple model of the
interaction between the wake and the cylinder to try and derive a first
understanding of the role of the parameters.

In all the cases we have studied, where the cylinder was tapered,
wavy or with two-section, a common featured was found in the results of
the computations of VIV: the amplitude of response decreased when the
ratio between the maximum and minimum diameter increased. The full
lock-in that occurs when the diameter is uniform enough is lost. By using
a simple linear stability analysis, the loss of lock-in can be understood as
the inability of the dynamical system to simultaneously accommodate
with very different wake oscillators, which are the driving force of VIV.
This simple idea can be expressed in a criterion, Eq. (10), which is
derived from previous studies on a linear stability approach of VIV. The
comparison with the results of all the computed cases show that the
main effects are well captured, mainly through the effect of the mass
ratio. Eq. (10) is probably applicable to other shapes of cylinders,
considering that we have analyzed here different shapes (tapered, two-
section and wavy) with a large range of mass ratio. The applicability to
the general case of cables with a variable flow profile is under current
analysis.

Going back to the more general problem of spanwise variations, it is
possible to use the present results to address the issue of variations of
flow velocity, or even simultaneous variations of flow velocity and
diameter. The more general form of Eq. (10) would read

(d/u), 1-— ac’

"

These results would now need to be checked with a much larger set of
data, including experiments and full solutions of the fluid dynamics
coupled with the cylinder dynamics. Presently, no systematic studies
give values of critical diameter ratio although the literature cited in the
Introduction shows a decrease in amplitude when the span-wise
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Appendix A

In the linear stability analysis by De Langre (2006) the damping terms in the equations have been neglected and the modes considered as: (y,q) =
(¥0.qo)€™. So Eq. (3) become:

—Yow® + Yo = Mgy

12
—qo@” + qo = —Ayo®’.
Consequently, the frequency equation has been obtained as
1+ (1 —AM)Q* + \/[1 + (1 - AM)Q?) — 40
o= 13)

2

and solved. It has been found that the range 1/1 + vVAM < Q < 1/1 — vVAM corresponds to the situation when two modes are coincide so the lock-in
occurs. This procedure has been done for the case of two-section cylinder and the equation of frequency is obtained by Eq. (7) as below:

o° + 0 (Q(AM — S) — 1) + 0* (Q(S + Q°H — Q*AMP)) —Q*H=0 a4

where S = (A2 +1)(A +1)%/4A%, H= (A +1)*/16A%and P = (A +1)*(2 + 6((A — 1)/(A + 1))?)/16A2. The solution of this frequency equation, for
a given value of A, gives three solutions at a given value of Q. This is illustrated Fig. 8. The case of high diameter ratio (left) shows twice the simple
linear lock-in mechanism described by De Langre (2006) where two (real) frequencies merge into one, with a positive grow rate: this happens in two
separate ranges of Q, corresponding to lock-in between the wakes of each sections with the cylinder mode. Conversely, Fig. 8 right shows a case of low

diameter ratio where the lock-in process is continuous between the two ranges of Q.
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